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Abstract: Archetypal analysis aims at synthesizing single-valued data sets through a few (not necessarily observed) points
that are called archetypes, under the constraint that all points can be represented as a convex combination of the archetypes
themselves and that the archetypes are a convex combination of the data. In this paper, we extend this methodology to the case
of interval-valued data, which represent a special case of set-valued data, where the sets are compact and identified by ordered
pairs of values. In addition, we propose to use interval archetypes as a tool in an analysis strategy to explore and mine complex
data sets. © 2012 Wiley Periodicals, Inc. Statistical Analysis and Data Mining 5: 322–335, 2012

Keywords: archetypal analysis; interval-valued data; barycentric coordinates; exploratory data analysis; graphical data analysis

1. INTRODUCTION

In standard data analysis, statistical units are described
by single-valued variables which are usually represented
as points in a multidimensional space. Symbolic data
constitute a wider concept of data, where the variables can
assume different types of values which can be weighted and
linked by logical rules.

According to this definition, interval-valued data are
a special kind of symbolic data. They can result from
measurement errors, or as the output of queries to
databases—where two extreme values (minimum and
maximum, as well as a pair of symmetric quantiles with
respect to the median value) are queried instead of the
average value—or they can be derived to synthesize large
sets of observations [1]. Moreover, a very interesting
condition arises when data are naturally interval-valued.
This is the typical situation when describing species or
giving a product specification.

Correspondence to: F. Palumbo (fpalumbo@unina.it)

This paper focuses on archetypal analysis for interval
data. In the classical data setup, archetypal analysis [2] aims
at synthesizing a set of n statistical units, described by p

variables, through a set of (not necessarily observed) points
that are called archetypes. The latter are derived under the
constraints that all points are represented as their convex
combination, and that they are a convex combination of
the data. The archetypes are located on the boundary
of the data convex hull, and can, therefore, provide an
outward–inward point of view on the data scatter. This
will allow the analyst to explore the data cloud peripheries
and highlight many data patterns such as small groups,
gaps in the data structure, outlying values, asymmetries and
irregularities in the data shape. Archetypes can, hence, be
a powerful tool for visual exploratory data analysis. Up to
now, archetypal analysis has been applied in many fields.
In the field of physics, it has been used to detect clusters of
cellular flames [3,4] and of galaxy spectra [5]. It has found
application as a tool for image decomposition [6,7], where
archetypal analysis seems to provide results which are
easily interpretable in terms of physical meaning. Marketing
research is also a relevant field of application. Archetypes

© 2012 Wiley Periodicals, Inc.
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have been associated with the idea of archetypal consumers
[8] and, to overcome the drawbacks of the classical
segmentation technique, they have been exploited for
market segmentation and consumer fuzzy clustering [9,10].
In particular, they have been used to obtain extreme and
well-separated consumer profiles. In performance analysis,
archetypes have been exploited to construct data-driven
benchmarks [11], to analyze the performance of central
processing unit (CPU) [12] and to obtain a multivariate
ordering procedure based on the idea of the ‘worst-best’
direction selected through the archetypes [13].

Given all these features and applications, it is our opinion
that extending the methodology of archetypal analysis to
the case of interval-coded data would result in a powerful
tool for the latter type of data. Our interest in this type of
analysis is twofold. On the one hand, we study archetypes in
the interval data setting for their capabilities to extract and
analyze valuable information; on the other hand, according
to the two-level paradigm [14], we analyze how to use
interval archetypes to define higher order symbolic objects.
This paper focuses on the first issue; readers interested
in archetypal analysis interpretation in the framework of
symbolic objects are referred to ref. 15.

The paper is organized as follows: Sections 2 and 3
present a brief review of archetypal analysis for single-
valued data and interval data definitions, respectively. In
Section 4, our proposal of archetypes for interval-coded
data is introduced. A discussion of the use of interval
archetypes to explore and to analyze interval data is pro-
vided in Section 5, and Section 6 presents an application
to a real data set along with a discussion of some compu-
tational issues.

2. AN OVERVIEW OF ARCHETYPAL ANALYSIS
FOR SINGLE-VALUED DATA

Archetypal analysis relies on the idea of ‘pure individual
types’ (the archetypes), a few points lying on the boundary
of the data scatter and characterizing the archetypal pattern
in the data.

Let {xi , i = 1, . . . , n} be a set of multivariate data in
�p, xi = (xi1, . . . , xip)′. Archetypal analysis looks for a
set of m p-vectors {aj (m), j = 1, . . . , m} that are convex
combinations of the input data xi’s and such that each
data point is a convex combination of the vectors aj ’s.
Formally, given the data matrix X = (x1, . . . , xn)

′, X ∈
�n×p, the archetype matrix A(m) = (a1(m), . . . , am(m))′,
A(m) ∈ �m×p, and the convex combination coefficients

βj (m) = (βj1(m), . . . , βjn(m))′ and

γ i (m) = (γi1(m), . . . , γim(m))′,

the archetypes aj (m), j = 1, . . . , m, are defined as the p-
vectors that satisfy the following conditions:

a′
j (m) = β ′

j (m)X, j = 1, . . . , m, βji(m) ≥ 0 ∀j, i,

β ′
j (m)1 = 1 ∀j ; (1)

x′
i = γ ′

i (m)A(m), i = 1, . . . , n, γij (m) ≥ 0 ∀i, j,

γ ′
i (m)1 = 1 ∀i. (2)

An exact solution of Eqs. (1) and (2) exists only if
m = V , where V indicates the cardinality of the set of
the vertices of the data convex hull, and if the archetypes
coincide with the V vertices of the data convex hull [11].

