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Assessing similarity of rating distributions by
Kullback-Liebler divergence

Marcella Corduas

Abstract A mixture model for ordinal data modelling (denoted CUB) hasbeen re-
cently proposed in literature. Specifically, ordinal data are represented by means of
a discrete random variable which is a mixture of a Uniform andshifted Binomial
random variables. This article proposes a testing procedure based on the Kullback-
Liebler divergence in order to compare CUB models and detectsimilarities in the
structure of judgements that raters express on set of items.

1 Introduction

There are many research areas where interest is in the measurement of perceived
attributes of a given object or phenomenon. This happens, for instance, in medicine
when perceived chronic pain levels are analyzed, in business economics when cus-
tomers satisfaction is considered or in psychology and sociology for the analysis
of human behaviours. The best known statistical models for describing preferences,
ratings or, in general, ordinal data have been developed using the Generalized Linear
Models approach (see, amongst others, McCullagh (1980), McCullagh and Nelder
(1989), Agresti (2002)).

Alternatively, a statistical model, namely CUB, was proposed by D’Elia and Pic-
colo (2005a), Piccolo (2006), in order to describe the probability distribution of the
random variable generating the observed ordinal data. The model arises from a con-
ceptual description of the psychological mechanism running the individual’s choices
in a rating process. Specifically, two components of this process are identified. The
first one relates to the uncertainty that each judge conveys to his/her final judgement
when his/her opinion has to be summarized by means of a grading scale. As a matter
of facts, extreme feelings of liking/disliking towards theitem object of evaluation
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probably originate sharper opinions and, then, less uncertainty in the selection of the
corresponding extreme scores, whereas, fuzzy opinions arelikely to originate inter-
mediate scores which are selected with larger uncertainty.The second component,
instead, is connected to the fundamental personal feeling of liking/disliking that the
rater has for the item.

Both these features of the rater’s choice are taken into account by defining a
mixture of distributions: a discrete uniform and a shifted binomial distribution.

The CUB model has proved to be effective in numerous real applications aris-
ing in various fields such as social analysis (Iannario (2007)), medicine (D’Elia
(2007)), marketing (Piccolo and D’Elia (2008)) and linguistics (Balirano and Cord-
uas (2008)).

In complex surveys where several items are investigated, the comparison among
the satisfaction level associated to each item is usually summarized by means of
some indices such as the average or mode of the observed rating distributions which
fail to produce a clear picture of evaluations or opinions expressed by respondents.

In this article, the use of Kullback-Liebler (KL) divergence is proposed in order
to detect significant similarities and differences in the overall judgements expressed
by raters and modelled by means of CUB models. Specifically, atesting procedure
based on KL divergence is discussed and a clustering technique is presented. The
proposed method is finally illustrated by means of a real dataset from a survey on
the perception of work riskiness in an industrial plant.

2 The CUB model

The preference or score that a subject expresses describes arandom variableR such
that:

P(R = r) = π
(

m−1
r−1

)

(1− ξ )r−1ξ m−r +(1−π)
1
m

, r = 1,2, ...,m (1)

whereξ ∈ [0,1], π ∈ [0,1] andm is the number of grades for evaluating an item.
For a givenm > 3, then,R is a Mixture of a Uniform and a (shifted) Binomial
distribution.

The parameterπ determines the role ofuncertainty in the final judgment: the
lower the weight(1−π) the smaller the contribution of the Uniform distribution in
the mixture. On the other hand, the parameterξ characterizes the shifted Binomial
distribution and, therefore, depending on the meaning of the highest score (positive
or negative judgment) it denotes the strength of ’liking’ (or ’disliking’) expressed
by raters with respect to the item).

In a further extension of the model the influence of external factors in the final
judgement is considered (Piccolo and D’Elia (2008)). Specifically, two relations,
which connect the model parameters to significant covariates by means of a logistic
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link function, are added to (1). The following discussion, however, will focus on
models without covariates.

In presence of experiments involving the judgement of several items, a graph
of the CUB estimated coefficients,π̂ andξ̂ , in the parameter space has been often
used in order to assess how close the models are (D’Elia and Piccolo (2005b)).
However, this representation may result in misleading interpretations of data since
the user tends to assess the closeness of two (estimated) CUBdistributions in terms
of the Euclidean distance between the corresponding estimated parameters. As a
matter of facts, the role of CUB coefficients is very different in determining the
shape of the estimated distribution (Piccolo, 2003) and thedissimilarity between two
CUB distributions cannot be explained by the simple Euclidean distance between
the related parameter estimates.

