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Abstract: The AR metric was firstly introduced in 1983 as a tool for choosing a repre-
sentative element from a large collection of time series and for clustering temporal data.
The proposal has been extended to many contexts and has raised currently an increasing
interest in time series data mining. The main results concerning the AR metric, its as-
ymptotic distribution and some operational and methodological issues are presented. A
comparison of the merits of this distance criterion and some caveats about its usage in
practical applications conclude the paper.
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1. Introduction

In the last decade, many factors have stimulated an increasing interest towards dissimilar-
ity measures for time series data; in particular:

• thousands of financial time series are regularly collected and their analysis requires
fast and effective methods for clustering, discriminating and for selecting represen-
tative elements of homogenous groups of series;

• time series data mining is a research area where an effective metric is needed;
• computers speed and numerical algorithms efficiency allow monitoring and control

of a large amount of dynamic phenomena in real time.

In this line, it is useful to deepen the foundations of the Autoregressive (AR) metric as
a simple and effective measure of dissimilarity among time series, in order to spread
current researches and to suggest new developments. In this regard, since we will focus
mainly on the AR metric, we refer to Maharaj (2000), Liao (2005), Corduas (2003, 2007),
Corduas and Piccolo (2007) for extensive reviews of the current research on clustering and
discrimination of time series.
This paper is organized as follows: after a brief outline of the genesis of the AR metric,
the rationale of the proposal, its main properties and a typical example are discussed in
sections 3-5. Then, the main result about the distribution of the maximum likelihood
estimator of the metric is presented. Some applications are illustrated in sections 7-8. In
section 9, a spectral decomposition of the metric is introduced and in section 10 some
alternatives to this metric are briefly examined. Some concluding remarks end the paper.
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2. Genesis of the AR metric

The official birth of the AR metric –as a distance measure among any ARIMA model–
was on 14 September, 1983 when I was invited by prof. George Box to give a Seminar
on “A Distance Measure among ARIMA Models”, during my visit at the Department of
Statistics, University of Wisconsin, Madison (USA).
Indeed, at that time, I had already experienced this problem in a previous research involv-
ing the construction of an ARIMA model for the monthly wholesale prices index in Italy
(Piccolo, 1972). In this circumstance, I compared two models for Pt:

M1 : (1 − 1.30 B + 0.40 B2) ∇ log(Pt) = (1 − 0.12 B) at

M2 : (1 − 0.45 B) ∇2 log(Pt) = (1 − 0.45 B + 0.05 B2) bt

by plotting the Autoregressive coefficients (πj) obtained from the ARIMA operators. In
fact, I was comparing an ARMA(2, 1) model for the inflation rate ∇ log(Pt) with an
ARMA(1, 2) model for the acceleration rate ∇2 log(Pt) of the wholesale prices.
However, this genuine idea came out as an explicit methodological issue only during
the DESEC project (1982-85), a national research aimed at leading the Italian public
Institutions towards a shared and unique seasonal adjustment procedure.
In that context, I faced the following problem: “How to choose few representative series
from a large data set in order to reduce time and costs of statistical analyses?” Formally,
the problem is:

“Given a class of time series Xj,t ∈ C, select a series X∗
t such that:

distance (Xj,t, X∗
t ) = min! ∀Xj,t ∈ C .′′

Since the series were generated from different areas and had different time lengths, the
investigation was aimed at introducing a completely general metric for time series. In
fact, this question motivated the study of a metric defined on the class of all real time
series object of a statistical analysis.
The journal “Statistica” published the first paper on the new proposed metric (Piccolo,
1984a) and the distribution of the maximum likelihood (ML) estimator of the metric for
pure AR processes was presented at the ASA Conference in Washington (Piccolo, 1989).
Then, after a long revision process, a contribution on this topic (submitted in 1986) ap-
peared in “Journal of Time Series Analysis” (Piccolo, 1990) and became the standard
international reference for the AR metric.
It is worth considering that other criteria are based on AR coefficients. In speech recog-
nition analyses, the AR coefficients (=LPC, Linear Predictor Coding) were used in order
to synthesize the voice signals for a specific word (Gray and Markel, 1976); however,
the method was finalized only to fitting and testing purposes. In this respect, De Souza
(1977) and Thomson and De Souza (1985) introduced the Mahalanobis distance between
AR models and derived its distributional properties. Many recent medical applications in
ECGs and EEGs classifications still refer to this kind of approach (Kosěc, 2000; Ge et al.,
2002).
For many years, the AR metric has been used in several fields and many statistical pa-
pers have been published (mainly in Italy, Spain and USA). In this respect, a significant
progress on these topics has been achieved by Corduas (1996, 2000b) who assessed dis-
tributional properties of the AR metric.