However, V is generally too large to synthesize the data
properly. For this reason, by looking for a smaller number
of pure types and by wishing to preserve their closeness
to the data, the archetypes are defined as those m aj (m)’s,
with m < V , that fulfill Eq. (2) as far as possible, and that
solve Eq. (1) exactly.

If Eq. (2) is thus relaxed, data points can only
be approximated through a convex combination of the
archetypes, i.e. γ ′

i (m)A(m) = x̃′
i (m) ≈ x′

i .
Define

X̃(m) = (
x̃1(m), . . . , x̃n(m)

)′
, X̃(m) ∈ �n×p, (3)

�(m) = (
γ 1(m), . . . , γ n(m)

)′
, �(m) ∈ �n×m, (4)

B(m) = (
β1(m), . . . ,βm(m)

)
, B(m) ∈ �n×m; (5)

and

RSS(m) = ‖X − X̃(m)‖F

= ‖X − �(m)A(m)‖F

= ∥∥X − �(m)B′(m)X
∥∥

F
, (6)

where RSS(m) is the residual sum of squares given m

archetypes, and ‖Y‖F = √
T r (YY′) is the Frobenius norm

for a generic matrix Y.
The m archetypes aj ’s, for m < V , solve the minimiza-

tion problem

min
�(m),B(m)

RSS(m) = min
�(m),B(m)

∥∥X − �(m)B′(m)X
∥∥

F
(7)

holding all the other conditions on the coefficients β ′
j (m)

and γ ′
i (m)1.

1 Originally, Cutler and Breiman [2] defined the archetypes as
those points, a mixture of the observed data, that minimize the
residual sum of square function for a fixed m given constraints on
the mixture coefficients in the euclidean metric. Our presentation
is different even if it leads to the same results: it is thought to
emphasize the geometric features of the archetypal analysis useful
for our purposes.
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The solution to this minimization problem depends on
m, and solutions are not nested as m varies. That is, the
archetypal points that solve the minimization problem in
Eq. (7) for m = m∗ are not necessarily a subset of the
solutions for m = m∗ + 1. By denoting with a′

j (m) the
j -th archetype for a given m, generally a′

j (m) �= a′
j (l),

for m �= l. For each m, as m increases, the archetypes
change to capture the shape of the convex hull of data
better.

The RSS(m) in Eq. (6) is a decreasing function of
m that has the maximum for m = 1 and goes to zero
for m approaching the number of vertices of the convex
hull. For a given m, RSS(m) in Eq. (6) highlights the
synthesizing power of the archetypes, as it shows how
well their convex combination approximates the given data
points.

3. INTERVAL DATA: NOTATIONS
AND DEFINITIONS

Interval data represent a special case of set-valued data,
where the sets are compact and identified by ordered pairs
of values:

s = [s, s] = {
s : s ∈ �, s ≤ s ≤ s

}
,

where s and s are the interval bound values. According to
the most widely used notation in interval data analysis, the
set of all intervals is usually written as � [16].

Given an interval s ∈ �, and the quantities midpoint
and range defined respectively as:

š = 1

2
(s + s),

�s = 1

2
(s − s),

the interval is equivalently defined as

s = [s, s] = [š − �s, š + �s].

In p dimensions, an interval is defined through the
Cartesian product of p intervals s ∈ �. A p-dimensional
interval is represented as a parallelotope, and the set of
intervals in p dimensions is written �p [16].

Let S be an n × p matrix whose elements sij are intervals
in �:

S =

⎡
⎢⎣
s11 · · · s1p

... sij

...

sn1 · · · snp

⎤
⎥⎦ = (sij ),

where each sij = [sij , sij ]. The matrix S is an interval
matrix, and it can be written also as

S = [S, S], with S = (sij ) and S = (sij ), S ≤ S.

The set of n × p interval matrices is written as �n×p [16].
It is also possible to write the interval matrix through the

midpoint-range notation as

S =
[
Š − �S, Š + �S

]
, (8)

where Š is the matrix of midpoints of the interval elements
in S, and �S is the matrix of ranges of the interval elements
in S. They are defined as

Š = 1

2
(S + S), �S = 1

2
(S − S). (9)

Operations between interval matrices are formally
defined as the corresponding ones between single-valued
matrices. The product between an interval matrix and a
single-valued matrix can be also defined [16].

