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Summary Theassumptiorof multivariatenormalityis oftenatthebasisof mary statisti-
cal analysis.In this articlewe proposea graphicalmethodbasednthe characterization
of themultivariatenormaldistributionin termsof univariatenormality of all linearcom-
binationsof the variablesin the set. We review somemethodsfor choosingdirections
to look for departurefrom the hypothesisof normality, andwe proposean interactve
dynamicgraphicapproactfor checkingthejoint distribution. Examplesrom simulated
dataanda real datasetvill be usedto shav practicalimplementatiorof the ideasout-
lined.
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1. Introduction

Many statisticalmethoddor continuousrariablesassumeanunderly-
ing multivariatenormaldistribution. For instance classicalmultivariate
methodsrely on suchhypothesigKrzanavski, 1990),but alsomorere-
centcontributionsin the literature, suchas Gaussiargraphicalmodels
(Whittaker, 1990),desere a centralrole to the multivariatenormality.

Thus,severalformal testsweredevelopedfor checkingthe multivari-
ate normality of a setof randomvariables. Graphicaltechniqueshave
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beenproposedoo, andthey provedto be particularlyusefulin practical
applications.Comparedo methodshasedon hypothesigesting,graphi-
cal methodsaremoreresistanto outlying obsenationsandallow to eval-
uatethe influenceof ary single obsenation on departuresif ary, from
thereferencamnodel.

Oftenin practicalapplicationscheckingfor multivariatenormality is
restrictedto a control of the mamginal distributions. This relieson the
assumptiorthat, exceptfor pathologicalcasesthe joint nonnormalityis
likely to bedetectedy studyingthe maginal normality of eachvariable.
Moreover, asthe dimensionof the randomvariablex increasestesting
for joint normalitybecomegjuite hard.

The literatureon assessingnultivariatenormality is quite extensve.
Somemethodsrely on evaluatingmaiminal normality of eachvariable,
suchasD’AgostinoandPearsonest(1973),ShapircandWilk test(1965),
D’Agostino test statistic (1971), maginal Box-Cox transformationand
associatedik elihoodratio test(Box and Cox, 1964),normal QQ proba-
bility plot (Wilk andGnanadesikar1,968).Othermethoddry to evaluate
the joint normality of a setof randomvariablesthrougha single statis-
tic which summarizeghe whole distribution, suchas: the nearestis-
tancetestand chi-squareQQ plot proposedoy Andrews et al. (1973),
Mardia’s measuresf multivariateskewnessandkurtosis(Mardia,1970),
betaprobability plots (Fattorini, 1982),the generalizatiorof Shapiroand
Wilk testto themultivariatecaseproposedy Malkovich andAfifi (1973)
with refinementsliscussedy Fattorini (1986), F-probability plot (Ahn,
1992),ageneralizatiorof the Box-Coxtransformatiorto the multivariate
caseandthe correspondindik elihood ratio statisticfor testinga setof
transformatiorparameter¢Velilla, 1993).A furtherclassof methodsex-
ploit thegeometricaldeathata normaldistributionin p dimensionsnust
shavn normalityin ary direction.

In this articlewe proposea graphicalmethodfor assessingnultivari-
ate normality basedon unidimensionaliews. In Section2 we define
notationandthe building-block of our approach.In Section3 we inves-
tigate somemethodsfor choosingthe directionsto look for departures
from the hypothesisof normality Then,we proposea dynamicgraphic
approachor checkingthe joint distribution. An implementationof dy-
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namicgraphicusingQQ-plotis discussedn Sectiond4. Thefinal section
presentsexamplesfrom simulateddataanda real datasewhich will be
usedto shav practicalimplementatiorof theideasoutlined.

2. Assessing multivariate normality

Let X = (X1, Xo,...,X,) beavectorof p randomvariablesdis-
tributedasa multivariatenormalwith meany andcovariancematrix X,
thatis

X ~ Ny(, %)

If the matrix¥ hasfull rankp, thenthe joint densityfunction exists
andcanbewrittenas

169 = g e { 3= 02 e )}

Our graphicalproposarelieson the characterizatioof the multivari-
atenormaldistributionin termsof univariatenormality of all linearcom-
binationsof thevariables Formally, arandomvectorX of dimensiorp is
saidto have a p-variatenormaldistribution if andonly if thelinearcom-
binationa " X hasa univariatenormaldistributionfor all vectorsa: € IR?.
This meanghatif X ~ N,(u,X) thenthefollowing holdsfor all e # 0:

a'X ~N(a'p, a'Sa)

Thus, we canusethe union-intersectiorprinciple of Roy (1953)for
testingthehypothesi®of joint multivariatenormaldistribution. Let Hy(e)
be the null hypothesisunderwhicha™X ~ N. Taking all possibleval-
uesof e, providedthat ||e|| = 1, we could testall possibleunivariate
directionsandif andonly if Hy(e) is truefor every e, we couldconclude
thatX hasa multivariategaussiardistribution. In otherwords,the null
hypothesicanbe expresseds Hy = (Hy(e) andit mustbe rejectedif

[43

atleastoneof the Hy(a) is rejected.
Themaincharacteristiof this classof methodss thatwe move from
aproblemin high dimensionto infinite problemsn low dimension.This
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strictly resembleshe approactor checkingregressiormodelsproposed
by CookandWeisbeg (1997). Althoughin a differentcontet, theidea
is to take advantageof usingdynamicgraphicsfor checkingseveral di-
rectionswith relatively little effort. Of course thereis no guaranteave
will detecta directionof nonnormality but with a suitablechoiceof the
directionswe may be ableto look alongseveral“interesting” directions.
Neverthelessmosttestsfor checkingmultivariate normality selectjust
onedirectionbasedn a suitablemeasuref nonnormality

3. Choosing the directions

In the previous sectionwe shaw thatthe problemof assessingnulti-
variatenormalitymaybereformulatedn termsof assessinthenormality
of unidimensionaprojectionsalongall possibledirections.The problem
may be further simplified by looking at somespecifieddirectionsrather
thanall possibledirectionswith a suitablechoiceof the “interesting” di-
rections.In this sectionwe discusshow to chosesuchdirectionsin order
to detectpossibldackof normality. In thenext sectionadynamicgraphic
approachwhich leadsto easilyanalyzeseveral projectionsin arelatively
smallamountof time (muchwill dependon the computermpower andon
thedimensionof dataset)will bediscussed.

SupposeX = (x1,Xs,...,X,)" isan x p matrix of obsenations
on p variables hencein our notationeachrow x; is a vectorof lengthp,
fori = 1,...,n. Aslong aswe areinterestedn assessingnultivariate
normality, thefirst stepis checkingthe marginal distributions thatis the
distribution of eachvariableignoringthe remaining(p — 1) variables.In
termsof the coeficient of the vectore, this simply meango assignl to
elementcorrespondingo the selectedrariableandzeroelsavhere.

Orthogonaldirectionsof maximumvariancecanbe obtainedthrough
the principalcomponentganalysis(Krzanavski, 1990, pp. 48—74).Prin-
cipal componendlirectionsrepresenprojectiongnto lower-dimensionality
subspacesyith decreasingariability. Hence,it is reasonablyo look at
suchdirections,where possiblenonnormalfeaturesarelikely to be de-
tected.
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Let
n
X=n"" Z X;
i=1

and

3

S = (TL — 1)_1 (Xi — i)(Xi — E)T
i=1
be the samplemeanvector and samplecovariancematrix respectrely.
Thep principalcomponentaregivenby thecolumnsof then x p matrix

Y =XV

whereV is thep x p matrix of eigervectorsof S, thatis S = VDV .
FurthermoresinceV is anorthogonalmatrix, the principal components
areuncorrelated.

This basicideawas also usedby Srivastara and Hui (1987), who
proposeda generalizatiorof the Shapiro-Wk statisticbasedon princi-
pal components.They obtainedtwo test statisticsas a function of the
transformedShapiro-Wk statisticcomputedon eachcomponent. Fur-
thermore they provided the approximatechull distribution for both test
statistics.

Selectionof specificdirectionsof nonnormalitywere discussedy
Andrews et al. (1971). They obtaineda projectiononto the unidimen-
sionalsubspacevhich hasbeenchosero be sensitve to particulartypes
of nonnormality The methodis alsodiscussedy Gnanadesikafl1977),
andit is outlinedin thefollowing.

Let the matrix of standardizedaluesbe

Z = HXS /2

whereX is againthe (n x p) matrix of n obsenationson p variables,
H is the (n x n) centeringmatrix, andVS~'/2 is the inverseof square-
root of the covariancematrix, whosedimensionis (p x p). Thesuggested
methodrelieson studyinganormalizedwveightedsumof theobsenations
in the transformedscale. Let z] be a vectorof p measurementfor the
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i-th obsenation,sowe candefine

n T

dl = Zi:lwizi
5§ — n T
HZZ':1 w;z,; H

wherew; = ||z;||° arethe weightsfor eachobsenation. The vectords

depend®ntheparameted: if § > 0, thegreatetthedistanceof apointin

thespacdR? is from the centerof the points(whichis avectorof zeroes,
sincevariableshave beenstandardized)the moreweightit will receve.

