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Abstract Archetypal analysis, as originally proposed, aims at synthesizing single-
valued data sets through a few (not necessarily observed) data points that are called
Archetypes. In the present paper we switch the attention from data points to vari-
ables. We propose to apply archetypal analysis in the variable space to obtain
archetypal variables. The interpretation and use of these latter is twofold: archety-
pal variables can be intended as few variables that summarize all the others, and can
be used for variable clustering and variable selection, or they can be interpreted also
a sort of factors with special constrains on factor loadings.

1 Introduction

In the field of data analysis, Archetypal Analysis (AA), as proposed by Cutler
and Breiman [1], aims at synthesizing single-valued data sets through a few (not-
necssarly observed) data points that are called archetypes. These latter are convex
combination of the data, and all data points can be represented as convex combi-
nation of the archetypes themselves. Recently AA has been extended to the case of
interval-valued data [3], and to the case of functional data [2].

In other fields of study, such as organization [5], service engineering [4], health
science [7], the concept of archetypes has been introduced to charachterize all the
other observations through typical elements.Depending on the field of study, such a
concept has been specified in different ways, and procedures to find archetypes dif-
fer, using for example latent class analysis [7], combinations of exploratory methods
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[4], combinations of multidimensional methods [5]. In all these cases the focus is
on finding relevant features (in some sense latent variables) and not on data points.

In this new framework, we propose to find the relevant features of a problem
introducing the idea of archetypal variables. Aiming at defining them, in the present
paper we switch the attention from statistical units to variables. We propose to find
archetypal variables by considering the transposed data matrix, and to define them
as those few pure variables such that they are a mixture of the observed variables,
and the observed variables can be well represented as convex mixture of archetypal
variables. That is, any archetypal variable would be a linear combination of the
observed ones and at the same time all the other variables can be represented and
synthesized by the archetypal variables.

Hence, archetypal variables can be considered a sort of factors that could be used
for variable selection.

2 Formal definition

More formally, given an observed data X ∈ ℜp, the archetypal variables av′k are a
mixture of the observed variables:

av′k = Xγk (1)

with
γ jk ≥ 0 ∀ j,k 1′γk = 1 ∀k, (2)

where the convex combination coefficient γ jk’s are the p elements of the γk vectors,
i.e. the weights of the p variables in determining the k-th archetypal variable.

At the same time, all the variables should be a mixture of the archetypes avk,
k = 1, . . . , l:

x j = AVδ j (3)

with
δk j ≥ 0 ∀k, j 1δ j = 1 ∀ j, (4)

where x j, j = 1, . . . , p, are the observed variables, AV is the archetype matrix with
avk its k-th column, δ j is the vector of the convex combination coefficients of the l
archetypes for the j-th variable, with generic elements δk j, k = 1, . . . , l.

To fulfill completely the previous equations the archetypal variables have to co-
incide with the vertices of the convex hull of the variables represented as points in
ℜn, i.e. the space where the statistical units are the axes. As the number of vertices
is generally to large, in order to find a few archetypal variables, we relaxthe equation
(4), and we given the following definition:

Definition: given l, the number of the archetypal variable Archetypal variables
are those linear combinations of the original variables that minimize the quantity:
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RSS(l) =
p

∑
j=1

∥∥x j−AV(l) ·δ j(l)
∥∥

2 (5)

where x j, AV and δ j are defined as in Equations (3) and (4), and AV(l) ·δ j(l) = x̃ j(l)
is the best approximation of the variable x j through the l archetypes.

3 Some characteristics of the archetypal variables

As previous stated, archetypal variables remind the ideas of factors and present some
relations with exploratory factor analysis. In such a perspective the convex coeffi-
cient δ jk represent a sort of factor loadings as they indicates the weight of k-th
factor-archetypal variable in determining the j-th observed variable. At the same
time the convex coefficient γk j indicates the weight of j-th observed variable in
determining the k-th factor-archetypal variable. Moreover, the elements of the AV
matrix represent the coordinates of the data points on each archetypal variable. On
the other side, archetypal variables represent a sort of not orthogonal factors. Fur-
thermore, the solution for increasing l are not nested. By their definition, archetypal
variables are well separated and are able to identify groups of variables.