3. The AR metric: logical and statistical foundations

Dictionaries defines distance as: “the property created by the space between two objects
or points; the size of the gap between two places; the interval between two times; . . . ”
Instead, metric is: “a system of related measures that facilitates the quantification of some
particular characteristic; a function of a topological space that gives, for any two points
in the space, a value equal to the distance between them, . . . ”
Then, a preliminary remark applies: distance is a concept that may be transformed into
an operational tool by means of some conventional measure. Thus, it is correct to argue
in favor or against a specific metric, since a metric is strictly determined by the purpose
of a research: different metrics are acceptable if different objectives are pursued.
When objects to be compared are time series, an effective metric has to satisfy the follow-
ing requirements:

• it is simple to compute and provides meaningful interpretation of data;;
• it is dependent on the stochastic structure of the generating process;
• it is implemented for both stationary and non-stationary time series;
• it is not dependent on the length and on the unit of measurement of the time series.

In addition, it is relevant to point out that our approach stems from the fundamental par-
adigma which relates a time series to the generating stochastic process via a statistical
model. As a matter of fact, a metric on the space of admissible statistical models (which
is able to account for almost any real time series) has two important features: it is mean-
ingful for applications and, also, it is robust with respect to the presence of anomalous
behaviour in the data.
From a statistical point of view, the AR metric is justified by a fundamental theorem: “for
any stationary process with a continuous spectrum f(ω) there exists a finite order AR(p)
whose spectrum fAR(ω) is as close as possible in absolute value to f(ω) uniformly on
[−π, π]”: Brockwell and Davis (1991, 130-133).
The theorem is extended to moving average (MA) processes and, for numerical efficiency,
to mixed ARMA structures. Thus, the AR operator provides the simplest and effective
approximation for any stationary process or for any process that may be transformed to
stationary form. In fact, the theorem applies to both linear and not linear processes.
Specifically, given the process Xt, we consider the ARIMA model for Zt = g(Xt) − ft,
where Zt is obtained after g-transforming Xt (in order to reduce asymmetries, improve
Gaussianity and take into account of non-linearities) and after removing any deterministic
components ft (such as trading days, calendar effects, outliers and mathematical functions
of time, including constants).
Hereafter, we will refer to Box and Jenkins (1970) standard notation and we will assume
that Zt is a zero mean invertible ARIMA process defined as:

ϕ(B)∇d
∇

D
s Zt = ϑ(B)at,

where at is a White Noise (WN) process with constant variance σ2
a < +∞. If at is a

Gaussian process, given the initial values, the operators ϕ(B), ϑ(B) and the WN variance
σ2

a characterize the probability distribution of the process Zt.
The polynomials ϕ(B) = φ(B)Φ(Bs) and ϑ(B) = θ(B)Θ(Bs), for any s ≥ 0, have no
common factors, and all the roots of ϕ(B)ϑ(B) = 0 lie outside the unit circle. Thus, we
denote by L the class of invertible linear stochastic processes Zt ∼ ARIMA such that
the MA operators have all the roots outside the unit circle.



The invertibility assumption ensures the absolute (and squared) convergence of the πj

coefficients so that Zt can be represented in terms of its past values according to:

π(B)Zt = at ⇐⇒ Zt = π1 Zt−1 + π2 Zt−2 + · · ·+ at ,

where: π(B) = (1 − B)d(1 − Bs)Dϕ(B)ϑ−1(B) = 1 −
∞
∑

j=1

πjB
j.

