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ABSTRACT

This paper reviews several different methods for identifying the orders

of autoregressive-moving average models for time series data. The case is

made that these have a common basis, and that a unified approach may be found

in the analysis of a matrix G, defined to be the covariance matrix of

forecast values.

The estimation of this matrix is considered, emphasis being placed on the

use of high order autoregression to approximate the predictor coefficients.

Statistical procedures are proposed for analysing G, and identifying the

model orders.

A simulation example and three sets of real data are used to illustrate

the procedure, which appears to be very useful as a tool for order

identification and preliminary model estimation.
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SIGNIFICANCE AND EXPLANATION

The prediction of a sequence of autocorrelated observations is generally

facilitated by the use of autoregressive-moving average (ARMA) models. These

represent the observations in terms of simple recurrence relations. The

numbers of terms in these equations (the orders) and the coefficients (or

parameters) need to be estimated from the observations. This is a complex

problem which generally requires nonlinear optimisation for a range of

possible orders.

Considerable effort has been devoted in recent years, to methods for

obtaining rapid and moderately efficient, though necessarily approximate,

solutions to this problem. The paper reviews the work in this area, and

proposes a unified procedure which relies on detecting the singularity of a

certain matrix. This is the covariance matrix of the predictions, and it may

be estimated by fitting a (linear) high order autoregressive model to the

data.

Examples indicate that this approach is remarkably successful in

providing good preliminary estimates of the ARMA model orders and parameters.
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A UNIFIED APPROACH TO ARMA MODEL IDENTIFICATION
AND PRELIMINARY ESTIMATION

G. Tunnicliffe Wilson and D. Piccolo*

1 . INTRODUCTION

Since the work by Box and Jenkins (1970), henceforth referred to as 9J, there has been

a renewed and continuing interest in improved methods of characterising the orders, and

obtaining good preliminary estimates for the parameters of ARMA models. Following the

notation of 9J let us therefore consider a zero-mean stationary times series xt, which is

believed to follow an ARMA (p,q) model:

x t = 41xt_1 + ... + t-p + a- - ... - qa t q .

In theory, the orders p,q and parameters 4,0 can be determined by maximum

likelihood estimation of the parameters for increasing values of the orders. This is time

consuming, because nonlinear estimation methods are necessary whenever q > 0. In this

case, quick techniques for identifying model orders and supplying preliminary parameter

estimates are valuable even if they are not fully efficient, and on occasions might be

inadequate. These identification methods are usually based on relatively rapid and direct

computations deriving from sample autocorrelations and linear regression. The aim of this

paper is to put the case that many of the procedures which have been advocated since the

appearance of 93, and also many of the earlier methods - particularly those due to Durbin

(1959, 1960) - may be viewed as having essentially the same basis. This leads to a

practical procedure which is very similar in its motivation to the implementation of the

work of Durbin (1960) as presented recently by Hannan and Rissanen (1982) - henceforth

referred to as HR. We believe however that is has some advantages, and may appeal to the

practitioner of time series analysis. We end the paper with a discussion of how a simple

regression may furnish estimates of AiMA model parameters which are very close to the

maximum likelihood estimates.

*Partially sponsored by NATO Senior Fellowship Scheme, CNR, Italy.

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
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2. PROPERTIES OF THE MODEL

Readers of 3 will be familiar with three very similar equations which follow directly

from the model (1.1), each of which also characterises the AR model. The first of these

is (B3 p. 75)

j= p*0- + ... + *pP Jp for j > q (2.1)

where Pk is the autocorrelation function (acf) of xt.

The pattern of the acf for j > q - p is a mixture of damped exponential and

sinusoidal terms. Inspection of the sample acf with a view to recognising such a pattern

is an important part of AnEA modelling. Increasingly, there is a desire for automatic

recognition of this pattern by detecting for which values of p and q the linear

relationship (2.1) holds.

The second equation in (BJ p. 139)

xn(j) -Ix(j - 1) + ... + # px(J-p) for J >q (2.2)

where x (J) is, for fixed forecast origin n and increasing lead time J, the forecastn

function of the series, i.e.

X (J) - z(x n+IP) (2.3)

where P is a set of past variables. Although the past is usually taken to be the whole

of the set %nx n,1 xn 2 ... the equation still holds if P is any subset of these. In a

sense, (2.2) is more fundamental than (2.1) because by taking P - {Xn}, we get
An

x nW) - p xn by simple regression, and substituting this into (2.2) leads to (2.1).