The corverseis truefor § < 0, whereador § = 0 all the obserations
will have equalweight. Thus,we cansaythatfor positive valuesof § the
vectord; will tendto pointtowardary clusteringof obsenationsdistant
from the mean,whereador negative valuesof ¢ it will pointtowardary

clusteringcloseto the centerof the data. The vectord; is definedin the
spaceof thestandardizedaluesthena projectionin the original spaces

givenby S'/2d;.

A further setof directionswe maywantto checkarethosegiven by
residualdromconditionalregressionsthatis by takingtheresidualdrom
theregressiorof eachvariableontheremaining.In fact, it is well known
thatif asetof variablesarejointly normallydistributed,thentheresiduals
from the linearregressionof onevariableon the remainingshouldshon
no pattern.Otherwiseary nonlineardependencieshouldbedetectedy
anonlinearshapeon the plot of theresidualsvs ary linear combination
of the predictors. This ideawasalsousedby Cox and Small (1978)in
their testfor normality.

Let X be partitionedas X = [X, X,]" whereX; € IR' andX, €
IRF~*. The correspondingectorof meansandthe covariancematrix are

_ H1 » V11 Vi2
o R P
wherevy; isascalarXs is (p — 1) x (p — 1) matrixandvy, is avector
of dimension(p — 1) x 1 suchthatv,, = v,,. Underthe hypothesighat

X ~ N,(p, X), theconditionaldistribution of X; givenX, is

X1[(Xg =x2) ~ N1 + V1222_1(X2 — U2), Vi1 — V1222_1V21)
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The meanfunction E(X Xy = x,) = p; + vioXy ' (X2 — p2) is linear
and,underthe hypothesif multivariatenormaldistribution, the residu-
alsshouldbenormallydistributed. Clearly, thismustholdfor any variable
selectedhsresponseén theregression.Thereforewe canthink to regress
ary variableon the remainingones,andthencheckfor the normality of
theresiduals.

Additional directionscan be obtainedrandomly requiring that the
vectorof coeficientshave unit length. Theserandomdirectionsdo not
rely onary measuref nonnormality but it is likely thataninspectionof
severalof themmightbeableto detectdeparturesrom normality, if ary.

4. Dynamic probability plot

Given the linear combinationy; = a'x; (i = 1,...,n), we could
useawiderangeof graphicakechniquesn orderto assessinivariatenor-
mality, for instancehistograms pox-plots, probability plots, andkernel
densityestimation.Our graphicalapproachwill usethewell-known QQ
probability plot (Wilk andGnanadesikarl,968).

A normalprobability plot allows to graphicallycomparethe ordered
obserationsy(y, y2), - - - , Y(n) With the quantilesobtainedrom the nor-
mal distribution correspondingo a cumulatve probability p;. If we note
by ® the cumulative densityfunctionfor a normaldistribution, the theo-
retical quantiley; is the valuecorrespondindo ®(g;) = p;, wherep; is
usuallydefinedasi/(n +1) or (i — 0.5) /n. A QQ probabilityplotis then
obtainedplotting y;) vs¥;, andwhenthe hypothesiof normality holdsit
shouldbeapproximatelystraight.

Assumingwe know the vectore, we cancomputethe projectiony; =
a'x; for all i. Geometricallythis is a directionin the spacelR?, anda
normalprobabilityplotis thereforeusefulfor assessinghetheror notthe
distribution is normalin specifieddirections. Dynamicgraphicmethods
will helpusto recorer asmary directionsaswe wantwith alittle effort.

A visual enhancemenmay be addedto the probability plot in order
to helpin assessingleparturdrom a straightline. Recallinganideain-
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troducedby Atkinson (1981)for checkingresidualsin linear regression
modelswe constructedia simulationareferenceervelopefor normality.

Letyq) (@ =1,...,n) betheorderedempiricalquantilescorrespond-
ing to the selectedirection. Assumethe hypothesisof normality holds,
i.e. y is sampledrom a normalrandomvariablewith meanyu, andvari-
anceoz. Plugging-inthe usualunbiasedestimatedor the meanandthe
variance we generaten valuesfrom a normaldistribution with meany
andvariancesj andwe orderthem. If we repeatthe latter stepm times,
we obtaina sequencef samplesas

Y Y- - ¥w)) G =1,.0.,m

For afixeds, thesequence

(Y, Y2y - - - » Yiym)

provide the empiricaldistribution of the ¢-th orderedstatistic. Then,we
pick up the smallestandthe largestvaluesfor eachplotting position,that
isforeachi =1,...,n wedefine

YL = MiNY)m

Yy = MaX Yiym

Joiningall the smallesty(;;, andthelargestvaluesy;; for: =1,... ,n,
we obtaina simulatedervelopeunderthe normality assumption.If this
hypothesidholdswe expectthatall the pointsin the probability plot will
fall within the ervelopea fractionm/(m + 1) of thetimes;for m = 19
this meansthat 95% of the timeswe shouldobsenre all the pointslying
within the ervelope.

5. Examples
In this sectionwe provide examplesthat will be usedto discussthe

proposedmethodin practicalapplications. The first two examplescon-
cernartificial datasetsyhile thethird concernsarealdataset.
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A computerimplementatiorbasedon theideasoutlinedwasalsode-
veloped. The computercodewaswritten in the Xlisp-Stat programming
language(Tierney, 1990), and using the statisticalsoftware called Arc.
Thisis acomputeisoftwaredevelopedoy CookandWeisbeg (1999),and
canbedownloadedrom theweb-sitehttp://www.stat.umn. edu/arc.
Becaus®f thehighlevel dynamicplotswe canobtainwith Xlisp-Stat, the
choiceof theenvironmenthasbeenstraightforward. In addition,with Arc
we took advantageof anexcellentsoftwareandits librariesof functions.

Amongthemainfeaturef thecodeis thechanceo selecthedesired
directionsfor checking. Then,they arecomputedsimultaneouslhyanda
probability plot for the first directionselecteds dravn. A slideron the
plot allows the userto cycle throughall the choserdirections.Moreover,
abuttonis availablefor draving thesimulatedenvelopediscussedh Sec-
tion 4. TheXlisp-Stat codethatimplementghe dynamicprobability plot
isavailablefrom thethewebpagehttp://www.stat.unipg.it/~1luca.

Neverthelessthegraphicalpproachntroducedn this paperdoesnot
dependon the specificcomputerervironment.

5.1 Simulated data

As first example, we generatech datasetof 200 obsenationsfrom
a bivariate correlatedx{,,, distribution. The simulationschemestarts
by generatingwo independentariablesfrom a nonnormaldistribution
(21, 22), andthencombiningz; and z, to form correlatedvariables,y;
andys, by usingthelineartransformation:

Bn= 2 1)
Yo = pzi++/1—p’zn

wherep is thecorrelationcoeficient betweery; andys.

In our example we generatedwo independenthi-squarerandom
variableswhich arethencorrelatedollowing (1) with p = 0.9, suchthat
(y1, y2) have maginal distributionsrelatively closeto normal,thesecond
beingexpectedto be morenearlynormalthanthefirst.
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Panela) of Figurel shavs a scatterplofor the datageneratedwhile
the remainingpanelcontainsQQ probability plots for somedirections.
Departuresrom normality areevidentin all checkingplots.

For thesecondexamplewe generatedatafrom amultivariatenormal
distribution with meanandcovariancematrix equalto

Mean| CovarianceMatrix
T 10 (10 2 4 5 3
T 0 2 50 13 8 1
Z3 5 4 13 12 1 4
4| 10 |5 8 1 4 10
zs| 100 | 3 1 4 10 20

Graphson Figure 2 shav the QQ probability plotsfor someselected
directions.In all thedirectionschecled no departurédrom the hypothesis
of normality hasbeendetected.

5.2 Haematology data

This dataseis taken from a healthsurey of paintsprayersn a car
assemblyplant. The 103 obsenationsweremeasurean black workers.
Thevariablesare:

H | haemoglobirconcentration
PCV | pacledcell volume
WBC | white bloodcell count

LY | lymphogte count

N | neutrophilcount

L | serumleadconcentration

Royston(1983)analyzedhesedatafor testingmultivariatenormality.
VariateswBC, LY, N, andL werelogarithmically transformedoeforethe
analysissincethey shoved skewed distributions,andbecausas a com-
mon practicewith this kind of data. Roystonnotedthatthe six mamginal
distributionslook reasonablyinear by inspectionof normal probability
plots, but the joint distribution doesnot appearto be normal. In addi-
tion, he outlinedthe presencef threeoutliers(casesnumber21,47,52)
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and, after removing them, checkingfor joint distribution doesnot show
evidenceof departurdrom normality.

Li, Fangand Zhu (1997) analyzedthis datasetoo. Their goal was
testingelliptically symmetryfor somesubsetsf the six variables,and
they concludedhatall the subsetsonsideredverefrom elliptical distri-
butionseventhoughsomewerenot from normaldistribution.

As afirst stepwe graphicallychecledthesetof variablegproposedy
Royston. Themaginal distribution of H andsomedirections particularly
thosegiven by the residualsof the conditionalregressionsshoved evi-
denceagainsthe hypothesiof normality Figure3 reportssomeof these
plots, togetherwith a simulatedenvelopeandthe Shapiro-Wk statistic.
It is quite clearthatthe hypothesisof normality is not sustainedin par
ticular in the directionsgiven by the regressiorresiduals.Moreover, the
obsenationsnumberl0, 21,47,52,and80 have thelargestMahalanobis
distanceand appearto be outliers. Remwing themdo not improve the
normality, exceptperhapsn the maiginal distribution of the variableH.

The transformationgproposedby Roystonrely on medicalpractice,
but donotseento achieve joint normality. Thereforewe look for abetter
setof simultaneougpower transformationsusing the multivariate Box-
Coxapproactproposedy Velilla (1993).Basically themethodassumes

thereexists avectorA = (A,...,\,)" of transformationparameters
suchthatwhenwe transformeachX; (j = 1, ... , p) thefollowing model
holds:

X0 = (™, X)) ~ Ny (u®, 50)

wherep® andZ® arerespectiely the meanvectorandthe covariance
matrixin thetransformedscale.Theestimategor the As areobtainednu-

merically maximizingthe correspondindog-likelihoodprofile. A likeli-

hoodratio testis alsoavailablefor testingthe hypothesiof a simultane-
oussetof transformatiorparameters.
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Table1. Summaryof transformationgo normality
Variable 5\Z~ SE Waldtestfor \; =0 Waldtestfor A\; =1

H -2.035 1.254 -1.62 -2.42
PCV 0.758 1.058 0.72 -0.23
WBC 0.401 0.210 1.91 -2.85
LY 0.479 0.116 4.12 -4.48
N 0.491 0.245 2.01 -2.08
L -0.698 0.456 -1.53 -3.73

LRT for all A;=0: 23.5540n 6 df, p-value=.001

LRT for all \;=1: 44.1550n 6 df, p-value=.000

LRT for A = (1,1,0,0,0,0): 25.5740n6 df, p-value=.000

LRT for A = (—2,1,0.5,0.5,0.5, —1): 0.7420n 6 df, p-value=.994
LRT for A = (—2,1,—-0.5,0.5,0.5, —1): 28.1930n 6 df, p-value=.000

Table 1 shows the resultsfrom applying the multivariate Box-Cox
transformationBasednthelik elihoodratiotest(LRT) reportedjt seems
clearthatthe previous logarithmictransformationsre not supportedoy
thedata,whereas large p-valuecanbe obtainedby the following trans-
formations:H~2, PCV, WBC®S, LY%S, N*5 L.=1. Checkingfor the normality
of this setseemgo be supportedhroughseveral directions,but not in
thedirectionsinvolving WBC®® andLY%5 (seeFigure4). Thepowertrans-
formationof WBC that mamginally leadto normalityis -0.5, but this does
not allow to getan an approximatgoint normality for the whole setof
variables. For the variableLY the maginal power transformations the
logarithmic. If we remove this two variablesfrom the setandwe check
the joint normality of the remainingvariables,the hypothesisof multi-
variatenormalityis now sustained.

As further refinement,we addedin turns one of the two variables
removed and we checkfor multivariatenormality. It turnsout that the
variableLY in the logarithmic scalemay be addedto the previous set
without violating the hypothesiof normality (seeplotson Figureb).
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6. Final remarks

Themethodologydiscussedh thisarticletacklestherelevantproblem
of assessinghe multivariatenormality of a setof variales.Theapproach
proposeds basedon the characterizatiomf the multivariatenormaldis-
tribution in termsof normality of any linear combinationsof variables
in the set. Eachlinear combinationrepresents directionin the space
spannedy the setof variablesunderstudy Somemethodsfor chosing
thedirectionsto look for departuresrom the referencenodelhave been
discussed. Several directionsmay be easily checled using a dynamic
grahicapproachln ourproposalve usedthewell-kwown QQ probability
plot for assessinthenormalityin ary selectedlirection. Then,theRoy’s
union-intersectiorprinciple is usedto establishwhetherthe hypothesis
understudyis reasonabler not.

Examplesbasedon simulatedandreal datasethave beenprovided,
and they shaved that our approachis particularly effective in detect-
ing departuregrom normality Furthermorethe graphicalinvestigation
might suggest subsebf the original variablesasa candidatesubsefor
normality.

Furtherdevelopmentf this approackcouldinvolve the selectionof
otherrelevantdirectionsto look for departurdrom normality.
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