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1 Introduction

There exist several methods for clustering high-dimensional data. One pop-
ular approach is to use a combination of dimension reduction and clustering
methods. In the context of categorical data, [5] proposed a clustering and op-
timal scaling of variables method in which object scores are restricted using
cluster memberships. Similarly, [2] proposed a joined multiple correspondence
analysis (MCA) and K-means clustering ([4]) method that uses user-specified
weights for the clustering and dimension reduction parts. For binary data,
[3] recently proposed a new method which they refer to as iterative factorial
clustering for binary data (i-FCB). In this paper we review and re-formulate
extant joint dimension reduction and clustering methods for categorical data
in a unified framework that facilitates comparison.
Let Zj denote an n × pj indicator matrix, with n the number of observa-
tions and pj the number of categories for the jth variable with j = 1, . . . , q
categorical variables. We introduce the following symbols for the linear alge-
bra notation: Z = [Z1,Z2, . . . ,Zj , . . . ,Zq] is an n × Q block matrix, where
Q =

∑q
j=1 pj ; C is an n × K indicator matrix that assigns each statistical

unit to one of the K groups; F = CTZ = [F1,F2, . . . ,Fj , . . . ,Fq] is a block
matrix, the jth block corresponds to the cross-tabulation of the categorical
variable X with the attribute Zj ; G is a K × k matrix containing the cluster
means; Dz = diag(ZTZ); Dc = CTC.
The paper is structured as follows: Section 2 contains the description of
Hwang et al.’s joint MCA and K-means approach as well as some proper-
ties of this method; Section 3 gives the reformulated i-FCB approach and
Section 4 describes the rationale of the GROUPALS procedure.
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2 Multiple correspondence analysis and K-means
clustering: MCA-Kmeans

Hwang et al. [2] proposed a joint MCA and K-means clustering approach.
The objective of this method, which we shall from hereon refer to as MCA-
Kmeans, is:

min
Y,B,C,G

φ (Y,B,C,G) = α1

q∑
j=1

||Y − ZjBj ||2 + α2 ||Y −CG||

s.t.YTY= Ik

where Y denotes an n × k configuration matrix with k dimensional coordi-
nates, Bj denotes a pj × k matrix of category quantifications.This objective
function is in fact a weighted sum of MCA’s homogeneity criterion ([1]) and
the K−means objective where the weights, α1 and α2 (restricted such that
α1 +α2 = 1) are user supplied. Hwang et al. [2] develop an alternating least-
squares algorithm to solve the minimization problem. It is not difficult to

show that in the optimum Bj =
(
ZT

j Zj

)−1
ZT

j Y and G =
(
CTC

)−1
CTY.

The configuration matrix can be obtained using the eigenequationα1

q∑
j=1

Zj

(
ZT

j Zj

)−1
ZT

j + α2C
(
CTC

)−1
CT

Y = YΛ. (1)

The cluster membership matrix C is obtained by considering distances to
the cluster means in G and assigning the observations to the closest clus-
ter. Starting with some initial values (e.g., random cluster memberships and
Y the configuration obtained after applying MCA), the approximations are
sequentially updated leading the objective to decrease monotonically. If the
decrease is below a certain threshold, the algorithm terminates and a solu-
tion is obtained. To reduce the chance of obtaining a local minima, several
random starts should be applied.
The eigenequation in (1) is of crucial importance in the proposed algorithm.
However, for large n, the matrix that needs to be considered may become
too large. It is therefore useful to reformulate the method in a more efficient

way. This can easily be achieved by defining X =
(√

α1ZD
− 1

2
z
√
α2CD

− 1
2

c

)
,

where Z, Dz and Dc are as defined in Section 1.
Note that ZT

j Zj and CTC are diagonal matrices with column totals. That is,
for the Z matrices, the total numbers observed in a certain category, and for
C the number of cluster members. Consider the singular value decomposition

X = YΛ
1
2 VT,

where YTY = VTV = I, so that, in accordance with (1),
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XXTY = YΛ and XTXV = VΛ.

Furthermore,

Y = XVΛ− 1
2 . (2)

The advantage of reformulating (1), is the reduction in size of the matrix for
which eigenvalues need to be computed. Moreover, the alternative formula-
tion shows that the original problem corresponds to a matrix approximation
problem similar to the usual MCA problem.

3 Iterative factorial clustering for binary data: i-FCB

The i-FCB method [3] combines dimension reduction and clustering for bi-
nary data, however it can also be used for categorical data with more than
two modalities. The target function of the i-FCB method is

max
C

= φ (C) = tr
[
1
nCTZ(Dz)−1ZTC− p

n2

(
CT11TC

)]
(3)

where Dz = diag(ZTZ) and 1 is an n-dimensional vector of ones.
The solution to the problem lies in maximizing the quantity in Equation 3
with respect to C. In particular, a quantification of C is introduced, say
CU, where the unknown weight matrix U is such that UTU = I. The aim
is then to find an optimal linear transformation CU. Since both C and U
are unknown, the solution is achieved via an iterating two-step strategy to
alternately determine them. As showed by [3] the quantification weights are
determined via the eigendecomposition of the following matrix

S =
1

n

[
CTZ(Dz)−1ZTC− q

n

(
CT1n1T

nC
)]

(4)

It can be shown that the eigendecomposition of the matrix S corresponds to
the singular value decomposition of the matrix

P̃ =
√
q
(
PD−1

Q − r1T
c

)
D

1/2
Q , (5)

where P = F(nq)−1, DQ = Dz(nq)−1 and r = 1
nCT1n = P1c.

According to the new re-formulation the following quantities can be com-

puted: the coordinates of the attributes are B = D
−1/2
Q VΣ, with U, V and

Σ being the left and right singular vectors and the singular values of P̃,
respectively; the centroid coordinates can be computed as G = UΣ; the
statistical unit coordinates are Y = DwZDzBΣ−1, with Dw = diag(Cw)
and w is the group size vector. The clustering solution is then updated by
applying the K-means procedure on the statistical unit coordinates.
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4 Clustering and optimal scaling of variables:
GROUPALS

A joint dimension reduction and clustering approach is also proposed by
Van Buuren and Heiser (1986) in their GROUPALS method. Their method
consists of a combination of optimal scaling and clustering techniques. The
optimal scaling technique in question is homogeneity analysis and the clus-
tering technique is the K-means partitioning algorithm.
The loss function of GROUPALS is

min
B,C,G

φ (B,C,G) =
1

q

q∑
j=1

||CG− ZjBj ||2 (6)

which is the homogeneity analysis loss function, yet with the constraint that
Y = CG.

5 Conclusion

In this paper, we described three joint clustering and dimension reduction
techniques in a unified framework that immediately exposed the theoretical
(mathematical) differences and similarities between the methods. Moreover,
through our alternative formulations of MCA-Kmeans and i-FCB, certain
properties and extensions of these methods became apparent.
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