In recent years, following very much on the work of AkaLke (1974), the structure of

the predictor space of random variables defined by the forecast function, has been seen to

have an important role in characterising the AIA model. See also Mazzali (1962) for work

which is closely related to our own use of this concept. For an AIA (p,q) model, (2.2)

implies that this space has a finite dimension even if the past P is infinite, because

for J > q, x n(J) is a linear function of previous values. Define G to be the

prediction covariance matrix of xn (J) for J - 1 ... K, where K is sm relatively

large (and for the time being arbitrary) upper limit on the forecast function length. We

-2-
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shall see how most methods of A4A model identification are closely linked with the

structure of G. The value of G will depend on the selection of variables in the past,

P. Let us now choose these to be xnsXn_ 1 ... Xn.+ 1 . Then partitioning the variables

x n+K ... Xn+lXn ... Xni+I ' 'F= P

into the future set xF and past set x., we have as their joint covariance matrix

rF rp

r . ( F r (2.4)

where F has elements F . with 0 - Var x .in particular,

P+I 
0
K 2

p pr ;,F' = (2.5)

SM-1 14-2 .

and
1 0 0M-1

FPp a2 PI ... PM-2 (2.6)

Fp x

0 M-1 Pm-2 .

Also r F is the same as r but with M replaced by K.

Using the standard result that x. - P P rppxp , we obtain

G - (x = r r r (2.7)
rPP P?(.7

The third equation to which we draw attention is (BJ p. 156)

*j -*+lt-. + ... + s*p for j > q (2.8)

where i the coefficient of S
j  

in the expansion of (D) - O(3)/#(B}. which arises

in the representation xt - *(B)a t .

To see how this relates to the previous equation, recall that

x n(J) *Jan + *+lan+I +

-3-
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where nov P 1 the infinite past (1 4 ). Define further the partitioned matrix

1

K-1 *-2"
T (TF) - (2.9)

# K * K -1 ...# 1

*+1 OK #2

and vector

a' (aFa)' - (an+k ... a%+I I an a-.1 ... )'

Then x= Y'a and x1 -_ Tap, g that

TO- ', - (, + ,,)2 (2.10)

a F?'T P+ ;Toa

and

-P 
2

r YY a (2.12)

Finally, defining the vector of length max(p,q) + 1,

/*

0

we note that the three equations (2.1), (2.2) and (2.8) to which we have attached

importance, may be presented for I - max(p,q) + 1 as

-4-



r PF 0 0 (2.14)

Elx G14 = C 0 (2.15)
(FF

Y 04=O . (2.16)

Estimation of the matrices in these equations, and detection of the order p at which

the implied rank deficiencies occur in (2.14)-(2.16), serves both to identify max(pq)

and to provide preliminary estimates of +. We now examine how previous methods relate to

this. For present convenience we shall use p in the place of max(p,q), and extend one

or the other of *1, 0 up to order p with zeros. We assume that one of *p or 9 is

non-zero and that #(8) and G(B) have no common factors. We shall refer to this as the

assumption that p - q.

3. ARRAY MET'HODS

BGguin, Gourieroux and Monfort (1980) proposed a corner method in which an array of

determinants is scanned for a set of zeros. This is closely related to the preliminary

estimation procedure given in the appendix p. 499 of 93, where a shifted set of Yule-Walker

equations is solved for 1... # p. The matrix in these equations is that used by Deguin

et al., and when both p and q exceed their true values the matrix is singularand the

determinant zero. In the case p - q this matrix is simply r1 with N - K = p. Gray,

Kelley and Mcntire (1978) also use an array, and a statistic which is closely related to

the above determinant, being in fact a ratio of two determinants. They look for a change

from a relatively constant pattern of statistics, to an undefined or erratic set when p

and q become too large. Woodward and Gray (1981) relate this statistic to the methods of

B3.

Again, Glasbey (1992) proposes a related test statistic which similarly becomes

undefined when p and q become too large.

The problems with these methods derives from the fact that when sample correlations

are used to estimate the matrix rp, it is unlikely to he exactly singular and it is

difficult to derive statistical tests for this hypothesis. We suggest that it should be

more efficient to look for rank deficiency in rPF when K - p - 1 and N in large.

-5-
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This requires combining the information in the rows of rp.8 and this is precisely what is

achieved in the matrix G.

4. CAONICAL CORRELATION ANALYSIS

Investigation of the prediction space structure by analysis of the correlation between

the future (F) and the past (P) was advocated by Akaike (1976). He chose to use the

tool of canonical correlation analysis. This recognises that (in the case p a q) the

linear combination of future values:

x n - #IX n+j-l p . - $pn~jp 1 for J > p

is uncorrelated with any set of variables in the past. The procedure is to choose a

sufficiently large but fixed number N of values in the past, and an increasing number

X - 1,2... values in the future until a zero canonical correlation is found. At this

point K = p + 1, and the coefficients in the canonical factor, after scaling, supply the

values of p "" )"All that is required is an estimate of the covariance matrix r

partitioned as in (2.4). This is then submitted to a standard routine. It in shown in

Anderson (1958) p. 296 that the analysis seeks for eigenvalues A of a reduced matrix

system which in our notation in

(G - A 2r )v - 0 • (4.1)

Because the hypothesis is that the smallest eigenvalue is zero, we are again in a

situation of detecting a singularity of G.