4. ARCHETYPAL ANALYSIS FOR
INTERVAL-CODED DATA

Let X ∈ �n×p be an interval matrix, X = (x1, . . . ,xn)
′,

X = [
X, X

] =
[
X̌ − �X, X̌ + �X

]
. Each observed data

point xi is now a parallelotope. In analogy with the
single-valued case presented in Section 2, we state that
the aim of interval archetypal analysis should be to find
m archetypal parallelotopes, denoted by a1, . . . ,am, with
(a1, . . . ,am)′ = A(m), A(m) ∈ �m×p, such that:

A(m) = B′(m)X, (10)

X = �(m)A(m), (11)

where the matrices B and � are defined as in Eqs
(4) and (5). The interval archetypes are such that the
observed parallelotopes xi’s can be expressed as a convex
combination of them, and they are a convex combination
of all the data points xi’s. These archetypal parallelotopes
synthesize the locations and the shapes of all the other data.

To find these new interval archetypes, let us consider the
midpoint and range notation (Eqs. (8) and (9)). Finding the
matrix A(m) of the archetypal parallelotopes is equivalent
to finding two archetypal matrices Ǎ(m) and �A(m),
Ǎ(m) = (ǎ1, . . . , ǎm)′, �A(m) = (�a1, . . . ,�am)′, with

A(m) = [Ǎ(m) − �A(m), Ǎ(m) + �A(m)],

Ǎ(m) ∈ �m×p, �A(m) ∈ �m×p,
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such that

Ǎ(m) = B′(m)X̌, (12a)

X̌ = �(m)Ǎ(m), (12b)

and
�A(m) = B′(m)�X, (13a)

�X = �(m)�A(m), (13b)

in the midpoint and in the range spaces, respectively. As
each observed parallelotope xi should be expressed as a
convex combination of the archetypes in terms of midpoints
and ranges, we impose the additional constraint that the
convex combination coefficient matrices B(m) and �(m),
defined in Eqs. (4) and (5), should be the same in the two
spaces. These coefficients represent the algebraic linkage
between the two spaces.

To find the parallelotope archetypes, in analogy with
the classical case, we relax Eq. (11) or, equivalently, Eq.
(12b) and (13b), and we rewrite the least square criterion
in Eq. (7) in terms of intervals.

To this aim, let us consider two intervals s and t, with
s, t ∈ �. The distance between s and t can be defined,
following Hausdorff, as

d(s, t) = sup{| s − t |, | s − t |} =| š − ť | + | �s − �t |,
(14)

with (�, d) a complete metric space.
Given two interval matrices S, T ∈ �n×p, the distance

matrix between S and T, d(S, T), is a matrix whose
elements are the component-wise Hausdorff distances
between the intervals sij and tij , the elements of S and T,
respectively, [16,17]. The matrix d(S, T) is nonnegative,
and several different matrix norms have been used to
synthesize the information of this distance matrix [18,19].
The particular choice of a norm is arbitrary [20] and it is
related to the goals of the analysis. In our case, in order
to keep both the distances between the midpoints and the
ranges simultaneously under control, and in analogy with
the archetypal analysis in the classical case, we choose the
Frobenius norm of the matrix d(S, T),

‖d(S, T)‖F =
∥∥∥
∣∣∣Š − Ť

∣∣∣ + |�S − �T|
∥∥∥

F
, (15)

which defines a metric on the set of interval matrices.
Given this metric space, for each m, the matrix A(m)

of the m archetypal parallelotopes can be determined by
minimizing the distance between the data interval matrix X

and the matrix

X̃(m) = �(m)A(m) = �(m)B′(m)X, X̃(m) ∈ �n×p,

(16)

i.e. the data matrix reconstructed by the m archetypal
parallelotopes.

Thus, given m and the quantity:

RSS(m) =
∥∥∥d

(
X, X̃(m)

)∥∥∥
F

=
∥∥∥
∣∣∣X̌ − �(m)B′(m)X̌

∣∣∣ + ∣∣�X − �(m)B′(m)�X
∣∣∥∥∥

F
,

(17)

the m archetypes solve the minimization problem:

min
�(m),B(m)

RSS(m) = min
�(m),B(m)

∥∥∥∥d
(
X, X̃(m)

)∥∥∥∥
F

= min
�(m),B(m)

∥∥∥∥
∣∣∣∣X̌ − �(m)B′(m)X̌

∣∣∣∣
+ ∣∣�X − �(m)B′(m)�X

∣∣
∥∥∥∥

F

, (18)

under the constraints on the convex combination coefficient
matrices �(m) and B(m):

�(m)1m = 1n, B′(m)1n = 1m, (19)

where 1n and 1m are the all-ones vectors of dimensions n

and m, respectively.
The RSS(m) is a decreasing function of m, and it can

be used to decide upon the number of archetypes as in the
single-valued case.

5. REPRESENTING AND RECONSTRUCTING
DATA THROUGH ARCHETYPES

As can be deduced from the previous discussions,
interval archetypal analysis produces three different results:
(i) the m × p archetypes’ matrix A(m), (ii) the n × m

weighting coefficients’ matrix �(m), and (iii) the m × n

weighting coefficients’ matrix B(m), where A(m) is an
interval data matrix while �(m) and B(m) are classical
single-valued matrices.