3 Assessing similarity of CUB models

Thus, in order to perform the comparison of CUB models in a convincing man-
ner, we propose using the KL divergence measure. For this purpose, we recall a
general result derived by Kupperman (1957). Consider two discrete populations
each characterized by a probability distribution functionhaving the same func-
tional form p(x,θθθ i) with unspecified vector parametersθθθ i, i = 1,2. Also assume
that p(x,θθθ i) > 0, ∀x. Suppose that we have two samples ofN1 andN2 observations
randomly drawn from the specifiedi-th population, respectively, and we wish to
decide if they were in fact generated from the same population. In order to test the
hypothesisH0 : θθθ 1 = θθθ 2 againstH1 : θ1 j 6= θ2 j, the KL divergence statistic is defined
by:

Ĵ =
N1N2

N1 + N2

[

∑
x

(p(x,θθθ 1)− p(x,θθθ2)) ln
p(x,θθθ 1)

p(x,θθθ 2)

]

θθθ 1=θ̂θθ1,θθθ2=θ̂θθ2

(2)

where the vector parametersθθθ1 andθθθ 2 have been replaced by the maximum like-
lihood estimators. Then, it can be shown thatĴ is asymptotically distributed as a
χ2

g random variable when the null hypothesis is true, beingg the dimension of the
vector parameter (Kullback (1959)). In the case under investigation,g = 2.

A strategy for comparing and grouping CUB models is as follows. First, the KL
divergence is evaluated for each couple of models and a binary matrix is built by
setting the(i, j)th entry equal to 0, when the hypothesis of homogeneity of thei-th
and j-th models is rejected, and 1 otherwise.

Secondly, this matrix is rearranged into an approximate block diagonal form. A
clearly defined (unit) triangle immediately under the diagonal will indicate a cluster
of items for which the judgements expressed by respondents,summarized by means
of the CUB distributions, are similar. The presence of any zero value in such a
triangle indicates that the cluster may be elongated or constituted by other well
separated small clusters.



4 Marcella Corduas

Several algorithms were proposed in literature for this aim(see for instance,
Climer and Zhang (2006) and references reported therein). In particular, in the rest
of this article, we will refer to the bond energy algorithm (Mc Cormick et al., 1972;
Arabie and Hubert, 1990). This procedure operates on anM ×N matrix A of non-
negative entries and changes the arrangement of the rows andcolumns ofA in order
to maximize the expression:

ME =
M

∑
j=1

N

∑
k=1

a j,k[a j,k−1 + a j,k+1+ a j−1,k + a j+1,k], (3)

where the maximization is over allN!M! possible arrays that can be obtained from
permutingA (with the convention thata0,k = aM+1,k = a j,0 = a j,N+1 = 0). The idea
is that large values will be drawn to other large values (and vice versa small values to
other small values) so as to increase the overall sum of the products. In general, the
method has an additivity property so that the optimization of ME can be performed
in two steps. Nevertheless, in the specific case that we are considering, since the
binary matrix is symmetric, the same optimal ordering must hold for both rows and
columns; hence it is only necessary to compute this orderingonce.1

Finally, groups of items for which the raters express similar structure of judge-
ments can be recognized as unit blocks along the diagonal of the reordered matrix.

4 An application

The proposed procedure is illustrated by means of a case study concerning the per-
ception of 348 employees about 10 types of causes and contributory factors of ac-
cidents at work (structural collapse, contact with electrical appliances, contact with
moving machinery/part, eye contact, vehicle contact, fire or explosions, slip and
falls, strain, contact with sharp edges, hits) and 5 aspectsof risk perception (injury
seriousness, frequency, fear of exposure, own ability to control or avoid risk, and
training) from a survey in a printing and publishing plant. The judgements are ex-
pressed using a 7 point Likert scale where 7 relates to the highest perceived risk.

The data-set was analyzed by Cerchiello et al. (2008) who illustrated the risk per-
ception by means of the plot of the estimated CUB model coefficients for each risk
factor. Fig.1 illustrates this type of plot for two categories: ”Accidents Frequency”
and ”Ability to control/avoid hazards” and the graph of the related estimated CUB
distribution. Note that althoughR is a discrete random variables, the CUB distribu-
tions connected by lines in order to enhance the distribution shape. In both cases,
the related CUB models are characterized by a rather lowπ̂ coefficient which im-
plies a fairly large uncertainty component. This remark applies to most of the items
object of this study. Moreover, the graphs in the lower panels enhance that there are

1 The algorithm was implemented using GAUSS 8.0 system by Aptech Inc.; a routine is also
available in the multivariate data analysis package of R (multiv).
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Fig. 1 CUB Models: coefficients in the parameter space (l.h.s) and estimated distribution (r.h.s.)

Legend: O structural collapse,� contact with electrical appliances,× contact with moving ma-
chinery/part,△ eye contact,• vehicle contact,� fire or explosions,N slip and falls,+ strain,�
contact with sharp edges,H hits.

some hazards (”structural collapse”, ”contact with electrical appliances”, ”vehicle
contact”, ”fire or explosions”, ”strain”, ”contact with sharp edges”) which workers
firmly believe to be able to control or avoid. The CUB distributions of the items are
well separated. The grouping which can be detected in the graph representing the es-
timated coefficients in the parameter space is confirmed by the corresponding graph
of the estimated CUB distributions. Instead, in case of the ”Accidents Frequency”
the interpretation of the above mentioned graphs is less clear. As a matter of facts,
the closeness of some points in the parameter space cannot beeasily recognized by
the similarity of the distributions.

Then, the proposed BEA technique is applied to all the observed items in order
to detect groups of items which generate a similar overall perception of risk among
workers. The significance level is set to 5%. Hereinafter thecauses of injuries are
numbered sequentially for each perceived risk, so that the first factor (injury seri-
ousness) related to the various causes are numbered from 1 to10; the second factor
from 11 to 20 and so on.
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Fig. 2 Clustered items by KL divergence

Fig. 3 Isolated elements

The procedure identifies the following groups:G1 = (13,14,24,27,30), G2 =
(10,20,34,40,46,47,50), G3 = (6,12,22,23,26,28,42,43,44,45), G4 = (11,19),
G5 = (16,21,5), G6 = (2,8,15,25,41), G7 = (29,33,37), G8 = (31,32,38,39),
G9 = (1,9). The remaining items are initially isolated, but allowing for elongated
clusters leads to further agglomerations: (35,36) withG8, (17) withG1, (7) with G3

and, finally, only the following detached items are left: (3),(4),(18),(48),(49).
The CUB distributions of the clustered items are illustrated in Fig. 2. On one

hand, workers are very uncertain in rating risk factors related to some items. The
clusters G5, G2, G6, G7 show very flat distributions with a modest dominance of
low (G2), high (G7) or middle (G6) rates. Also, we unexpectedly find that ”train-
ing” that workers have undergone for preventing any of the considered hazards is
not perceived as adequate (as regards this aspect, most CUB distributions related to
various accident causes belong to G1, G2, G3). On the other hand, workers have
a clear and precise opinion about the ”injury seriousness” derived from ”structural
collapses” and ”contact with sharp edges” (G9) and, as mentioned above, they be-
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lieve that ”their own ability to control” is sufficient for reducing risks in relation to
most hazards (G8) with the exception of ”contact with eyes” and ”hits” (G2). This
result is consistent with usual findings in the printing publishing industry (see, for
instance, Healy (2006)) where fingers and hands lacerations, fractures and disloca-
tions are the most frequent injuries because of the wide use of manual work and the
proximity of workers with machineries, and heavy paper and ink rollers.

Moreover, workers do not show agreement of opinions on the ’fear of exposure’
to the various hazards in their firm. Most of the related ratings distributions belong
to G1, G3 and G5, showing either uniform or negative skewed distribution.
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Fig. 4 Clusters of estimated CUB models in the parameter space

The isolated elements (Fig.3) show rather flat distributions which again confirm
that a part from few items for which workers have a clear and marked mental im-
age, they find rather difficult to rate risk factors. From these findings, for instance,
decision makers could plan some firm policy in order to increase workers’ aware-
ness about risk factors. Then, the proposed technique couldprovide useful results by
comparing the distributions of ratings on a certain item observed in two time points:
before and after the implementation of such policy. Finally, in Fig. 4, the estimated
coefficients of the clustered CUB models are represented in the parameter space.
The shape of clusters is generally stretched along the horizontal axis, confirming
the substantially different role of the two parameters.
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5 Final Remarks

The proposed technique helps the identification of similarities in the behaviour of
groups of judges when they are asked to express their ratingson a set of items.
Specifically, the technique is able to discriminate the different patterns of the scores
distributions with respect to skewness, kurtosis, mode. Moreover, it helps to cluster
items with respect to the overall ratings that the subjects express and it effectively
overcomes the shortcomings of the coefficients plot.
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