5. RJEGRESSION USING ESTIMATED INNOVATIONS

The ANA model (1.1) appears like a regression equation except that the lagged

variables at-j on the RRS are unobserved. Durbin (1960) suggested that estimates of

these terms may be obtained by first fitting a suitably high order regression to xt , i.e.

xt 1x t + ... I + x +a (5.1)

In theory, and in the limit 4 * *, these coefficients are the T weights in the

expansion of T(S) - #(W)/9(2), and the residuals mt are the model innovations at. In

practice, sample correlations are used with the Levinson-Durbin algorithm to estimate the

-6-



coefficients, which should then be referred to as vNI ... N and the residuals at

should be distinguished from at .

A regression is then carried out following (11), using both past values of xt and

at

xt = lt-l + ... + pxt-p a t-i . q at-q + et  (S.2)

where et  is the error in this regression. As a method of parameter estimation this is

very useful, giving in theory consistent, though not fully efficient estimates. As a

method of selecting the orders, the regression can be carried out for increasing p and

q until no further appreciable reduction in residual sum of squares is obtained. Hi show

how this can be done in a consistent manner by minimizing an appropriate criterion.

Tsay and Tiao (19 83a) use a similar regression to (5.2) using residuals from a

regression such as (5.1), but the residuals they use are from equations of differing

orders. They use in effect the minimum number K of past values in (5.1), to ensure

consistency of the estimates of #. The estimates of e in (5.2) are in any case only

consistent in the limit M + n. Tsay and Tiao are not primarily concerned with estimation

of 0 and do not even refer to the coefficients of the residuals as moving average

parameters. They do however use ordinary least squares in all their regressions, which

allows the method to be used in the case of non-stationary ARA processes.

Also recently, Young, Jakeman and Mc4urtries (1980) have reported methods of order

identification in transfer function modelling which use the trace of the covariance matrix

of the parameter estimates as a criterion. When this trace becomes large, the model is

taken to be over parameterised, i.e. the orders are too large. Young has reported to us

the results of applying this method to AMA modelling by fitting a transfer function

between at and xt , i.e.

at ( + t  (5.3)
O(3) xt

where at are the residuals already defined by a regression such as (5.1). An

introduction to the instrumental variable estimation methods used, is given by Young

(1974). In essence, they are in this context equivalent to estimating the parameters in

* the linear regression

-7-
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x.x_ -Oa. - ... -+ ... +f (5.4)t t It1p t-p It- qat-q +f

where f is the error, and x*, a* are filtered versions of xt , t  i.e.
t t t t t

x =L(B)xt ,  at-L(B)a t

From (5.3) the ideal choice for LCD) in 1/0(B) where the true (but unknown) value

of G(M) should be used. The first stage is to set L(B) - 1, with the intention of

using the estimates of 9(s) from this stage, to define L(B) in a further stage. For

the present we take L(B) - 1, giving x - xt  end a* = , so that (5.4) differs from

(5.2) only in the presence of a t on the MHS.

We now deal with this point, and relate to previous sections, by noting that a is

by construction orthogonal to xt_1 ... xt-p, and provided H is sufficiently large, also

to at- 1 ... at q  Its presence in (5.4) does not therefore affect the estimates of *

and 9 - it may even be included in the regression on the RHS. The estimated residual

2 02 2
variance a2 is however maller than a by the amount a 2

2 2 2
Of . e - ae

2 2 2

Thus as p and q are increased to obtain a better fit, a 2 0 as a 2 a. Itis

of interest also to compare HR who use a bivariate autoregression on (xt,a t ) to obtain

the parameters in (5.2). They monitor the determinant of the bivariate error covariance

matrix which may be seen to be approximately

2 2
0 02 0 2 0 5 502 2 2 2 22

2 2 a e a a f
a %

They also note that this may approach zero.

Considering now the case p - q in (5.2), we point out that because att ... at-p  are

orthogonal, it is a simple matter to orthogonalise xt ... Xt-p  with respect to these

variables. In theory, in the limit as K + -, at * at . The result is a corrected set of

variables given by the regression coefficients * of xt  on past values at j :

Aj

-8
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t  Mxt  - 'at + t_1 +...+p at-p

xt-1 xt- 1 - (t- 1 - *Iat- 2 + + *P1 - ) (5.6)

xt-p = t-p a t-p

These corrected variables are simply xti-l(J) for j - p + 1 ... 1. Substituting

from (5.6) into the regression (5.2) then results in a partial regression equation in the

forecast function only:

xt - $1xt + ... + ,pXt0 p + et . (5.7)

The coefficients may be obtained by inversion of N(B), i.e.