When the interval archetypes are used in a data analysis
perspective, we can distinguish two different phases. In
a first step, we start by looking both at the interval
archetypes’ matrix A(m), and, separately, at the midpoint
and range archetypes’ matrices Ǎ(m) and �A(m). In this
phase, we use archetypes to synthesize data, in order to
determine which type of data each archetype represents,
to understand archetype characteristics in terms of the
original features, and to compare archetypes with respect
to the whole data set. With these goals, archetypes can be
graphically displayed in any plot of the original data. In
these graphical representations, archetypes are interpreted
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in terms of distance or proximity with respect to other
data points, while bearing in mind that they may or may
not coincide with observed statistical units. Note that the
interval archetypes can be represented either in �p, as
paralletopes, through the matrix A(m), or separately in �p,
as points in the midpoint and range spaces, through the
matrices Ǎ(m) and �A(m), respectively. For single-valued
data representation, i.e. in midpoint and range spaces, we
suggest to use the scatter plot matrices, parallel coordinate
plots [21,22], and percentile profile plots [2,23]. While, for
interval-valued archetypes, zoom-star plot and scatter plots
for interval data can be used [19].

The second step, which is no less important than the
first, looks at data through the archetypes by taking into
account the coefficients in the �(m) matrix. Indeed, the
γ ′

i (m) coefficients play a central role in the analysis and
have many interesting interpretations, since they are:

1. weighting coefficients for reconstructing data,

2. barycentric coordinates, and

3. values of a membership function.

1.) γ ′
i (m) as weighting coefficients. From Eq. (16), the

γ ′
i (m) coefficient vectors make it possible to reconstruct

each data point xi starting from the archetypes. Each inter-
val observation can be reconstructed in two equivalent
ways. The first one consists in combining the reconstruc-
tions in the midpoint and range spaces:

x̃′
i (m) = [ ˇ̃x′

i (m) − �x̃′
i (m), ˇ̃x′

i (m) + �x̃′
i (m)].

The second one consists in using directly the weighted
sum of the interval archetypes:

x̃′
i (m) = γ ′

i (m)A(m).

These two ways are equivalent because the weighting
coefficients γ ′

i (m) are constrained to be the same in the

two spaces and, hence, we have that ˇ̃x′
i (m) = γ ′

i (m)Ǎ(m)

and �x̃′
i (m) = γ ′

i (m)�A(m).
The γij (m) values can be interpreted as the contribu-

tion of each archetype a′
j (m) to a given statistical unit x′

i :
if γij (m) is equal to 1, the statistical unit coincides with
the archetype; while if γij (m) is equal to 0, the archetype
does not contribute to reconstruct the statistical unit at all.
More generally, each statistical unit is reconstructed thanks
to the contribution of several archetypes, proportionally to
the γij (m) values.

2.) γ ′
i (m) as barycentric coordinates. The ǎ′

j (m)’s are
located on the boundary of the convex hull of the midpoints
x̌′

i , and the �a′
j (m)’s are located on the boundary of

convex hull of the ranges �x′
i . Hence, the ǎ′

j (m)’s and the

�a′
j (m)’s are vertices of convex polytopes in the midpoint

and ranges spaces, respectively.
In these spaces, for each data point x′

i = [x̌′
i − �x′

i , x̌′
i +

�x′
i], new coordinates (λi1, . . . , λim) and (μi1, . . . , μim)

can be obtained by solving the equations:

(λi1 + · · · + λim)x̌′
i = λi1 ǎ′

1 + · · · + λim ǎ′
m, (20)

(μi1 + · · · + μim)�x′
i = μi1 �a′

1 + · · · + μim �a′
m. (21)

The coefficients (λi1, . . . , λim) and (μi1, . . . , μim) are
the barycentric coordinates [24] of x̌′

i and �x̃′
i in the

spaces having ǎ1, . . . , ǎm and �a1, . . . ,�am as bases,
respectively. The archetypes themselves have barycentric
coordinates (1, 0, . . . , 0), (0, 1, . . . , 0), . . ., (0, 0, . . . , 1).

The reconstructed data point x̃′
i (m) has barycentric

coordinates in these associated spaces as well:

(λi1 + · · · + λim) ˇ̃x′
i (m) = λi1 ǎ′

1 + · · · + λim ǎ′
m (22)

(μi1 + · · · + μim)�x̃′
i (m) = μi1 �a′

1 + · · · + μim �a′
m.

(23)

By Eq. (16), it is easy to show that the γij (m) coefficients
solve both Eqs. (22) and (23), i.e. λij = μij = γij (m).
Hence, we have that the γ ′

i (m) coefficient vectors are the
barycentric coordinates for the reconstructed points in a
common associated space. Such a space, spanned by the
archetypes a′

j (m), is always a space of real points and the
archetypes are a non-orthogonal basis of this space [11].