For any Zt ∈ L, the forecast function Ft = E {Zt | Zt−1, Zt−2, . . . } is given by:

Ft = π1 Zt−1 + π2 Zt−2 + . . . ,

whereas a corresponding orthogonal representation is: Zt = Ft + at, Ft ⊥ at, ∀t.
Let Xt ∈ L and Yt ∈ L be invertible processes whose forecast functions may be expressed
via the corresponding AR coefficients:

πx = (π1,x, π2,x, . . . , πj,x . . . , )′ ; πy = (π1,y, π2,y, . . . , πj,y . . . , )′ .

Then, given the absolute convergence of the π-sequences in L, Piccolo (1984a, 1990)
introduced a metric between two ARIMA processes, Xt and Yt, with given orders, as the
Euclidean distance between the π-weights of their corresponding AR(∞) formulation:

d(Xt, Yt) = [(πx − πy)
′(πx − πy)]

1

2 =

√

√

√

√

∞
∑

j=1

(πj,x − πj,y)
2 .

The most immediate and convincing interpretation of the AR metric stems from the fol-
lowing result: given the same set of initial values, the distance between two ARIMA
processes is zero if and only if the corresponding models produce the same forecasts.
The distance d(Xt, Yt) is a well defined measure of structural dissimilarity among any
processes belonging toL and its value is determined by all the components of the processes
to be compared. Notice that, if both Xt ∈ L and Yt ∈ L, then d(Xt, Yt) is always well de-
fined irrespective of the fact that one or both the processes are stationary or non-stationary.
A recurrent objection against the AR metric is that it does not take the WN variance
into account. Indeed, this quantity is a mere scale factor depending on the measurement
unit: it is well known that, for stationary linear processes, the noise-to-series variances
ratio is a function of the process parameters. In this respect, in order to detect influential
observations, Peña (1990) considered the squared Mahalanobis AR distance to assess
how the parameters of a model change when each observation is in turn removed from the
time series and replaced by the estimated missing value. Such measure is not a metric; it
explicitly depends on the WN variance, and it results in the squared Euclidean distance
between the one step ahead forecast values of the series. Consequently, it is strongly
affected by the scale unit.
Similar considerations apply to the proposal of Tong and Dabas (1990), which introduced
similarity and dissimilarity measures for clustering the residuals obtained from various
statistical models fitted to the same time series, and to Maharaj (1996, 1999, 2000) works
aimed at classifying and clustering time series data.
These criteria are effective for the purposes that the Authors considered (outliers detec-
tion, clustering of several homogeneous time series, comparing residuals from different
models fitted to the same series, etc.) but they cannot be used to compare in general two
different time series. For instance, these proposals are not even useful to compare a model
fitted to a time series with a model fitted to the logarithm of the same series.



4. Properties of the AR metric

The introduction of d(Xt, Yt) over L transforms L in a metric space, and any sub-class of
L (e.g. the AR, MA, ARMA, IMA classes) is a well defined metric space with respect
to the same metric. Then, any WN process is the origin for the metric space L, and for
any Zt ∈ L, the norm is defined by:

∑

j π2
j < +∞. Moreover, the angle α between two

processes Xt ∈ L, Yt ∈ L is defined by: cos(α) =
∑

j πj,xπj,y

(

∑

j π2
j,x

∑

j π2
j,y

)−1/2

.

Notice that the metric space L is isometric with respect to seasonal processes, in the sense
that, for any s > 0:

d (πx(B)Xt, πy(B)Yt) = d (πx(B
s)Xt, πy(B

s)Yt) .

For multivariate applications of the metric it is important to define the distance of a single
series from a given class, and the diameter of a class of time series models.
Given a series Xt ∈ L and a class of series B ⊂ L, the distance of Xt from B is defined
by:

dist(Xt,B) = inf {d(Xt, Yt), Yt ∈ B} .

For any class B ⊂ L, the diameter is defined by:

diam(B) = sup {d(Xt, Yt), Xt ∈ B, Yt ∈ B} .

Finally, it may be shown that the sub-class of AR processes has a finite diameter. Notice
that the size of the diameter has an immediate impact on the reliability of the selection of
a representative time series from a given set.

5. A prototypical example for the AR metric

Let Xt ∼ ARMA(1, 1) and Yt ∼ ARMA(1, 1) be two processes both belonging to L.
Then, from a formal expansion of the corresponding πj coefficients:

πj,x = (φx − θx) θj−1
x ; πj,y = (φy − θy) θj−1

y ; j = 1, 2, . . .

we obtain:

d2(Xt, Yt) =
(φx − θx)

2

1 − θ2
x

+
(φy − θy)

2

1 − θ2
y

− 2
(φx − θx)(φy − θy)

1 − θxθy

.

This result is completely general for computing the distance between processes belonging
to the sub-classes AR(1), MA(1), ARIMA(0, 1, 1), ARIMA(0, 1, 1): it suffices, in the
previous formula, to let some parameters equal to 0 and/or 1. For instance, by letting
φx = φy = 0 and θx = 1 − λx; θy = 1 − λy, we obtain the distance between the
ARIMA(0, 1, 1) processes implied by the so-called exponential smoothing procedure.

6. Statistical inference for the ML estimator of the AR metric

If one needs to compare several ARIMA processes, the estimation of the models para-
meters may be obtained by ad hoc modelling (for small/moderate size of the data set) or



by automatic modeling via AIC or BIC criteria (for large data set). In any case, the dis-
tribution of the distance estimator is needed in order to assess significant dissimilarities.
A preliminary result, concerning the comparison of AR models based on ML estimators,
was obtained by Piccolo (1989). Instead, Sarno (2001) discusses asymptotic distribution
of the metric derived from least squares estimators when MA processes are involved.
The distribution of the metric for any ARIMA processes in L has been fully derived by
Corduas (1996, 2000b), together with some efficient approximating distributions. Briefly,
assuming that the ML method is used for estimating the k = p + q + P + Q parameters
of the ARMA models to be compared, it can be shown that, under the null hypothesis
H0 : πx = πy:

d̂ 2(Xt, Yt) ∼
k

∑

j=1

λj χ2
gj

,

where χ2
gj

are independent Chi-square random variables, with gj degrees of freedom given
by the multiplicity of each eigenvalue (usually, gj ≡ 1) and λj are the eigenvalues of a
convenient matrix C0 of order (k × k).
In this regard, we notice that we may write the non-stationary π coefficients as the linear
transformation: π = A πA + v, of the stationary coefficients πA, for some matrix A and
vector v. Then, for ARIMA models, the matrix C0 is defined by:

C0 =
(

n−1
x + n−1

y

)

ABV B′A′ ,

where ny and nx are the lengths of the realizations of Xt and Yt, respectively, and the
matrices A, B, V can be derived from the models operators via effective algorithms.
For computing critical values, standard results may be applied to this problem: the ap-
proximation of a linear combination of Chi-square random variables by mean of a linear
transformation of a Chi-square, with convenient degrees of freedom (as proposed by Cor-
duas, 1996, 2000b), or the power transformation of the estimator d̂ in order to improve its
convergence to Normality (as proposed by D’Elia, 2000).

7. Extensions and generalizations of the AR metric

Firstly, the AR metric may be generalized in order to compare (long-memory) fractional
difference processes Zt ∼ ARFIMA(p, d, q), when | d |< 0.5. In this case, for the
fractional difference operator ∇d = (1 − B)d we get:

πi(d) = (−1)i+1

(

d

i

)

, i = 1, 2, . . . ;

∞
∑

i=1

π2
i (d) =

Γ(1 + 2d)

Γ2(1 + d)
− 1 < +∞ .

Notice that Zt ∈ L as long as d > −0.5. Then, the Euclidean distance between two
π-sequences is well defined even if one or both are generated by ARFIMA operators. In
this way, the AR metric is generalized to the class od invertible ARFIMA processes and
may be applied also if one or both processes express long-memory behaviour.
A second relevant extension of the AR metric has been proposed by Otranto (2004) for
the classification of the volatility of financial time series generated by GARCH models.
In particular, the AR metric can be used to measure the distance between squared noise
processes. Then, cluster algorithms are applied in order to classify the volatility of several



stock prices and to study their interdependence. The joint application of the AR metric to
both ARIMA and GARCH model components is a further proposal for clustering and
discrimination of real time series.
A third extension of the AR metric concerns its usage as an estimation method, as pro-
posed by Corduas (2000a). The objective is to find the fractional value of d such that the
process ∇d Zt = azt is as close as possible to the Xt ∼ ARMA(1, 1) process defined by:
(1 − φB)Xt = (1 − θB)axt, where the closeness is measured by the AR metric. Then,
given the estimates β̂ = (φ̂, θ̂)′, the problem is to find d such that:

G(d) =
∞

∑

i=1

[

πi(d) − πi(β̂)
]2

'

L
∑

i=1

[

(−1)i

(

d

i

)

− (φ̂ − θ̂) (θ̂)i−1

]2

= min!

for some fixed L = 100, 150, say. Some related results were obtained by Corduas and
Piccolo (2001, 2003, 2006); D’Elia and Piccolo (2002a, 2002b).
Further methodological issues concerning the AR metric include the computation of
power functions in time series analysis (Gonzalo and Lee, 1996); the consequences on
the metric when the series are correlated (Corduas, 1992a); the relationship between feed-
back in stochastic systems and Granger causality (Triacca, 2004a); a test of parallelism
between two ARIMA processes (Triacca, 2004b).

8. Main fields of applications

The AR metric has been applied in several scientific fields such as Economic and Fi-
nance, Demography, Medicine, Linguistic, Signal processing, Environmental Sciences,
Hydrology and Meteorology, Sismology, Astronomy, and so on.
In this respect, we limit ourselves to mention some applications: the convergence of infla-
tion rates in the EU countries (Sarno and Zazzaro, 2002); the information redundancy in
environmental monitoring networks (Sarno, 2005); data mining problems (Agrawal et al.,
1993, 1994); validation of seasonal adjustment procedures (Corduas and Piccolo, 1999);
plotting time series as objects in a multidimensional scaling space (Piccolo, 1984b); the
representativeness of an aggregated index (Caceres et al., 1993); the comparison of sto-
chastic components of a time series (Corduas and Piccolo, 1995); similarity among origi-
nal series and canonical components (Quilis, 2004); clustering time series (Piccolo, 1984;
Cano et al., 1992; Corduas and Piccolo, 1996; Maharaj, 1996, 2000; Grimaldi, 2004;
Liao, 2005); classification of multivariate time series (Maharaj, 1999; Galeano and Peña,
2000); detecting extreme (anomalous) behaviors in a homogeneous time series data set
(Corduas and Piccolo, 1999); discriminating time series (Corduas, 2004); selecting be-
tween direct and indirect model-based seasonal adjustment (Otranto and Triacca, 2002).

9. A proposal for a spectral decomposition of the AR metric

The computation of the AR metric has been greatly simplified by a theorem obtained by
Corduas (1992b) who showed that: the squared AR metric is always the variance of a
well defined stationary process.
Given Xt ∈ L and Yt ∈ L, and a standardized White Noise process εt ∼ WN(0, 1), we



may define a dummy stationary process Wt as:

Wt = [πX(B) − πY (B)] εt, .

Then, the squared AR metric d2(Xt, Yt) is exactly the variance of Wt. Thus, for the com-
putation of the AR metric, efficient numerical algorithms may be applied via a state-space
representation of the ARMA processes (as proposed by Anderson and Moore, 1979) or
via the autocovariance generating function of the Wt process (as proposed by Tunnicliffe
Wilson, 1979).
In this regard, we are currently exploiting the Corduas’ theorem in order to perform a
spectral decomposition of the AR metric. As a matter of fact, if d2(Xt, Yt) is the variance
of a stationary process Wt, then there is a a well defined spectrum gW (ω) whose compo-
nents exhibit the contributions of each angular frequency ω ∈ [−π, π] to the dissimilarity
among the processes Xt and Yt, according to the spectral decomposition:

d2(Xt, Yt) = V ar (Wt) =

∫ π

−π

gW (ω) dω .