.j = li-_ + ... + WJ1l01 +w j 1,2,... (5.8)

and the parameter values 8 in (5.2) recovered from the substitution by

8 = -(I, - 1 _ -. . - 3_@ - )
j I - -1 I -

or

0 - = f (5.9)
FH

P)

Our main point is that the regression (5.7) depends only upon the covariance matrix

G of xt ... xt-p  and therefore relates to the procedures in the foregoing sections.

If p is increased so that G, with K = p + 1 becomes effectively singular (according

to some statistical criterion) then p is the order selected. In the procedure of HR this

is equivalent to a zero determinant in (5.5). In the procedure of Young the trace

criterion is proportional to the trace of the inverse of the covariance matrix of the

regressions, i.e.

tr

-9-



The determinant of this matrix is the same as dot G, and the trace of the inverse

will be dominated by the reciprocal of the smallest eigenvalue of G. Near singularity

of G is therefore associated with large trace values.

With the matrix G figuring so prominently in the methods we have reviewed, we now

consider how best to estimate it from a data sample, and what statistical analysis to apply

in its investigation.

6. ESTIMATION OF THE PREDICTION COVARIANCE MATRIX G

Given a finite sample x1 ... xN  it is natural to use the sample autocorrelations
2 2

rk ck/s where a co  and for k ) 0
k kx x 0

N-k
ck - N I (xt - x)x t k - X) ( (6.1)

1

Substituting rk for 0k in r as defined and used in (2.4)-(2.6) then ensures that

r is positive definite. So also then is G as defined in (2.7). A selection

(considered later) of the length M of past values, and K of future values is required

when (2.7) is used. If K is large the matrix inversion in (2.7) can be avoided by using

the algorithm in Durbin (1960) for k I ... L, where L - K + N - 1. This starts with

To = I and proceeds by the equations

- (rk - k1,1rkI - ... -w 1,k-lrIl/T

Wk,j ' wk-l,j -k,kwk-l,k-j j 1 ... k- 1 (6.2)

T - T (I-W ) .
Tk ""k-l1 k w, k )

Setting

I I- -. _I. . -wL.,.L,1 L,K-1

L-1,1 L-1,K-2
u ).(6.3)

0 1 -oM+I

1

-10-
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and

TL- 1

D = • • )(6.4)

0

the value of G defined by (2.7) is precisely

G r a 2 , (6.5)17 2

G -1 x

where 6 - U is economically obtained because U is triangular.

We shall call this the direct estimate of G. Cybenko (1960) provides assurance that

the above procedure is numerically well conditioned.

An alternative is to stop the recursion, in (6.2) at some value of L = s say, and

(dropping the first suffix L) to view the resulting values w ... wM as estimates of the

true w-weights of the AMA model. Then using (5.8) supplies estimates of #1 .. # from

which Y and G are constructed as in (2.9) and (2.12). The estimate of a is
1P a

a - c0T - no bias correction being made. The method of construction ensures that the

-1 2operator w() ° = ()- + )1 ) + ... converges, and that both (2.10) and (2.11)

hold. This alternative differs very little from (6.5), being simply a matter of replacing

I by w and Ti by TN throughout (6.3) and (6.4). Besides reducing

computation, we shall discover other advantages of this estimate of G which we shall call

the ARMH) estimate.

we have also investigated the use of spectral estimates of G. Assuming that the

spectrum of the data is estimated using a classical lag window wk  applied to the sample

acf, with a truncation lag M', estimates of the coefficients wk and 0k may be

obtained by spectral factorization, and their properties have been studied by Shanali

(1974, 1977). It is possible to implement this by the Crafir-Wold factorization. Given

the windowed acf wkrk, k - 1 ... M', this supplies the coefficients . , in a

-11-
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high order MA(M') model. Then #k = -0 k  The factorization can be done rapidly and

accurately using algorithms such as that given by Laurie (1982). The matrix G is again

constructed using (2.12), the elements of r being the windowed autocovariances, and

2
a the innovation variance from the MACW') model. We shall call this the MAWN')

a

estimate of G.

The foregoing estimates of G all suffer from the limitations on the accuracy of

rk as an estimate of Pk when the series borders on being non-stationary in the sense of

ARI1A models. Tsay and Tiao have paid particular attention to this situation and recommend

that the construction of G be based on the true least squares regression equations of the

future upon the past. Thus in our notation their estimate of r would be given by

r j = (N - L) x t-ixt-j ; i,j .1.. L
t= 1 +L

where here L - K + M. We call this the regression estimate of G.

In the following proposals for how G should be analysed, we shall assume that the

ARCM) or MACN') estimate is used.