We note that, given the geometric properties of the
barycentric coordinates, the data points actually belong to

Table 1. Bats data set [26].

i Species Head Tail Height Forearm

1 PIPC 33, 52 26, 33 4, 7 27, 32
2 PRH 35, 43 24, 30 8, 11 34, 41
3 MOUS 38, 50 30, 40 7, 8 32, 37
4 PIPS 43, 48 34, 39 6, 7 31, 38
5 PIPN 44, 48 34, 44 7, 8 31, 36
6 MDAUB 41, 51 30, 39 8, 11 33, 41
7 MNAT 42, 50 32, 43 8, 9 36, 42
8 MDEC 40, 45 39, 44 9, 9 36, 42
9 MGP 45, 53 35, 38 10, 12 39, 44

10 OCOM 41, 51 34, 50 9, 10 34, 50
11 MBEC 46, 53 34, 44 9, 11 39, 44
12 SBOR 48, 54 38, 47 9, 11 37, 42
13 BARB 44, 58 41, 54 6, 8 35, 41
14 OGRIS 47, 53 43, 53 7, 9 37, 41
15 SBIC 50, 63 40, 45 8, 10 40, 47
16 FCHEV 50, 69 30, 43 11, 13 51, 61
17 MSCH 52, 60 50, 60 10, 11 42, 48
18 SCOM 62, 80 46, 57 9, 12 48, 56
19 NOCT 69, 82 41, 59 10, 12 45, 55
20 GMUR 65, 80 48, 60 12, 16 55, 68
21 MGES 82, 87 46, 57 11, 12 58, 63
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Fig. 1 Scatter plot matrix for Bats data set. The data have been standardized by centering midpoints with respect to their mean μ(x̌j )
and by scaling by their standard deviation σ(x̌j ); ranges have been scaled by dividing by the corresponding midpoints’ standard deviation
σ(x̌j ). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

an (m − 1) dimensional subspace of the associated space
spanned by the archetypes, and the reconstructed data
x̃′

i (m) are embedded in a regular hyper-tetrahedron with
unit edges. Furthermore, given the correspondence between
each x′

i and each x̃′
i (m) (i.e. x′

i is equal to x̃′
i (m) plus a

residual), each original point x′
i can be represented (through

its corresponding x̃′
i (m)) by the coefficient vectors γ ′

i (m)

in the space spanned by the archetypes. Hence, the γ ′
i (m)

may be exploited to map the original data into this lower
dimensional space.

In such a space, data can be graphically analyzed
and represented, for example, through a parallel coordi-
nate plot [21,22] in which the axes correspond to the
archetypes. Any graphical representation in this space
provides an outward–inward perspective on the data
and allows us to highlight many data patterns such

as small groups, gaps in the data structure, outlying
values, asymmetries and irregularities in the data
shape.

3.) γ ′
i (m) as membership values. Given the properties

exemplified in point 2, the γ ′
i (m) coefficients reflect the

relative proximity of the observations to each archetype
and can be properly interpreted as values of a membership
function. They can be used to cluster interval-valued data in
a very simple way [25]. This can be achieved by choosing
a threshold value γ ∗ for the membership function, and by
assigning each interval data x′

i to the cluster around the j th

archetype a′
j (m) if γij (m) > γ ∗.

Concerning the B(m) matrix, even though its values
could be interpreted as the contribution of each interval
observation to each archetype, we believe that it may not
be of much interest for the analysis.
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Fig. 2 Bats data set: RSS(m) function, m = 2, . . . , 7. [Color
figure can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

6. INTERVAL ARCHETYPES IN ACTION:
A REAL DATA EXAMPLE

To provide a clear illustration of how interval archetypes
can be a powerful tool for the exploratory analysis of
interval data, we use the data set related to characteristics
of bats [26]. For this data set, a key question consists of
comparing different species of bats with each other in order
to highlight the similarities or anomalies. With this aim,
principal component analysis for interval data has been
applied by Billiard et al. [26]. The tools proposed in this
paper allow the analyst not only to make a comparison and
an exploration of the data, but also to find some species
representing all the others.

6.1. The Bats Data Set

The data set (Table 1) has already been presented
in Billard et al. [26] and refer to 21 species of bats
(PIPC,. . ., MGES); species identifiers are abbreviations

of the longer biological Latin descriptor, e.g. ‘BARB’ is
the species Barbastella barbastellus. Four variables have
been measured on each bat: Head = head size, Tail = tail
length, Height = height, and Forearm = forearm length.

In the following, the data have been standardized
according to the usual procedure for interval data: midpoints
x̌j have been centered with respect to their own mean

μ(x̌j ), with μ(x̌j ) =
∑n

i=1 x̌ij

n
, and scaled by their standard

deviation σ(x̌j ), with σ(x̌j ) =
√∑n

i=1[x̌ij −μ(x̌j )]2

n
; ranges

have been scaled by dividing by the corresponding
midpoints’ standard deviation σ(x̌j ) [27].

