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Abstract

A mixture model for preferences data, which adequately represents the composite nature of the
elicitation mechanism in ranking processes, is proposed. Both probabilistic features of the mixture
distribution and inferential and computational issues arising from the maximum likelihood parame-
ters estimation are addressed. Moreover, empirical evidence from different data sets confirming the
goodness of fit of the proposed model to many real preferences data is shown.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Ranksdata canbe found in several situations: in particular, theyarewidely used in order to
express the preferences/evaluations of a group of raters towards one or more items/services.
In these settings many probabilistic models and statistical tools have been proposed and
developed for describing the ranking process and/or analyzing ranks data (for awide review,
seeFligner and Verducci, 1993; Marden, 1995).
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Although it is often assumed that the population of raters is homogeneous, there are also
many examples where we should consider likely the presence of heterogeneity among the
judges (Marden, 1995, Chapter 10).
For this aim, mixture models have been proposed, where the population is composed of

homogeneous sub-populations, and the same typeof standard rankingmodel is used for each
group, but the parameters are allowed to differ (Bockenholt, 1993). In the same vein,Croon
and Luijkx (1993)developed latent structure models for ranking data in order to extend
the applicability of the Bradley–Terry–Luce model, whileStern (1993)proposed mixture
models for the analysis of data from elections, in order to consider the different socio-
political attitudesof thepopulation.More recently,MurphyandMartin (2003)haveextended
the use of mixtures to distance-based models, imposing constraints on the “precision”
parameters and getting, in this way, a wide modelling flexibility.
All the previous developments have been focussed on mixture models where the com-

ponent distributions are the same for all the sub-populations, but their parameters values
differ. In this way, they describe the presence of heterogeneity among the raters.
In this work, instead, we propose a model for ranks data, as the mixture of two different

probabilistic structures. Indeed, this choice is motivated not only by taking into account the
presence of different sub-groups of judges, but also by considering the ranking (elicitation)
process itself as the sum of two distinct components, as it will be described in detail below.
The paper is organized as follows. In Section 2, we briefly recall somepreliminary results,

related to the component distributions. Thus, in Section 3, we develop a mixture model for
ranks, focussing on its probabilistic features. Some inferential and computational issues are
discussed in Sections 4.1 and 4.2, respectively. The evidence obtained from some real data
sets are shown in Section 5, and further developments are considered in Section 6.

2. Background setting

Let r be the rank assigned by a rater to a given item amongm. Following apaired
comparisonscriterion,D’Elia (2000)proposed to considerr as the realization of a Shifted
binomial random variableR ∼ SB(�,m), with probability mass function

Pr(R = r)=
(
m− 1
r − 1

)
(1− �)r−1�m−r , r = 1,2, . . . , m

and mean value and variance

E(R)= � +m(1− �), V ar(R)= (m− 1)�(1− �).

Assuming thatR= 1 means “most preferred”, andR = m means “least preferred”, it is
easily shown that the parameter� ∈ [0,1] increases with the liking feeling towards the
item. Moreover,V ar(R) is maximumwhen�= 1

2, when there is the greatest uncertainty in
assigning a rank to the item. We would like to stress that this uncertainty component plays
an important role in the elicitation process, especially when the raters rank items towards
whom there is not a strong liking or disliking feeling.
An important feature of the SB random variable is that it allows the presence of an inter-

mediatemode, and thus it results in a convincing tool for representing empirical preferences
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data. Indeed another probabilistic model, based on the inverse hypergeometric (IHG) ran-
dom variable (Guenther, 1975), has been successfully proposed for analyzing ranks data
(D’Elia, 1999; 2003a): however, the IHG distribution has the drawback of a monotonic
shape of its probability mass function.
On the other hand, if we consider the case when there is a sort of indifference orequi-

preference feelingtowards a given item, then it seems appropriate to model ranks by means
of a uniform discrete distribution:U ∼ Ud(m), with probability mass function:Pr(U =
r)= 1/m, r = 1,2, . . . , m.
This means to assume that the item has the same probability of receiving any rank

r ∈ [1,m]. Of course, this happens if there is a total uncertainty with regard to the feeling
towards an item: in fact, the Uniform random variable maximizes the entropy, among all
the discrete distributions with finite support{1,2, . . . , m}, for a fixedm (Papoulis, 1984,
pp. 514–515).