7. ANALYSIS OF THE PREDICTION COVARIANCE MATRIX

It is convenient now to reverse the order of the rows and columns of G to correspond

with the sequence of variables x (k), k - 1,2 ... K, whose covariance matrix itn

estimates. This also allows a kind of open-ended approach, so that G can be analysed for

increasing order K. The rearrangement corresponds to using, in place of (2.12),

G - r - ' 
2

We shall write G for the upper left (p + 1) x (p + 1) submatrix of G. The

procedure we suggest is to factorize

G - LDL' (7. 1)

where L is lower triangular with unit diagonal, end D is diagonal. In practice we have

used a Choleski factorization from which L may be obtained by simple scaling of the

columns, and 0 by squaring the diagonal. It is valuable to use a method which stops

-12-
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(without catastrophic failure) when a diagonal element of D is found to be effectively

zero (using numerical rather than statistical criteria). For recent use of Choleski

factorization in similar contexts see Newton and Pagano (1983) and Hawkins and Uplett

(1982).

The motivation is that the diagonal elements dod i ... of D constitute the
2 2 2

sequence of regression error variances of . ae - 0 , corresponding to the regression

(5.2) for increasing p - q = 0,1,2 .... Furthermore L - T say, is again lower

triangular and its successive rows contain the estimates of the AR parameters in (5.2),

i.e.

- -*p1 - 1) (7.2)

for p - 0,1,2 .... The row t. minimisee the quadratic form t G t' w.r.t. variationsPPP

in * "" p and yields d as the minimum. That d is a decreasing sequence is seen
Ip p

from the fact that the special structure of G implies

t G t (t Gt' -d
p+1p1p p pp p

where t p+1  (O,t ). The minimising vector tP+, mst then obviously yield d P1 ( d .

Also note that the matrix H - TYF  is lower triangular with rows consisting of the

estimates of the MA parameters in (5.2),

hp -(-9p, -eOp- ... -elf 1) (7.3)

Another Interpretation of the procedure may he deduced free (2.11). This is that

*... 4p result from the regression of the first column of YP as defined in (2.9) upon

the remaining columns, taking K - p + 1. If we were to calculate

11(B) = *(b)h(B) " hkBk

k-0

this would correspond to choosing O(M) so that h 2 was minimised (giving d ), with

O(B) given by truncation of H(B) at Bp . It is clear therefore that a value of

dp - 0 indicates not only a singularity in the estimated matrix G but also an exact

representation of O(B) - 1/T(B) - O(B)/#(B).

-13-



The calculations needed to construct G are relatively modest, and for moderate

values of p there seea little need to exploit the recursion advocated by nU. Hovever,

it is well worth examining hat they propose. Our calculations are exactly equivalent to

specifying the joint covariance structure of the bivariate process (xta t ) as follows

a 
2  

k-

ca~k)-{:
SsM 0 , k 0 0 (7.4)

c (k) - k (Oc M

ax
0 ,k < 0

Using these, we see that the bivariate AR(p) fit of the regression (5.2) in the case

p - q. may be written

0 a S a + . 9p () - 7(t

0 a / t a t

The insertion of exact zeros in parts of (7.41 leads to the exact 0 and 1 in

(7.5), which may help to reduce computation if the recursion of Whittle (1963) is used.

A useful result derives from the fact that the matrix operator in (7.5) will satisfy a

bivariate stationarity condition. Because of its simple structure, this implies that

#(8l, as specified by any of the rove (7.2), satisfies the univariate stationarity

condition. There is no similar invertihility constraint upon 9(9) except if dp = 0,

whence it follows since O(B) = *(b)#(B) exactly. If a value of p is chosen with p

small then S(B) is close to *(9)*(B), so that S(B) is likely to be invertible.

Otherwise, applying one of the many devices for mapping O(R) into an invertible form can

be expected to result in only minor modification of its parameters. In practice we have

always found the selected values of the ARMA parameters to satisfy stationarity and

invertibility constraints. This is a major advantage when they are used as initial values

in maximum likelihood estimation.

-14-
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S. STATZSTICAL PIOCURUS

We rcommend the following procedures. The justification of the statistical

properties which we claim is not included here, becuae we only have proofs in outline

form. They are howverc in accord with the usual ideas of regression.

The selection of the order N used in the AR(N) estimate of G must be considered,

but it does not appear to be very critical. It is important that it be sufficiently large

that the autoregressive estimates of wk have relatively small bias, but not so large that

the sequence ;k  is unnecessarily extended beyond the point where k s effectively

zero. If the AIC or similar criterion is used we suggest that the value so chosen for N

be doubled. The choice of 1 should be at most /2. If the N(N) estimate of G is

used, the equivalent choice of N' is such that

N'lwk.

e.g. for the Parson leg window. N' = 3.71m.

We suggest that various statistics be plotted. Because their range of variation is

large in some cases, we have had to truncate some of these on the vertical scale in the

following figures, in order to reveal the detail of the smaller values.

We first plot the diagonal elements of G because these estimate the prediction

variances vk - Var(x n(k)) for increasing lead time k - 1,2,.... If these die rapidly

to zero there may be rather little information upon which model selection can be based,

unless the series length n is large.