An interval data matrix can be represented through a
scatter plot matrix (SPLOM) for interval data. In such
a SPLOM, unlike the case for single-valued data, scatter
plots on the diagonal have an interpretation. They provide
information on the correlation between midpoints and
ranges for each variable [28]. Indeed, as the square size
depends on the range and the square location depends
on the midpoint, by looking at the variation of square
sizes with their locations, we can graphically appreciate
if there is a dependence between ranges and midpoints for
each variable. The absence of high correlations between
midpoints and ranges implies that they express different
sources of variability in the data set.

Figure 1 exhibits the SPLOM for the data at hand.
The scatter plots on the diagonal do not show evidence
of dependence patterns between midpoints and ranges, as
confirmed by the low Pearson linear correlation indexes
(the highest value is equal to 0.466, corresponding to the
Tail variable). The remaining off-diagonal displays in the
SPLOM reveal a general positive correlation between all
pairs of variables.

6.2. Interval Archetypes for Data Synthesis
and Comparison

This section presents the solution results for m = 4
archetypes. The choice of the number of archetypes is
based on the behavior of the RSS(m) function (Fig. 2).
For m = 2, 3, 4, i.e. for 2, 3, and 4 archetypes, the RSS(m)

function shows a sharp decrease, before becoming flatter
for m > 4. Hence, a number of archetypes greater than 4

Table 2. Coordinates of interval archetypes for m = 4. The data have been standardized by centering midpoints with respect to their
mean μ(x̌j ) and by scaling by their standard deviation σ(x̌j ); ranges have been scaled by dividing by the corresponding midpoints’
standard deviation σ(x̌j ).

A(4) Head Tail Height Forearm

a′
1(4) 1.584, 2.413 0.672, 2.136 1.058, 2.342 1.585, 2.639
a′

2(4) 0.315, 0.359 −0.660, 1.984 −0.365, 0.331 −0.327, 0.303
a′

3(4) −1.462, −0.790 −2.235, −1.447 −0.658, 0.824 −0.930, −0.118
a′

4(4) −1.540, −0.169 −1.854, −1.002 −2.551, −1.200 −1.721, −1.114
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Fig. 3 SPLOM of four interval archetypes in the original space. The data have been standardized by centering midpoints with respect to
their mean μ(x̌j ) and by scaling by their standard deviation σ(x̌j ); ranges have been scaled by dividing by the corresponding midpoints’
standard deviation σ(x̌j ). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

do not yield a relevant improvement in the description of
the data through the archetypes.

As discussed in Section 5, two different phases of the
analysis can be envisioned. In the first, the aim is to
understand which kind of observed unit each archetype
synthesizes in terms of the original features. Table 2
exhibits the interval archetypes for m = 4. The archetypes
are visualized in the original space of the standardized
data through a SPLOM for interval-valued data (Fig. 3).
Moreover, by using the midpoint-range notation, we
represent the midpoint archetypes as points in a SPLOM,
along with the midpoints of the whole data set (Fig. 4), and
through the percentile profile plots (Fig. 5). By looking at
both Table 2 and Figs 3, 4, and 5, it can be noticed that
the archetypes a′

1(4) and a′
4(4) represent the two extreme

individuals, the biggest and the smallest, respectively, while

archetypes a′
2(4) and a′

3(4), even if they are located
on the boundary of the data scatter, represent species
with average profiles. In particular, from the percentile
profile plot in Fig. 5, a′

2(4) represents an archetype for
species characterized by median values of all the variables
except the height, while the third archetype a′

3(4) is
characterized by small head and tail and median height
and forearm. As for a′

1(4) we note that it is approximately
at the 90th percentile for all the characteristics, while
a′

4(4) is approximately at the 15th percentile for the all
features.

In the second step, in order to look at the data through
the archetypes and to compare the latter with respect to
the other data, we look at the �(m) matrix defined in Eq.
(16). For the Bats data set, the �(4) matrix is reported in
Table 3.
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Fig. 4 SPLOM of midpoints of four interval archetypes (circles) and midpoints of the original data (cross). The data have been
standardized by centering midpoints with respect to their mean μ(x̌j ) and by scaling by their standard deviation σ(x̌j ); ranges have
been scaled by dividing by the corresponding midpoints’ standard deviation σ(x̌j ). [Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

Table 3 can be read by rows and by columns. The rows
can be interpreted as the contribution of each archetype
to the reconstruction of a given statistical unit (γ ′

i (m) as
weighting coefficients, see Section 5). If one of the γij (4)

values is equal to 1, then the statistical unit corresponds to
the j th archetype. For the data set we are analyzing, the
statistical units 1 and 20 correspond to archetypes a′

4(4)

and a′
1(4), respectively. This implies that to reconstruct

each one of these units only one archetype is needed. On
the contrary, all the other observations are reconstructed
through all the four archetypes. For example, by looking

at the coefficients on row 15, we note that the ‘SBIC’
observation is expressed as a weighted sum of all four
archetypes, i.e. it represents a sort of multivariate average
species.