3. A mixture model for ranks data

Following the lines of the previous section, we propose that the ranking of an item
may be represented as the mixture of two components: the liking/disliking feeling and the
uncertainty of the choice process.
Indeed, especially for those items that do not excite strong liking or disliking feelings, it

seems plausible to assume that the elicitation mechanism exhibits a greater uncertainty, in
addition to that typical of all the individual choices and behaviors. This can be easily shown
if, for instance, we consider a repeated ranking of several items by the same group of raters:
while it is expected that the extreme ranks will remain unchanged, it is very plausible that
the middle part of the ranking will change somewhere.
Furthermore, a mixture model for preferences data seems an adequate tool also for rep-

resenting the heterogeneity due to the presence of two different sub-groups of raters: a
thoughtfuland aninstinctiveone, for whom there is a different weight of the uncertainty
component.
As a consequence, we propose to take into account the composite nature of the ranking

(or elicitation) process by means of a mixture model, whose components are the SB and
the Ud random variables, respectively.
We assume that the rank assigned to a given item can be considered as of a realization of

a mixture of a uniform and a shifted binomial (MUB) distribution

Pr(R = r)= �pB(r)+ (1− �)pU(r), r = 1,2, . . . , m,

wherepB(r) andpU(r) represent the probability mass functions of the SB and Ud random
variables, respectively.
Thus, we defineR ∼ MUB(m,�, �) if

Pr(R = r)= �
(
m− 1
r − 1

)
(1− �)r−1�m−r + (1− �)

1

m
, r = 1,2, . . . , m.
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From a computational point of view, the following recursive relations are more efficient:

Pr(R = 1)= ��m−1 + (1− �)
1

m
,

P r(R = r + 1)= Pr(R = r)

(
1− �

�

)(
m− r − 1+ �

r

)
+
(
1− �
m �

)
,

r = 1,2, . . . , m− 1.

The two components of our distribution have weights that depend upon� and 1− �,
respectively, with� ∈ [0,1]. In particular, we get the following cases:

• � → 0: then,R tends to behave as a uniform distribution, and the rank assigned to a given
item depends only upon the numbersmof the items. This is the case of total uncertainty,
or equi-preference feeling.

• � → 1: then,R tends to behave as a shifted binomial distribution, and its features depend
only upon the parameter�. This case is analogous to that of a preferences order arising
from a paired comparisons criterion.

• � ∈ (0,1): then,(1− �)measures how the uncertainty affects the elicitation mechanism
and, as a consequence, the ranking.

Of course, if weassume the co-existenceof twodifferent sub-groupof raters, the coefficients
� and 1− � would represent their proportion in the population, respectively.
If we let �B,�U the mean values of the two components of the mixtures, the mean value

of the MUB distribution is

E(R)= ��B + (1− �)�U = �(m− 1)

(
1

2
− �

)
+ m+ 1

2

that reduces toE(R)= (m+ 1)/2 when� = 1
2 (symmetric distribution).

As far as it concerns the variance of the mixture, with an obvious notation, we get

V ar(R)=��2
B + (1− �)�2

U + �(1− �)(�B − �U)
2

= (m− 1)

{
��(1− �)+ (1− �)

m+ 1

12
+ �(1− �)

(m− 1)(2� − 1)2

4

}

that reduces toV ar(R)= (m− 1)[�/4+ (1− �)(m+ 1)/12], for � = 1
2.

If we consider the behavior ofE(R) andV ar(R) over the parametric space, we notice
that

(i) E(R) decreases when both� and� tend to 1: this implies a strong liking towards the
item;

(ii) V ar(R) decreases monotonically with increasing| � − 1
2 | for a fixed�, and decreases

with � for a fixed�, (see the followingFig. 1).
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Fig. 1. Probability distribution functions of the MUB random variable, form = 12, � = 1
4 (solid line),� = 1

2
(dashed line),� = 3

4 (dotted line).

The main features of the MUB distribution are

• the MUB distribution admits an intermediate mode;
• the presence of theuncertainty share, measured by(1− �)/m, makes more heavy the

tails of the distribution;



922 Angela D’Elia, Domenico Piccolo / Computational Statistics & Data Analysis 49 (2005) 917–934

• when� = 1
2, the MUB distribution has a symmetric shape, being a convex linear combi-

nation of two symmetrical distributions; the asymmetry sign depends upon(� − 1
2);• the MUB model is reversible: that is, ifR ∼ MUB(m,�, �) then (m − R + 1) ∼

MUB(m,�,1− �).

In order to show these features,Fig. 1 plots the probability mass functions of the MUB
distribution form= 12, and varying values of the parameters�, �.
As a consequence, the MUB model results in a very flexible tool for describing and

analyzing preferences data, as it will be confirmed by the fitting to several real data sets
(Section 5).
As a final issue, we need to discuss the meaning of the parameters� and �. In first

instance, the� parameter is inversely related to the uncertainty of the probabilistic model,
since(1−�)/m is the proportion of the uniform component spread out over all the elements
of the support. Instead, a more difficult task is to give a precise meaning to the parameter
�. Indeed, from the probability mass function of the MUB distribution, we get

� =
{
1

�

[
Pr(R = 1)− 1− �

m

]}1/(m−1)

.

Thus, although� is related in some way to the liking feeling towards the item (since it
increases withPr(R=1)), it is not immediate to consider it as a direct preference measure.
In a sense, we could say that the joint increase of both� and� means a greater preference
feeling (since, this fact lowers the mean value ofR); on the other hand, it is not so easy to
establish a precise meaning when both the parameters tend to zero.

4. Inferential and computational issues

Let (R1, R2, . . . , Rn) be a random sample of i.i.d. MUB random variables, and
(r1, r2, . . . , rn)

′ be the observed ranks assigned byn raters to a given item amongm,
beingmfixed and known. For inferential purposes it is important to notice that we can use
equivalently the observed frequencies vector(n1, n2, . . . , nm)

′, wherenr is the frequency
of R = r, r = 1,2, . . . , m. This leads to a great gain in the computational effort of the
estimation, since in real data sets we havem>n.

4.1. The maximum likelihood estimation

Let � = (�, �)′ be the unknown parameters vector; then, the log-likelihood function for
the MUB model is

logL(�)=
m∑
r=1

nr log(pr(�)),

wherewe letpr(�)=Pr(R=r | �) for easiness of notation.Of course, this expression seems
difficult to deal with and, for this reason, we will get the maximum likelihood estimates of
� by means of the E-M algorithm, as it will be discussed in the Section 4.2.
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As far as it concerns the standard errors of themaximum likelihood estimates for grouped
data (Rao, 1973, pp. 367–368), generalizing the arguments developed byD’Elia (2003a),
we get

E

(
−�2 logL(�)

��2

)
= n

m∑
r=1

{
�pr (�)

��

}2
pr(�)

= nd��,

E

(
−�2 logL(�)

��2

)
= n

m∑
r=1

{
�pr (�)

��

}2
pr(�)

= nd��,

E

(
−�2 logL(�)

����

)
= n

m∑
r=1

{(
�pr (�)

��

) (
�pr (�)

��

)}
pr(�)

= nd��.

Thus, the asymptotic variance and covariancematrix of themaximum likelihood estimators
results

V = 1

n

[
d�� d��
d�� d��

]−1

.

From a computational point of view, theV matrix can be easily computed since, from the
peculiar nature of the MUB distribution, we obtain

�pr(�)
��

= qr − 1

m
,

�pr(�)
��

= �qr
m− �(m− 1)− r

�(1− �)
, r = 1,2, . . . , m,

whereqr = Pr(R = r | � = 1) is recursively computed by

q1 = �m−1, qr = qr−1
1− �

�

(
m

r − 1
− 1

)
, r = 2,3, . . . , m.

Of course, we substitute in the previous expressions the E-M estimates of the parameters�
and�.
From this result, asymptotic tests about parameters valuesand related confidence intervals

are easily obtained. For instance, the confidence ellipse at 100(1− �)% level is given by{
(�, �) : d��(�̂ − �)2 + 2d��(�̂ − �)(�̂ − �)+ d��(�̂ − �)2� − 2

n
log(�)

}
.

4.2. The E-M estimates

The maximum likelihood estimates of the parameters of the mixture model MUB can be
obtained by means of the E-M algorithm, originally introduced byDempster et al. (1977)
for dealing withmissing values, and then widely developed for the fitting of mixturemodels
(for recent reviews, seeMcLachlan and Krishnan (1997), McLachlan and Peel (2000)and
the special issue ofComputational Statistics and Data Analysis, 2003, 41 (3–4)).
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In order to get the E-M estimates of the parameters of the MUB model, we can consider
the ranks data as incomplete, because the appropriate mixture component for each rater is
unknown. Then, let us introduce the latent variablesZgi (g=1,2; i=1,2, . . . , n), such that
Zgi =1 if the ith rater’s preferences come from thegth distribution, andZgi =0 otherwise.
Thus, lettingr =(r1, r2, . . . , rn)′, andz=(z11, z12, . . . , z1n; z21, z22, . . . , z2n)′, the com-

plete data log-likelihood function is

logLc(�; r , z)=
2∑
g=1

n∑
i=1

zgi{log(�g)+ log(pg(ri; �g))},

wherepg(ri; �g) represents the probability mass function for theith observation from the
gth component of the mixture; in particular, we have:pg(ri; �g) = pB(ri; �) for g= 1;
pg(ri; �g)= pU(ri) for g= 2.
Given this setting, the E-M algorithm for the MUB model involves the iteration (until

convergence) of the following steps:

• E-Step(kth iteration): Compute, preliminarily

E(Zgi | r ; �(k))= �(k)g pg(ri; �(k)g )

�(k)1 p1(ri; �(k))+ �(k)2 p2(ri)
= �g(ri; �(k))

and then

E(logLc(�
(k); r , z))=

2∑
g=1

n∑
i=1

�g(ri; �(k)){log(�(k)g )+ log(pg(ri; �(k)g ))}

for g= 1,2; i = 1,2, . . . , n. Here,�g(ri; �(k)) represents the estimate of the (posterior)
probability that theRi random variable belongs to thegth component of the mixture
(g = 1,2), given the current estimates of the parameters�(k).

• M-Step(kth iteration): Compute new maximum likelihood estimates of the parameters
of the mixture, by maximizing the function

Q(�(k))=
n∑
i=1

{�1(ri; �(k)) log(�(k))+ �2(ri; �(k)) log(1− �(k))}

+
n∑
i=1

{�1(ri; �(k)) log[p1(ri; �(k))] + �2(ri; �(k)) log[p2(ri)]}.

In particular, we get an explicit expression of the estimate of� to be used in the(k+1)th
iteration of the algorithm

�(k+1) = 1

n

n∑
i=1

�1(ri; �(k))= 1

n

n∑
i=1

wi,

where we letwi = �1(ri; �(k)), i = 1,2, . . . , n, for simplicity.
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For the peculiar nature of our mixture distribution, the estimate of the parameter� at the
kth iteration comes from

∑n
i=1wi(� log[p1(ri; �)]/��)= 0, that is

n∑
i=1

wi

[
1

1− �
+ m

�

]
=

n∑
i=1

wi

[
ri

�(1− �)

]
.

Then

�(k+1) = m
∑n
i=1wi −

∑n
i=1riwi

(m− 1)
∑n
i=1wi

= m−∑n
i=1riwi/

∑n
i=1wi

m− 1
.

This result allows a useful interpretation of the� parameter estimate. Indeed, by letting
R̄n(p)=∑n

i=1riwi/
∑n
i=1wi , from the last expression, we get

�(k+1) = m− R̄n(p)

m− 1
.

Now, R̄n(p) represents the average of the observed ranks, weighted with the posterior
probability thatri is a realization of the SB distribution, given the current data. Of course,
whenwi =w, ∀i=1,2, . . . , n, thenR̄n(p)= R̄n (the average rank), and�(k+1) is the same
as the maximum likelihood estimator�̂ in the SB model (D’Elia, 2000).
As far as it concerns the choice of the starting values vector�(0) = (�(0), �(0))′ for

initializing the E-M algorithm, in absence of any a priori information, the previous results
suggest to use:�(0)= 1

2; �
(0)=(m−R̄n)/(m−1). Finally, in order to assess the achievement

of the convergence of the E-M estimates, we used (for all the data sets in Section 5) the
criterion of stopping the iterations when: logL(�(k+1)) − logL(�(k))<10−10. The finite
samples performance of maximum likelihood estimators, obtained by the reported E-M
algorithm, has been checked (D’Elia, 2003b) by means of an extensive Monte Carlo study.
These results supported the consistency of our approach, also for small samples.

5. Empirical evidence

The proposed MUB model has been fitted to three different data sets, in order to check
the adequateness of our proposal and for highlighting some related critical issues. Indeed,
as it will appear from the evidence shown in this section, there is not a best model for all
ranks data, representing preferences and/or evaluations, since in many case the behavior of
the sub-populations is a main problem.
In the following subsections we are going to discuss the results for the APA election

data (5.1), the main evidence from a study about the evaluation given by the students to
the University they attend (5.2), and finally the results obtained in a survey on the pref-
erences towards different living places (5.3). The data sets used in Sections 5.2 and 5.3
are freely accessible on the web-site:http://www.dipstat.unina.it/spazioricerca.htm. The
E-M algorithm for obtaining the ML estimates was implemented by means of the program-
ming languageGAUSS� 5.0, on a Pentium 4, 256 Mb. For all the estimated models the
algorithm convergence time was less than 0.01 seconds.

http://www.dipstat.unina.it/spazioricerca.htm
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Table 1
Estimation results of MUB and IHG models, fitted to APA election data

Candidate MUB IHG Fitting measures

�̂ �̂ 1−�̂
m Pr(R = 1) P r(R = 1) �2MUB �2IHG AICCMUB AICCIHG

A 0.305 0.643 0.139 0.191 0.232 5.8 129.2 18236.3 18358.8
(0.020) (0.012)

B 0.339 0.393 0.132 0.140 0.189 3.6 245.4 18212.3 18455.0
(0.020) (0.011)

C 0.101 0.998 0.180 0.280 0.199 145.1 362.7 18261.8 18471.9
(0.011) (0.016)

D 0.076 0.104 0.185 0.185 0.183 20.0 26.0 18430.7 18434.7
(0.014) (0.029)

E 0.057 0.638 0.189 0.198 0.200 8.8 5.8 18476.8 18471.9
(0.021) (0.062)

The estimated parameters standard errors are in parentheses.

5.1. APA election data

TheAmericanPsychologicalAssociation (APA) is a professional organization, that elects
a president every year by asking each member to rank (according to a preference order)
five candidates (A, B, C, D, E). During the 1980 election, about 15000 members voted, but
only 5738 ballots resulted complete.
This data set has been analyzed by many Authors (see, for instance,Diaconis, 1989;

McCullagh, 1993; Stern, 1993; and more recently,Yu, 2000; Murphy and Martin, 2003).
All of them found that these data seem to be the preferences expression of a mixture of at
least two groups of voters: the academic and the clinical psychologists. For this reason, our
mixture (MUB) model seems to be a good candidate for describing the APA data set.
In Table 1, we show the main results obtained by fitting the MUB model to the APA

election data. For a comparison purpose, also the results from the IHGmodel are illustrated.
Comparing the fitting measures (�2 and the corrected Akaike information criterion:

AICC=−2 logL(�)+2k+2k(1+k)/(n−k+1), wherek is the number of�’s parameters:
Hurvich and Tsay, 1989; Burnham and Anderson, 2002, pp. 60–67), it emerges that (with
the exception of candidate E) the MUB model fits the data better than the IHG one.
As far as it concerns the components of the MUB distribution, we can notice that the

uncertainty share(1− �)/m is greater in the ranking of candidates C, D and E. This might
mean that for these threecandidates therewasastronger contrast between the twosub-groups
of raters (indeed, it is known that clinic psychologists preferred C, while academic ones
preferred D and E), leading to a greater uncertainty in the ranks they received, as confirmed
by their U-shaped observed frequencies distributions (seeFig. 2, where observed andMUB
expected frequencies have been plotted). In particular, it is worth noticing that the candidate
E, whose observed ranks distribution exhibits the more irregular shape, is also the one with
the greatest uncertainty share (0.189).
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(a) (b) (c)

(d) (e)

Fig. 2. APA data: observed (solid line) and expected frequencies for MUB (dashed line) model.

Finally, if we consider the estimatedPr(R=1) for all the candidates,weget the following
preference order:{CEADB}, that is consistent with those obtained byStern (1993)using a
mixture of two Bradley–Terry–Luce models, and byYu (2000)using a multivariate normal
order-statistics model (MVNOS), as shown inTable 2. This result is also consistent with
the actual winner of theAPA election, who was candidate C on the basis of the Hare system
(Hare, 1865).
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Table 2
Observed relative frequencies and estimatedPr(R = 1), under MUB, MVNOS and Stern’s models

Candidate n1/n P r(R = 1)

MUB MVNOS Stern

A 0.184 0.191 0.193 0.199
B 0.135 0.140 0.130 0.153
C 0.280 0.280 0.276 0.276
D 0.204 0.185 0.198 0.186
E 0.197 0.198 0.200 0.186

Table 3
Estimation results of MUB and IHG models, fitted to evaluation data

Topic MUB IHG

�̂ �̂ 1−�̂
m Pr(R = 1) P r(R = 1) n1/n R̄n

Classrooms 0.291 0.795 0.101 0.175 0.187 0.177 3.472
(0.006) (0.003)

Exams dates 0.354 0.543 0.092 0.101 0.146 0.061 4.083
(0.010) (0.005)

Exams information 0.350 0.713 0.093 0.139 0.186 0.142 3.535
(0.007) (0.003)

Workshops 0.534 0.786 0.066 0.193 0.239 0.208 3.054
(0.006) (0.002)

Lessons schedule 0.494 0.746 0.072 0.158 0.212 0.151 3.286
(0.006) (0.002)

Lessons calendar 0.744 0.868 0.037 0.354 0.366 0.370 2.315
(0.004) (0.001)

Global satisfaction 0.755 0.718 0.035 0.139 0.256 0.120 3.024
(0.005) (0.002)

The estimated parameters standard errors are in parentheses.

5.2. University evaluation data

During the year 2002, an evaluation survey was conducted on the students attending the
University of Naples Federico II (the largest University in the South of Italy).Among these,
about 27000 students completed the assigned questionnaire.
In particular, each student was asked to express his/her satisfaction (on a range from 1

= “very satisfied” to 7= “not at all satisfied”) with respect to different aspects related
to the teaching organization and to the provided educational facilities. In detail, the issues
concerned: the adequateness of classrooms, the professors’ compliance of the schedule and
calendar of the lessons, the usefulness of workshops, the information received about the
exams and the respective dates, and finally a measure of the overall satisfaction.
From the estimation of the MUB model for this data set, we get the results shown in

Table 3.
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Fig. 3. Evaluation data: observed (solid line) and expected frequencies for MUB (dashed line) model.

Thus, it appears that the evaluation towards the adequateness of classrooms has the
greatest uncertainty share: this might be due to the presence inside the same University
of very heterogeneous buildings (old and historical ones, for humanistic Faculties, and
modern and efficient ones for scientific Faculties). On the other hand, the smallest uncer-
tainty share happens for the professors’ compliance of lessons’ calendar and for the global
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Fig. 4. Evaluation data: observed (solid line) and expected frequencies for MUB (dashed line) and IHG (dotted
line) models.

satisfaction, showing that for these aspects there is an homogeneous opinion among the
students.
It is important to notice the professors’ compliance of lessons’ calendar is also the item

that receives the lowest average rankR̄n (= 2.315, that is the highest evaluation), and gets
the highest estimatedPr(R = 1)= 0.354.
As far as it concerns the goodness of fit of the MUB model, sincen � 27000, the�2

measure would result inflated byn and, thus, is unsuitable. For this reason, we prefer to
assess the fitting by means of the visual inspection ofFig. 3.
Then, it emerges that the MUB model fits very well the evaluations data, and it seems

capable to catch also different shapes of the observed frequencies distributions.
Finally, with respect to the professors’ compliance of lessons’ calendar, also the IHG

model fits well the observed data (Fig. 4): this might depend on the strong satisfaction
feeling of the students towards this item, leading to a monotonic observed frequencies
distribution and, as a consequence, to the adequateness of the IHG model, too.

5.3. Preferences towards living places

An analysis was conducted in order to study the preferences of young people (living in
Naples, Italy) towards several Italian cities. In detail, each rater was asked to rankm= 12
cities from the most preferred as living place, until to the least preferred on the basis of the
same criterion. The results obtained from the fitting of MUB models—and for comparison
from the IHG one—are shown inTable 4andFigs. 5(level curves of the log-likelihood
function) and 6. The cities order is based on the increasing values of their average rankR̄n.
Thus, we can notice that the MUB model exhibits an adequate fit for almost all the

observed preferences. In particular, some issues are worth to be considered.

• The MUB model has the best fitting for the city of Venice, while the IHG one shows the
best fit for Naples. Indeed, the heterogeneity of the raters with respect to the sex (and,
thus, with regard to their emotional feeling) makes a mixture model more adequate for
representing the preferences towards Venice. On the other hand, the fact that the survey
has been conducted on people living in Naples, has determined an obvious homogeneity
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Table 4
Estimation results of MUB and IHG models, fitted to cities data

City MUB IHG Fitting measures

�̂ �̂ 1−�̂
m Pr(R = 1) P r(R = 1) �2MUB �2IHG AICCMUB AICCIHG

Florence 0.834 0.879 0.014 0.215 0.305 29.5 28.8 803.8 793.8
(0.035) (0.008)

Rome 0.750 0.889 0.021 0.226 0.271 18.6 35.8 843.4 840.9
(0.041) (0.009)

Naples 0.566 0.862 0.0.36 0.146 0.191 35.2 19.6 965.1 948.7
(0.051) (0.013)

Bologna 0.539 0.847 0.038 0.125 0.176 22.6 21.6 974.9 968.7
(0.053) (0.014)

Venice 0.535 0.579 0.039 0.040 0.105 9.1 52.2 1009.0 1054.9
(0.064) (0.020)

Genoa 0.642 0.489 0.030 0.030 0.092 25.0 91.5 989.1 1063.6
(0.060) (0.017)

Milan 0.155 0.303 0.070 0.070 0.064 34.7 26.3 1061.7 1052.3
(0.065) (0.060)

Verona 0.168 0.014 0.069 0.060 0.050 36.8 28.9 1031.8 1017.1
(0.040) (0.013)

Palermo 0.631 0.287 0.031 0.031 0.058 36.6 80.7 987.3 1030.2
(0.057) (0.015)

Turin 0.340 0.142 0.055 0.055 0.051 62.0 52.4 1033.0 1023.1
(0.055) (0.020)

Catania 0.635 0.205 0.030 0.030 0.050 36.1 75.3 962.7 1008.9
(0.053) (0.013)

Bari 0.672 0.165 0.027 0.027 0.042 35.5 74.3 933.6 972.4
(0.048) (0.012)

The estimated parameters standard errors are in parentheses.

of the feeling expressed toward this city, making the IHG model a good representation
for its observed preferences data.

• For Rome, the�2 and theAICCmeasures give discording results. However, the inspection
of Fig. 6shows that both the models have a good fit to the observed ranks.

• The greatest uncertainty share is present for: Milan (0.070), Verona (0.069) and Turin
(0.055). Indeed, the observed frequencies distributions of the ranks assigned to these
cities showmultimodal shapes, that might be due to the co-existence of different feelings
towards them (e.g. the liking as far as it concerns the job opportunities, and the disliking
for northern places).

6. Further developments

In this paper, we have proposed, as a tool for analyzing ranks data, a mixture model
(MUB) whose component distributions represent the preference towards an item and the
uncertainty feeling, respectively.
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Fig. 5. Cities data: level curves of the MUB log-likelihood function.

Several extensions of this framework are worth to be considered. In first instance, a useful
development would be to include covariates in the MUB model, following a Generalized
LinearModels approach, as already shown for similarmodels inD’Elia (1999, 2000). In this
way, it might be possible to study the effect of raters’ features on the expressed preferences,
and thus to improve the interpretation and the fitting to the observed data (e.g. in the case
of multimodal shapes).
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Fig. 6. Cities data: observed (solid line) and expected frequencies for MUB (dashed line) and IHG (dotted line)
models.

In the same vein, also multilevel models should be considered, in order to take into
account both the presence of heterogeneity and of hierarchical clusters among the raters:
this last issue seems to be important especially in studies (as those on schools/Universities
evaluation) where the raters are organized in clusters (e.g classes, Faculties, etc.), with
homogeneous contents.
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Finally, exploiting our results and the good performance of the proposed E-M estimators
also in small samples, the planning of adequate and significant sampling experiments would
be efficient in many fields as: marketing researches, opinion polls, evaluation enquiries, etc.
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