Next, plot the sequence d0 ,d ... which estimate the residual variance

2 a2 -2 in the regression. These will usually become effectively zero at indexOf a ae.O

k = N/2 provided K is moderately large, because then we should expect *(B)/S(B) with

2p N K parameters to provide a very close match with w(B) which has order N. On

occasions, dk has become zero at a lower index, and through bad numerical conditioning

this may lead to increasing values. The sequence most be truncated at this point. This is

no great problem since it merely means that an ANA (p,p) model has been found which is

virtually coincident with the ARMH) model. In practice we scale the sequence d k by
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taking in its place, /#a, and we shall henceforth mean this scaled value when we refer

to d.

We also plot the eequence of reductions in the residual variance, 6 k = d-1 - d'

and a sequence of (bivariate) partial correlations Rk  defined from the regression by

k 6 k/(dk-. * N).

Both 6k and Rk measure the improvement in the regression (5.2) on introducing the

pair of variables xt~kt at-i .

Assuming a true AMIA (p 0 ,p 0 ) model for xt, the approximate properties for large

N upon which we base order selection, are that for k > p 0 , the 6k form a sequence of

110 random variables having chi-squared distributions with 2 d.f., i.e. exponential with

expectation 2. For k 4 pC, the expectation of 6k  will be inflated.

We take N to have approximately the same distribution as 6k  for k > p 0 . The

plot of Rk may therefore be scanned and treated in a very similar manner to that

recommended by 3 for examining partial autocorrelation functions. It is always positive

however, with median of 1.18/IN and upper 90% point 2.15N. The 'cut-off point'

indicates the true order p 0 . Alternatively, the upper 90% point of 4.6 may be used for

i
k

The appearance of the residual variance plot d k may be deduced to be a random walk

for i > po with downward steps 8k reaching 0 at k - M/2. It may be possible to

base tests for the model order on detecting the point at which this plot falls within the

expected range of such a random walk.

9. APPLICATIONS

We did not carry out an extensive simulation study. We did however simulate several

of the models used by HR and use one of the for illustration. This was the model

(1 + .643 + .72 )xt ( + .8B)a t

2
with 0 - 1. We took N = 50 and set N - 10. Figure 1 shows the series and Figure 2a

the four plots derived in the analysis. The order p - 2 is clearly indicated, with some

suggestion that p - 3 might be considered. For p - 2 the preliminary estimates gave a

-16-
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model in good agreement with that simulated:

(I + .620 + .80B2)xt (1 + .613 - .112)at.

We next considered a series which we had previously modelled, and were interested to

discover to what extent the method yielded agreement with our previous conclusions. The

series was the monthly wholesale price index for Italy from 1970 to 1976. The difference

of the logarithms were used, and are shown in Figure 3. The previous analysis appeared in

Piccolo and Tunnicliffe Wilson (1981). There are 83 valuse and we chose K - 20. Figure 4

shows the resulting plots. The order p - 2 is indicated, with 82 - 6.754, exceeding

the upper 95% point of X2 . The value of a - 3.97 is not very large, but stands clear

of the remaining part of this plot. The series shows some evidence of outlier behaviour

which tends to deflate sample autocorrelationa and similar statistics, so we might be

persuaded to consider p - 3 as a serious possibility. The preliminary estimates for this

choice gave the model

(I - 1.638 + 1.24.2 - .453 )xt . (1 - .59 + .4332 - .0413)t

This agreed very well with our previous modelling experience which after some trial

and error, had lead us to an AW1A (3,2) model with very similar parameters. The spectrum

of this model had a moderate peak corresponding to a period of 6.6 months.

Finally we considered the sunspot series~and for model selection took the first 230 of

the set of 256 values from 1700 to 1955 due to Wldmeier (1961). We applied a square-root

transformation giving the series shown in Figure 5. We tried analyses with both N - 30

and N - 40. Figure 6 shows the resulting plots. In this example Gp was singular for

p - 7 which is strongly indicated as the order to be chosen, since 87 - 30.9 far exceeds

the 99% significance level of X 2 Preliminary estimates gave the model
2 3

(1 - 1.739 + 1.053 - .023 - .02B4 - .4W 5 
+ .7236 - .413 )xt

- (1- .S9 + .02,2 + .048 + 33B4 - .S5 * .2+S6 + .01 t

This is a stationary and invertible model which was used as the starting point in

exact likelihood estimation using the GOUNYAT package. Convergence effectively occurred

-17-
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Figure 2. Plots for the simulated series.
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Figure 6. Plots for the sunspot numbers series.
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after IS iterationa to the model:

(0 - 2.003 - 1.39a2 + .123 - .253 - .928 $ + 1.4136 - .66 7 )xt
(1- .803 + .0032 + .33 3 + .52 4 - .99 S + .2786 + .25B7)at

Ixamination of the parameter standard errors indicated possible truncation to AMA (7,S).