Figure 6 illustrates these properties by considering the
cases of units 1 and 15. Each unit is represented through a
panel of four scatter plots, one for each archetype. In the
scatter plots, the axes coincide with the variables Height
and Forearm (selected from the four available for the sake
of illustration). Each plot in the panel graphically represents
the part of the statistical unit reconstructed by archetypes.
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Fig. 5 Bats data set. Percentile profile plots of the midpoints of the four interval archetypes a′
1, . . . ,a

′
4, left to right top to bottom. The

vertical axes represent the percentage cumulative distribution. The 50% line is superimposed. Each archetype ǎj (4) is represented by a
sequence of vertical bars, one for each variable. The height of k-th bar corresponds to the percentile of the archetype in the empirical
distribution function of the data plus the archetypes in the midpoint space. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

In the panel from left to right and from top to bottom, the
contribution of each archetype is successively added. In the
fourth plot (bottom-right), the complete reconstruction is
represented. The left panel (Fig. 6a) refers to unit 1 ‘PIPC’.
As it coincides with the fourth archetype, the contribution
to reconstruction appears only in the bottom-right plot. On
the contrary, in the right panel (Fig. 6b) corresponding to
unit 15 ‘SBIC’, it is evident that the contribution of all four
archetypes is necessary to reconstruct the unit.

The �(4) matrix in Table 3 can be read also by columns,
and the γij (m) values can be interpreted as the barycentric
coordinates of the data points in the space spanned by the
four archetypes or as a membership degree of each data
to a given archetype (Section 5). With four archetypes, the

space spanned by the archetypes is a four-dimensional one.
In each column, the values close to 1 indicate the data
points close or equal to an archetype. In Table 3, for each
column the largest value is in boldface. In particular, note
that, as γ20,1 = 1, the observation numbered 20 (species
‘GMUR’) coincides with a′

1(4); then this species can be
assumed to represent the archetype of big bats. On the
contrary, as γ1,4 = 1, the observation numbered 1 (species
‘PIPC’) coincides with a′

4(4). Then this species represents
the archetype of small bats. Furthermore, the observation
numbered 2 (species ‘PRH’) almost coincides with a′

3(4) as
γ2,3 is close to 1, and the observation numbered 17 (species
‘MSCH’) is very close to a′

2(4). In order to cluster the
x′

i’s in four clusters (C1, . . . , C4) around seeds coinciding
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Table 3. Bats data set: weighting coefficient matrix �(m) for
m = 4.

i Species γ 1(4) γ 2(4) γ 3(4) γ 4(4)

1 PIPC 0 0 0 1.000
2 PRH 0.000 0.000 0.983 0.017
3 MOUS 0.000 0.243 0.242 0.515
4 PIPS 0.000 0.262 0.000 0.738
5 PIPN 0.000 0.396 0.096 0.508
6 MDAUB 0.039 0.240 0.643 0.078
7 MNAT 0.008 0.368 0.363 0.261
8 MDEC 0.000 0.556 0.327 0.117
9 MGP 0.184 0.182 0.634 0.000

10 OCOM 0.112 0.466 0.336 0.086
11 MBEC 0.113 0.355 0.532 0.000
12 SBOR 0.040 0.589 0.371 0.000
13 BARB 0.000 0.689 0.000 0.311
14 OGRIS 0.000 0.726 0.000 0.274
15 SBIC 0.318 0.234 0.052 0.396
16 FCHEV 0.516 0.000 0.484 0.000
17 MSCH 0.173 0.827 0.000 0.000
18 SCOM 0.686 0.153 0.000 0.160
19 NOCT 0.668 0.212 0.000 0.120
20 GMUR 1.000 0 0 0
21 MGES 0.965 0.000 0.000 0.035

Notes: boldface the largest value for each column.

with the archetypes, we set a threshold γ ∗ equal to 0.5, i.e.
we assign a data x′

i to a cluster Cj if γij > γ ∗. By this
rule (γij > 0.5 ⇒ x′

i ∈ Cj), for example, the observations
numbered 16, 18, 19, 20, and 21 belong to the cluster C1

around the first archetype a′
1(4), and represent the cluster

of big bat species. Note that the observations numbered 7,
10, and 15 do not clearly belong to any cluster.

To visualize the observations in the four-dimensional
space spanned by the archetypes, we note that all the
reconstructed points actually belong to a three-dimensional
subspace, more precisely a regular tetrahedron with unit
edges. The γij coefficients map the original data in this
tetrahedron. Figure 7 shows how, in cases like the present
dataset (i.e. with a number of archetypes m ≤ 4), it is easy
to look at data in the space spanned by the archetypes
through graphically dynamic tools such as a tourplot
[29–32]. In general, for any m ≥ 3, it could be convenient
to use the parallel coordinate plot. By using the four
archetypes as axes of parallel coordinate plots, in Fig. 8a

(left panel) we display all the data highlighting, through
different line styles, the previously identified four groups.
To understand the cluster structures better, in Fig. 8b (right
panel), we represent each group separately.

By looking at Figs 7 and 8, we see that all the previous
results are confirmed but they are more clearly highlighted.
In addition, the plots also reveal some details not evident
from Table 3. In particular, we note that the groups C1 and
C2 are less homogeneous than the other two. Indeed, one
datum in the first group (unit 16) presents a slightly different
behavior from the others, while in the second group there
are three data that are very similar to each other and two
data (units 8 and 12) that present higher coordinates on the
third archetype.

(a) Unit 1 (b) Unit 15

Fig. 6 Reconstruction of observations numbered 1 (a) and 15 (b) with respect to the variables Height and Forearm. In each panel,
plots represent the part of the statistical unit reconstructed by archetypes: in each panel from left to right and from top to bottom, the
contribution of each archetype is successively added. In the fourth plot (bottom-right) the complete reconstruction is represented.
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Fig. 7 Tourplot representation of all data in the space spanned
by the four archetypes. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

6.3. Computational Issues

All results illustrated in this paper have been obtained
using the Corsaro and Marino procedure [33], which
solves the minimization problem adopting a sequen-
tial quadratic programming method. The procedure has

been implemented in MatLab© with the fmincon (find
minimum of constrained nonlinear multivariable func-
tion) MatLab© routine and the following optimization
parameters:

– Maximum number of function evaluations allowed =
1 000 000

– Maximum number of iterations allowed = 100 000

– Tolerances (function value and constraints viola-
tion) = 10e−5.

Here, we consider the problems of the solution stability
and of the computational cost to achieve solutions.

As regards the stability issue, we analyze the algorithm
performances with respect to the presence of local minima,
that may be due to the non-convexity of the objective
function [33]. For each value of m, we ran 100 independent
replications with random starting solutions and different
initial seeds using algorithm in ref. 33. Figure 9 presents
the distributions of the 100 values of the RSS(m) function
for m = 2, . . . , 7; each solution distribution is represented
through a box plot. It is worth noticing that the solution
stability worsens as m increases. Indeed, the variability of
the solutions over the runs, highlighted in the boxplots,
for m = 6, 7 increases and some heavy outlying solutions
appear in the distributions.
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(b) Groups separated with respect to membership
degree. Thick lines represent the closest data point to each archetype.

Fig. 8 Bats data set: Parallel coordinate plot of data in the space spanned by the four interval archetypes: (a) the four groups are
highlighted through different line styles; (b) each group is represented separately. [Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]
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Table 4. Computational cost. CPU average time and maximum
value in milliseconds on Intel Mobile Centrino CPU based
notebook with 1.66 GHz clock.

Number of archetypes Average time Maximum time Order

2 7.66 50 ≤101

3 30.03 58 ≤102

4 90.27 183 ≤103

5 253.26 386 ≤103

6 578.39 1199 ≤104

7 1211.76 5186 ≤104

8 6068,45 27669 ≤105

2 3 4 5 6 7
0

1

2

3

4

5

6

7

8

9

10

Number of Archetypes

Fig. 9 Parallel boxplots of the RSS(m) function for different
values of m, m = 2, . . . , 7. Each boxplot refers to the RSS(m)
values in 100 replications. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]

Focusing on the case of m = 4, which corresponds to
the number of archetypes used in the example illustrated
in the paper, 79 times out of 100, the procedure found the
minimum RSS(4) in the interval [3.3628–3.3632], which
can be assumed as the global minimum value. In the
remaining 21 iterations, the procedure stopped for values
in the range [3.3632–4.1720]. These results are extremely
encouraging in terms of stability of the solution we used.

With respect to the computational costs, it seems that the
procedure is feasible in terms of time up to six archetypes.
The CPU time was calculated using the tic tac functions
available in MatLab©. The program was run on an Intel
Mobile Centrino CPU based notebook with 1.66 GHz clock.
Values in Table 4 show that the computing time exponen-
tially increases with m. For m = 4, the average CPU time
is 0.009 s which becomes 0.025 s for m = 5. When m is
set to 8, the CPU time is 6.06 s, which corresponds to
approximately 3 h of total computational time.

7. CONCLUSION

In this paper, we have proposed the extension of the
idea of archetypes in the framework of interval-valued
data analysis. Interval-valued data may represent the output
of queries to large or huge databases, where groups of
homogeneous statistical units are summarized by intervals
defined by the minimum and maximum value of each
variable. Within this framework, tools are needed to
synthesize large amounts of complex data and to represent
them through interesting observations. We have shown
that interval archetypes may serve this purpose, as they
synthesize interval data through linear combinations and
represent, therefore, a type of prototypical observation.
Moreover, interval archetypes can provide a mean to look
at data from an outward–inward point of view and, hence,
they can be a powerful tool for the exploratory analysis
of interval data. In this paper, we have proposed a formal
definition of interval archetypes along with a discussion of
their statistical and geometrical properties. We have also
suggested a procedure to use them in practice. Open issues
that could be tackled regard the possibility of obtaining
a more refined clustering procedure starting from the
archetypes and how to extend the idea of archetypes to
other types of symbolic data.
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