This decomposition should improve the interpretative content of the AR metric since
it would enhance the stochastic components (or a convenient range of them) which are
relevant for explaining the observed distance among the processes.

10. Some alternatives to the AR metric

We defer to the literature for an extensive review of the many alternatives to the AR metric
and we limit ourselves to quote the pioneering work of Zani (1983) and the results of some
Italian researchers whose contributions are relevant in this area. Specifically, Baragona
(2001) and Baragona et al. (2001) introduced genetic algorithms to measure diversity in
time series data. Moreover, Ingrassia et al. (2003) applied functional analysis and Cerioli
et al. (2004) performed clustering by means of symbolic analysis.
Instead, a technique that in our opinion is strongly related to the AR metric has been
proposed by several Authors and stems from the definition of cepstrum by Bogert at al.
(1962). The cepstrum coefficients cj are obtained by the parametric expansion of the
logarithm of the spectrum fZ(ω) of a stationary process Zt, so that:

cj =
1

2 π

∫ π

−π

log[f(ω)] e−ιωj dω, j = 1, 2, . . .

and c0 = log(σ2/(2 π)) by Kolmogorov identity. Gray and Markel (1976) proposed the
Euclidean distance δ(Xt, Yt) among the cepstral coefficients of two stationary processes
Xt and Yt as an effective metric among time series data. It has been applied with some
interesting results by Kang et al. (1995) and Kalpakis et al. (2001). Recently, a weighted
version of δ(Xt, Yt) has been reformulated by Martin (2000) who completely ignores the
existence of any other metric.
Indeed, cepstral coefficients have several properties, including a relationship with the
partial autocorrelation function (Li, 2004). Moreover, all the proposed metrics correctly
exclude the c0 coefficients arguing that it is a scale factor. It is worth to observe that, with
obvious notations, the following identity holds:

∫ π

−π

| log[fX(ω)] − log[fY (ω)] |2=

∞
∑

j=−∞

(cxj − cyj)
2 = 2 δ2(Xt, Yt) + log

(

σ2
ax

σ2
ax

)

.



As a consequence, if the processes have different degree of non-stationarity the cepstral
metric is not defined. A further problem is generated by the fact that, after few lags, the
cepstral coefficients are nearly zero; thus, the cepstral metric is heavily determined only
by few AR parameters.

11. Concluding remarks

Time and/or spectral properties are the stylized features of any time series generated by
ARIMA models: these characteristics are fully conveyed by the forecast function. As
a consequence, the AR formulation is a fundamental issue for any time series analysis,
both for stationary and non-stationary processes. Notice that non-linearity and determin-
istic trends are excluded from our approach; thus, when these dynamics are relevant, we
suggest to move towards non-parametric metrics, as for instance those discussed by Zhang
and Taniguchi (1995).
In this regard, it is important to realize that any metric both enhances and hides several
aspects of the compared objects. Then, the AR metric is a useful tool for many statistical
objectives if the whole structural diversity is the main point of the analysis. On the other
hand, a spectral metric could be more effective if the comparison involves local features
(e.g. long memory, periodic patterns, seasonality, etc.).
As a matter of fact, in the AR metric, the contribution of each πj coefficient to the sto-
chastic components of the process is spread over all the angular frequencies; thus, if our
concept of closeness is related to some specific component this metric should not be ap-
plied. For instance, Caiado et al. (2006) proved by simulation that a periodogram-based
measure may result more effective than the AR metric for detecting a non-stationary
behaviour. Similarly, Piccolo and Corduas (2006) preferred a spectral metric when the
angular frequencies around 0 are the central issue for assessing the similarity among sta-
tionary and fractional difference processes.

Finally, we notice that the AR metric is well defined for stationary and non stationary, for
short and long memory, for seasonal and non seasonal processes. Thus, according to our
opinion and experiences, the AR metric is a powerful and wide applicable tool to study
and understand the relationships among time series, but it also helps to produce new ideas,
genuine proposals and innovative developments.
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Kosěc D. (2000) Parametric estimation of continuous non stationary spectrum and its
dynamics in surface EMG studies, International Journal of Medical Informatics, 58/59,
59–69.
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