The estimated residual variance was 0.999, and the residual autocorrelation pattern was

extremely white in appearance. The spectrum of the fitted model is shown in Pigure 7. The

square root of the spectrum is plotted, so as to reveal the smaller peaks, one of which

appears to be a harmonic of the very sharp main peak.

SUNSPOT MODEL SPECTRUM
14

13

12

11

3

2

0

0.0 0.1 0.2 0.3 0.4 0.5

Figure 7.

Thmere was some concern that the us. of sample autocorrelations might be inadequate in

the analysis of such a highly autocorrelated series. The investigation was therefore

repeated, with the AR(40) model for the I coefficients being fitted by exact likelihood,

and corresponding theoretical acf values being used in the construction of G.

T he resulting plots were however very similar.
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Furthermore, this data set was used to investigate the spectral factorization or

A(M ) approach to estimating G, as described in section 6. The sample acf was weighted

using a Parzen window with a cut-off at lag N' = 110, corresponding to a value of

M - 30. Again the results were extremely close to those previously obtained. The rather

unexpected result of the singularity of G7 when very large values of M were used,

suggests that perhaps the series is somewhat more deterministic than we had supposed.

Based on these and other examples our conclusion is that the method succeeds in

leading us to AR4A models which well approximate the structure of series.

10. AN INVERSE PROCEDURE

In section 7 we showed that the method could be viewed as estimating the AR parameters

in the regression

# = #1*jl + ... + *pII0j-p for j > p

using the estimates of j., This prompts us to consider the inverse problem of estimating

the NA parameters in the regression

+ ... + for j > p,

using the estimates of N . This of course ties in very closely with the proposal of

Durbin (1959) for estimating parameters in the MA(q) model, though his method starts the

regression from j - 1. The possibility of starting the regression from j = p is, we

believe, suggested by Fuller (1976) p. 359 in the case of an ARMA(p,q) model.

To implement this idea we merely treat the w weights from the AR(M) model as the @

weights of the inverse model
O(B)

xi at

The corresponding inverse autocovariances are simple estimated as

ck.a I iW i+k
i.0

and the G matrix of the inverse model derived. It may however be directly calculated

(with rows and columns in the order used for Choleski factorization) as

-22-
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2 ,m+jT +k  for 1 4 k J.

We applied this idea to the series of annual variations in day length from 1820 to

1970. We used the first differences of the data which are shown in Figure 8, and chose

N - 40. The plots shown in Figure 9 clearly indicate p - 2, and provide the preliminary

model for the original series (after interchanging the estimates of 6 and #) of

(1 - .313 - .0532)Vxt - (I + .55 + .552 )at

Note now that it is the NA operator 9(s) which has its invertibility ensured. This

model is very close to that previously selected by conventional ARIA modelling:

(1 - .399)Vx t a (I + .558 + .62B2 )at

We should mention that the method when applied directly to this series, as for the

examples in section 9, had indicated a different result, that p - 3, with preliminary

model:

(1 - .958 - .068 2 + .283)Vxt 0 - .10B - Oft - 403)at

After estimation of this ARIA (3,3) model, it weas found to be similar to the ARIA

(2,2) model, but with a nearly-cancelling extra linear factor on each side.

In this case, we know that Vx t has a spectrum which has a near zero around frequency

2w/3, and very little power above that, due to prior data smoothing. This leads to a

strong MA operator in the model, which the inverse method seems better at detecting.

11. THE CASE OF UNEQUAL ORDEUS.

The foregoing section prompts consideration of this case. We propose that our method

may be adapted for p 0 q as follows. In the case that p - q - r ) 0, the equation

(2.2) for the forecast function involves r values xn exn-1 "" Xn+l-r in the set P of

past values. The whole analysis can then be carried out by allowing the future F and

pest P to be no longer a simple partition, but to include the above variables as an

overlap. This is handled with great simplicity by prefixing rows and columns of rFF to

G, to give G+r say. For example if r -1,

-23-
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YO , Y1 Y2, ... .
G+ f o T2 - -

1 G
2 /

Purther identical rows and columns are added for r = 2,3 .... Akaike (1974) recommends

that F and P overlap by Xn, so that his canonical correlation approach is oriented

towards ARA (p.p - 1) models.

Proceeding with the Choleski factorization of G+r now yields %(,d I  - dr. 1 as

estimates of the prediction error in AR(k) models for k - 0 ... r - 1. We suggest that

the plots previously recommended be now started from p = r, i.e. for q = 0,1,2 ....

In the case q - p 
= 

r > 0, we take a gap of length r between the future and the

past, and this is implemented merely by removing the first r rows and columns of G, to

give G-r say.