4 Example

The example we have chosen to show the capabilities of the archetype variables
takes into account a set of innovation indexes that have been registered for the Ital-
ian administrative regions in 2008. Data are indexes scaled in the range [0,1], where
0 indicates the lowest score and 1 corresponds to the highest one. As usual, when
dealing with such data, they will not be standardized.

From the correlation circle in Figure 1 three groups of variables appear. The
archetypal variables capture these three groups and each archetypes well describes
each group. Archetypal variables AV 2 and AV 3 represent two groups of variables
separated but correlated between them. Since the archetypal variable are not forced
to be orthogonal they are able to well describe also such cases.
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Regions
Public
spend-
ing on
education

Pro capita
public
spend-
ing on
education

Pupils and
Students
(15-24) in
education

Students
(20-24) in
tertiary
education

PhD
students

Secondary
education
degrees

Tertiary
education
attainment

University
degrees

Graduates
in sci-
entific
disci-
plines

Adults in
education
and
training

R&D
personnel
and re-
searchers

Piemonte 0.12 0.10 0.58 0.44 0.44 0.33 0.35 0.39 0.75 0.14 0.85
Valle d’Aosta 0.31 1.00 0.00 0.00 0.00 0.10 0.00 0.16 0.03 0.11 0.28
Lombardia 0.00 0.01 0.17 0.51 0.46 0.29 0.57 0.69 0.72 0.32 0.70
Liguria 0.12 0.00 0.61 0.52 0.66 0.85 0.96 0.85 0.71 0.76 0.71
Trentino-Alto Adige 0.39 0.68 0.52 0.25 0.43 0.27 0.31 0.40 0.33 1.00 0.69
Veneto 0.06 0.00 0.78 0.35 0.44 0.53 0.28 0.34 0.51 0.41 0.67
Friuli-Venezia Giulia 0.11 0.13 0.80 0.70 0.87 0.61 0.26 0.43 0.80 0.68 0.80
Emilia-Romagna 0.04 0.00 0.70 0.81 0.63 0.68 0.68 0.76 0.95 0.65 0.80
Toscana 0.16 0.08 0.47 0.82 1.00 0.45 0.49 0.56 0.87 0.59 0.58
Umbria 0.34 0.16 0.36 0.87 0.62 1.00 0.62 0.75 0.53 0.73 0.37
Marche 0.28 0.10 0.64 0.65 0.58 0.64 0.54 0.54 0.70 0.00 0.35
Lazio 0.18 0.18 0.56 1.00 0.79 0.76 1.00 1.00 1.00 0.76 1.00
Abruzzo 0.47 0.18 0.47 0.92 0.51 0.62 0.66 0.69 0.41 0.27 0.30
Molise 0.58 0.22 0.55 0.59 0.20 0.53 0.46 0.68 0.00 0.65 0.12
Campania 1.00 0.33 0.27 0.47 0.38 0.19 0.21 0.00 0.49 0.11 0.47
Puglia 0.91 0.26 0.55 0.35 0.31 0.12 0.05 0.07 0.29 0.14 0.21
Basilicata 0.82 0.39 1.00 0.18 0.25 0.85 0.20 0.66 0.16 0.43 0.19
Calabria 0.95 0.39 0.17 0.31 0.28 0.51 0.39 0.66 0.42 0.43 0.00
Sicilia 0.97 0.38 0.31 0.41 0.50 0.00 0.21 0.06 0.29 0.08 0.22
Sardegna 0.55 0.24 0.39 0.42 0.37 0.09 0.11 0.20 0.35 0.51 0.16

Fig. 1 Correlation Circle of the Italian Administrative regions. The archetypal variables are super-
imposed
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