By this means the diagonals of an array for all p ) 0 and q ; 0 may be built up

out of the statistics d(p,q), and used in various ways to select p and q. We are

rather reluctant to recommend the use of such a proliferation of statistics, except

possibly in the application of an automatic method such as that in HR. It is also of

interest to note that for any given p,q the estimates 4 may be viewed as being obtained

by regressing the first column of V P in (2.9) upon the remaining columns, where the

number of columns K = p + 1, but now the partition is obtained by removing the first

q + 1 rows of T. For q - 0 the estimates of the AR(p) model are simply the Yule-

Walker estimates which are known to be asymptotically equivalent to the Mue.

It may also be shown that for any p,q the parameters can be calculated using the

bivariate autoregression of HR with the entries in (7.4) slightly modified. For

p - q - r > 0, the entry *k is replaced by #k-r which is taken as 0 for k < r. For

q - p - r > O, *k is replaced by *k+r and ck replaced by:

r-1 # *•
ck - i

i-O

This reassures us that for all p,q the estimate of #(S) is stationary.
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There is of course a corresponding array which may be calculated using the inverse

autocovariances. The estimates of 8(B) associated with this array will similarly always

be invertible for any p,q. For p = 0 they are the Durbin estimates which are proved by

Shansali (1980) to be asymptotically efficient provided M is allowed to grow as a

specified function of N.

12. EFFICIENCY FOR MIflD MODELS.

The calculation of fully efficient estimates of *,e in the case p > 0 and q > 0

is considered by HR. They use the preliminary estimates in a manner described also in

Fuller (1976), to set up a regression for parameter corrections. After applying these

corrections to the preliminary estimates, corrected estimates are obtained which have the

sme asymptotic distribution as the MLEs.

It would be attractive if a direct regression were available which supplied good

approximations to the MLEs. This seems unattainable, but we describe a procedure which

gives some encouragement. We claim that the regression (5.4) provides such estimates,

which agree with the MLE to within op(n 1/2, provided the filter L(B) is appropriately

chosen. One such choice is to use

xt 1/8(Blx t , at (/t  (12.1)

and another is

x- 1/#(B)at , az 1/#(B)xi t  (12.2)

where xit = V(B)at is the estimated inverse series, and N(B) the operator estimated in
tt

(5.1). Thus (12.1) corresponds to L(B) - 1/1B() and (12.2) to L(B) = w(B)/#(B). The

first choice, in the case of q - 0, i.e. O(B) - I gives the Yule-Walker estimates of

*, the second choice in the case p - 0, #(B) - I gives the Durbin estimates of 8. In

any other case some approximation to O(B) or #(B) must be used in order to get

reasonable efficiency. One cannot always rely on getting good preliminary estimates of

these by using the main method of this paper. We have for example simulated a sample of

size 100 from the signal-plus-noise model

(1 - .*96)x t  (1 - .83)a t
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The method o"pletely failed to Identify the model, although the sample acf hints at

the model by showing a tendenoy to poeitive values at low lags. There is just sufficient

information in the deta to obtain wmll defined 1461 4 - .4(."m .26) and 6 - .76(82 .31).

thouqh reasonably good preliminary estimates are necessary to find them.

ft wiuld appear to us that part of the skill in identifying ANA models from the

sample acf, lien in visual filtering of the acf in order to pick out the patterns. This

seams to he equivalent to selecting the filters in (12.1) or (12.2). to amplify the signal

Ofini"'nt of the data. Often the signal in at a low frequency and then one may be able to

obtain mch Improved results from the regression (S.4) by a very rough guess at A low

frequency solection filter to ue in place of /4(3) in (12.2).

We hope to investigate automtic heuristic methods of solecting such filters, e.g. by

scanning the serio spectrum to locate the frequency bands of signal components. The

orders in the regression (S.4) may then be determined by criteria such as HRt use, or by

other methods of selecting variables in regression. Onfortunately the attractive

statlonarity property of #(9) is no longer certain, but in general, improved estimates

ill result. mfinemnt of these by a few iterations of HL estimation will still be

rooimended.

On a final point, we mention thet order Identification and preliminary estimation

methods have been suocesefully applied in the multivariate time senie context. Cooper and

wod (1002) us. canonical cross-correlation analysis, and Tao and may (1963) have

evtended their regression methods. We expect that the method proposed in this paper will

r*adily generalio. and it may be worthwhile exploiting the multivariate recursion of

Whittle not only to obtain sultivarieto Innovations, but also in an extension of W's use

of this a lorithm.
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The estimation of this matrix is considered, emphasis being placed on the

use of high order autoregression to approximate the predictor coefficients.

Statistical procedures are proposed for analysing G, and identifying the

model orders.

A simulation example and three sets of real data are used to illustrate

* the procedure, which appears to be very useful as a tool for order identifica-

tion and preliminary model estimation.

F -



IIIIT~:


