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Summary: Theassumptionof multivariatenormalityis oftenatthebasisof many statisti-

calanalysis.In thisarticleweproposeagraphicalmethodbasedon thecharacterization

of themultivariatenormaldistribution in termsof univariatenormalityof all linearcom-

binationsof the variablesin theset. We review somemethodsfor choosingdirections

to look for departurefrom the hypothesisof normality, andwe proposean interactive

dynamicgraphicapproachfor checkingthejoint distribution. Examplesfrom simulated

dataanda real datasetwill beusedto show practicalimplementationof the ideasout-

lined.
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1. Introduction

Many statisticalmethodsfor continuousvariablesassumeanunderly-
ing multivariatenormaldistribution. For instance,classicalmultivariate
methodsrely on suchhypothesis(Krzanowski, 1990),but alsomorere-
cent contributions in the literature,suchas Gaussiangraphicalmodels
(Whittaker, 1990),deserveacentralrole to themultivariatenormality.

Thus,severalformal testsweredevelopedfor checkingthemultivari-
atenormality of a set of randomvariables. Graphicaltechniqueshave
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beenproposedtoo, andthey provedto beparticularlyusefulin practical
applications.Comparedto methodsbasedon hypothesistesting,graphi-
calmethodsaremoreresistantto outlyingobservationsandallow to eval-
uatethe influenceof any singleobservation on departures,if any, from
thereferencemodel.

Often in practicalapplicationscheckingfor multivariatenormality is
restrictedto a control of the marginal distributions. This relies on the
assumptionthat,exceptfor pathologicalcases,the joint nonnormalityis
likely to bedetectedby studyingthemarginalnormalityof eachvariable.
Moreover, asthe dimensionof the randomvariable � increases,testing
for joint normalitybecomesquitehard.

The literatureon assessingmultivariatenormality is quite extensive.
Somemethodsrely on evaluatingmarginal normality of eachvariable,
suchasD’AgostinoandPearsontest(1973),ShapiroandWilk test(1965),
D’Agostino test statistic(1971),marginal Box-Cox transformationand
associatedlikelihoodratio test(Box andCox, 1964),normalQQ proba-
bility plot (Wilk andGnanadesikan,1968).Othermethodstry to evaluate
the joint normality of a setof randomvariablesthrougha singlestatis-
tic which summarizesthe whole distribution, suchas: the nearestdis-
tancetestandchi-squareQQ plot proposedby Andrews et al. (1973),
Mardia’smeasuresof multivariateskewnessandkurtosis(Mardia,1970),
betaprobabilityplots(Fattorini,1982),thegeneralizationof Shapiroand
Wilk testto themultivariatecaseproposedby Malkovich andAfifi (1973)
with refinementsdiscussedby Fattorini (1986),F-probabilityplot (Ahn,
1992),ageneralizationof theBox-Coxtransformationto themultivariate
caseand the correspondinglikelihoodratio statisticfor testinga setof
transformationparameters(Velilla, 1993).A furtherclassof methodsex-
ploit thegeometricalideathatanormaldistribution in � dimensionsmust
shown normalityin any direction.

In this articlewe proposea graphicalmethodfor assessingmultivari-
ate normality basedon unidimensionalviews. In Section2 we define
notationandthebuilding-blockof our approach.In Section3 we inves-
tigatesomemethodsfor choosingthe directionsto look for departures
from the hypothesisof normality. Then,we proposea dynamicgraphic
approachfor checkingthe joint distribution. An implementationof dy-
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namicgraphicusingQQ-plot is discussedin Section4. Thefinal section
presentsexamplesfrom simulateddataanda real datasetwhich will be
usedto show practicalimplementationof theideasoutlined.

2. Assessing multivariate normality

Let ����� �	� 
 �	� 
 � � �
 ��� � be a vectorof � randomvariablesdis-
tributedasa multivariatenormalwith mean� � � andcovariancematrix � � � ,
thatis ����� � � � � ��
��� ���

If thematrix � � � hasfull rank � , thenthe joint densityfunction exists
andcanbewrittenas� � ����� �� �  �� � ! �#" � � � " � ! ��$ %'& (*) �� � � ) � � �� +,�� �.- � � � ) � � ��� /

Ourgraphicalproposalrelieson thecharacterizationof themultivari-
atenormaldistribution in termsof univariatenormalityof all linearcom-
binationsof thevariables.Formally, arandomvector � of dimension� is
saidto have a p-variatenormaldistribution if andonly if thelinearcom-
bination0 0 0 + � hasaunivariatenormaldistributionfor all vectors0 0 021 IR� .
Thismeansthatif �3�����4� � � ��
 � � ��� thenthefollowing holdsfor all 0 0 065��7 :0 0 0 + �3�8��� 00 0 + � � ��
�00 0 + � � ��00 0��

Thus,we canusethe union-intersectionprinciple of Roy (1953)for
testingthehypothesisof joint multivariatenormaldistribution. Let 9;: � 0 0 0��
be thenull hypothesisunderwhich 0 0 0 + �<�3� . Takingall possibleval-
uesof 0 0 0 , provided that " " 0 0 0 " " � � , we could testall possibleunivariate
directionsandif andonly if 9 : � 0 0 0�� is truefor every 0 0 0 , wecouldconclude
that � hasa multivariategaussiandistribution. In otherwords,thenull
hypothesiscanbeexpressedas 9;:=�?> @@ @�9;: � 0 0 0�� andit mustberejectedif

at leastoneof the 9A: � 0 0 0�� is rejected.
Themaincharacteristicof thisclassof methodsis thatwemovefrom

a problemin high dimensionto infinite problemsin low dimension.This
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strictly resemblestheapproachfor checkingregressionmodelsproposed
by CookandWeisberg (1997). Although in a differentcontext, the idea
is to take advantageof usingdynamicgraphicsfor checkingseveral di-
rectionswith relatively little effort. Of course,thereis no guaranteewe
will detecta directionof nonnormality, but with a suitablechoiceof the
directionswe maybeableto look alongseveral“interesting”directions.
Nevertheless,most testsfor checkingmultivariatenormality selectjust
onedirectionbasedon asuitablemeasureof nonnormality.

3. Choosing the directions

In theprevioussectionwe show that theproblemof assessingmulti-
variatenormalitymaybereformulatedin termsof assessingthenormality
of unidimensionalprojectionsalongall possibledirections.Theproblem
maybe further simplifiedby looking at somespecifieddirectionsrather
thanall possibledirectionswith a suitablechoiceof the“interesting”di-
rections.In this sectionwediscusshow to chosesuchdirectionsin order
to detectpossiblelackof normality. In thenext section,adynamicgraphic
approachwhich leadsto easilyanalyzeseveralprojectionsin a relatively
smallamountof time (muchwill dependon thecomputerpower andon
thedimensionof dataset)will bediscussed.

Suppose BC�DFE G�H I GJ I K K KLI GM4N O is a PRQTS matrix of observations
on S variables,hencein our notationeachrow

GU
is a vectorof length S ,

for V D�W#I K K KI P . As long aswe areinterestedin assessingmultivariate
normality, thefirst stepis checkingthemarginal distributions, that is the
distributionof eachvariableignoringtheremaining

E S;X W#N variables.In
termsof thecoefficient of thevector Y Y Y , this simply meansto assign1 to
elementcorrespondingto theselectedvariableandzeroelsewhere.

Orthogonaldirectionsof maximumvariancecanbeobtainedthrough
theprincipalcomponentsanalysis(Krzanowski, 1990,pp. 48–74).Prin-
cipal componentdirectionsrepresentprojectionsinto lower-dimensionality
subspaces,with decreasingvariability. Hence,it is reasonablyto look at
suchdirections,wherepossiblenonnormalfeaturesare likely to be de-
tected.
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Let Z\[6]^,_�`a b c _ Z b
and dT[?e ]	f6g h ^,_�`a b c _ e Z b f Z�h e Z b f Z�h i
be the samplemeanvector and samplecovariancematrix respectively.
The j principalcomponentsaregivenby thecolumnsof the

]lk j matrixm [<no;p
where

p
is the j k j matrix of eigenvectorsof

d
, that is

d�[ plq;p i
.

Furthermore,since
p

is anorthogonalmatrix, theprincipalcomponents
areuncorrelated.

This basic idea was also usedby Srivastava and Hui (1987), who
proposeda generalizationof the Shapiro-Wilk statisticbasedon princi-
pal components.They obtainedtwo test statisticsas a function of the
transformedShapiro-Wilk statisticcomputedon eachcomponent.Fur-
thermore,they provided the approximatednull distribution for both test
statistics.

Selectionof specificdirectionsof nonnormalitywere discussedby
Andrews et al. (1971). They obtaineda projectiononto the unidimen-
sionalsubspacewhich hasbeenchosento besensitive to particulartypes
of nonnormality. Themethodis alsodiscussedby Gnanadesikan(1977),
andit is outlinedin thefollowing.

Let thematrixof standardizedvaluesber [�s no d ^,_ t u
where

no
is againthe

e ]Rk j h matrix of

]
observationson j variables,s

is the

e ]2k2]h
centeringmatrix, and

p d ^'_ t u
is the inverseof square-

rootof thecovariancematrix,whosedimensionis

e j k j h . Thesuggested
methodreliesonstudyinganormalizedweightedsumof theobservations
in the transformedscale. Let v ib be a vectorof j measurementsfor the
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w
-th observation,sowecandefinex�yz|{~}��� �L�'� � � y��� }��� �L�'� � � y� ��

where � � {�� � � � z arethe weightsfor eachobservation. The vector
x z

dependsontheparameter� : if �A�R� , thegreaterthedistanceof apoint in
thespaceIR� is from thecenterof thepoints(which is avectorof zeroes,
sincevariableshave beenstandardized),themoreweight it will receive.
The converseis true for �2�3� , whereasfor � { � all the observations
will haveequalweight.Thus,we cansaythatfor positivevaluesof � the
vector

x z
will tendto point towardany clusteringof observationsdistant

from themean,whereasfor negative valuesof � it will point towardany
clusteringcloseto thecenterof thedata.Thevector

x z
is definedin the

spaceof thestandardizedvalues,thenaprojectionin theoriginalspaceis
givenby � � � � x z .

A furthersetof directionswe maywant to checkarethosegivenby
residualsfromconditionalregressions, thatis by takingtheresidualsfrom
theregressionof eachvariableon theremaining.In fact,it is well known
thatif asetof variablesarejointly normallydistributed,thentheresiduals
from the linearregressionof onevariableon theremainingshouldshow
nopattern.Otherwise,any nonlineardependenciesshouldbedetectedby
a non linearshapeon theplot of theresidualsvs any linearcombination
of the predictors.This ideawasalsousedby Cox andSmall (1978) in
their testfor normality.

Let � be partitionedas � {�� � � � � � � y where
� �A� IR

�
and � �;�

IR� � � . Thecorrespondingvectorof meansandthecovariancematrixare� � � {<� � �� � � � � , � � � {<� � � �<��� ��� � � � � �4�
where � � � is a scalar, � � � � is � �; 8¡ ¢.£R� �	 �¡ ¢ matrix and � � � is a vector
of dimension� �; 6¡ ¢�£2¡ suchthat � � � { � y� � . Underthehypothesisthat�3¤�¥ � � � � � � � � ��¢ , theconditionaldistributionof

� � given � � is� � ¦ � � � {6§ � ¢�¤8¥�� � �¨2��� � � � � � �� � § �   � � � � ¢ � � � �   ��� � � � � � �� �� � ¢
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The meanfunction ©.ª «l¬  ®l¯A°²±¯ ³�°²´�¬�µR¶�¬ ¯ · · ·�¸ ¬¯ ª ±¯�¹º´´´¯ ³ is linear
and,underthehypothesisof multivariatenormaldistribution, theresidu-
alsshouldbenormallydistributed.Clearly, thismustholdfor any variable
selectedasresponsein theregression.Therefore,wecanthink to regress
any variableon theremainingones,andthencheckfor thenormalityof
theresiduals.

Additional directionscan be obtainedrandomly, requiring that the
vectorof coefficientshave unit length. Theserandomdirectionsdo not
rely on any measureof nonnormality, but it is likely thataninspectionof
severalof themmightbeableto detectdeparturesfrom normality, if any.

4. Dynamic probability plot

Given the linear combination» ¼�°�½½½�¾L±L¼ ( ¿;°<À4Á Â Â ÂLÁ Ã ), we could
useawiderangeof graphicaltechniquesin orderto assessunivariatenor-
mality, for instancehistograms,box-plots,probability plots, andkernel
densityestimation.Our graphicalapproachwill usethewell-known QQ
probabilityplot (Wilk andGnanadesikan,1968).

A normalprobabilityplot allows to graphicallycomparetheordered
observations»4Ä ¬ Å Á »4Ä ¯ Å Á Â Â ÂÁ »4Ä Æ Å with thequantilesobtainedfrom thenor-
mal distribution correspondingto a cumulativeprobability Ç ¼ . If we note
by È thecumulative densityfunctionfor a normaldistribution, thetheo-
retical quantile É» ¼ is the valuecorrespondingto È=ª#É» ¼ ³�°ÊÇ'¼ , whereÇ'¼ is
usuallydefinedas ¿ Ë'ª ÃÌµ2À ³ or ª ¿'¹|Í'Â Î4³ Ë Ã . A QQprobabilityplot is then
obtainedplotting »4Ä ¼ Å vs É» ¼ , andwhenthehypothesisof normalityholdsit
shouldbeapproximatelystraight.

Assumingweknow thevector½ ½ ½ , wecancomputetheprojection» ¼ °½ ½ ½�¾L± ¼ for all ¿ . Geometrically, this is a directionin the spaceIRÏ , anda
normalprobabilityplot is thereforeusefulfor assessingwhetheror notthe
distribution is normalin specifieddirections.Dynamicgraphicmethods
will helpusto recoverasmany directionsaswewantwith a little effort.

A visual enhancementmaybe addedto theprobability plot in order
to help in assessingdeparturefrom a straightline. Recallingan ideain-
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troducedby Atkinson (1981)for checkingresidualsin linear regression
models,weconstructedvia simulationareferenceenvelopefor normality.

Let Ð4Ñ Ò Ó ( Ô�Õ8Ö4× Ø Ø ØL× Ù ) betheorderedempiricalquantilescorrespond-
ing to theselecteddirection. Assumethehypothesisof normalityholds,
i.e. Ð is sampledfrom a normalrandomvariablewith meanÚLÛ andvari-
anceÜÝÛ . Plugging-intheusualunbiasedestimatesfor themeanandthe
variance,we generateÙ valuesfrom a normaldistribution with mean Ð
andvarianceÞ ÝÛ andwe orderthem. If we repeatthe latterstep ß times,
weobtainasequenceof samplesasà Ð4Ñ á Ó â × Ð4Ñ Ý Ó â × Ø Ø Ø× Ð4Ñ ã Ó â äæåAÕ8Ö4× Ø Ø ØL× ß
For afixed Ô , thesequenceà Ð4Ñ Ò Ó á × Ð4Ñ Ò Ó Ý × Ø Ø Ø× Ð4Ñ Ò Ó ç�ä
provide theempiricaldistribution of the Ô -th orderedstatistic. Then,we
pick up thesmallestandthelargestvaluesfor eachplottingposition,that
is for eachÔ�ÕÊÖ#× Ø Ø Ø× Ù wedefineÐ Ñ Ò Ó è Õ6é;ê ë�Ð Ñ Ò Ó çÐ Ñ Ò Ó ì Õ6é;í#î�Ð Ñ Ò Ó ç
Joiningall thesmallestÐ Ñ Ò Ó è andthelargestvaluesÐ Ñ Ò Ó ì for Ô�ÕÊÖ#× Ø Ø Ø× Ù ,
we obtaina simulatedenvelopeunderthe normality assumption.If this
hypothesisholdswe expectthatall thepointsin theprobabilityplot will
fall within theenvelopea fraction ßlï à ß²ð8Ö ä of the times;for ß<Õ3Ö ñ
this meansthat95%of the timeswe shouldobserve all thepointslying
within theenvelope.

5. Examples

In this sectionwe provide examplesthat will be usedto discussthe
proposedmethodin practicalapplications.The first two examplescon-
cernartificial datasets,while thethird concernsa realdataset.
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A computerimplementationbasedon theideasoutlinedwasalsode-
veloped.Thecomputercodewaswritten in the ò�ó ô õ ö ÷ øúù û ù programming
language(Tierney, 1990),andusing the statisticalsoftwarecalled ü*ý þ .
This is acomputersoftwaredevelopedby CookandWeisberg (1999),and
canbedownloadedfrom theweb-siteÿ�������� ��� ������� 	 ��
��� ������ ��������
���� .
Becauseof thehighleveldynamicplotswecanobtainwith ò�ó ô õ ö ÷ øúù û ù , the
choiceof theenvironmenthasbeenstraightforward.In addition,with ü*ý þ
wetookadvantageof anexcellentsoftwareandits librariesof functions.

Amongthemainfeaturesof thecodeis thechanceto selectthedesired
directionsfor checking. Then,they arecomputedsimultaneouslyanda
probability plot for the first directionselectedis drawn. A slider on the
plot allows theuserto cycle throughall thechosendirections.Moreover,
abuttonis availablefor drawing thesimulatedenvelopediscussedin Sec-
tion 4. The ò�ó ô õ ö ÷ øúù û ù codethatimplementsthedynamicprobabilityplot
isavailablefromthethewebpage:ÿ�������� ��� ������� 	 ��
��� ����� ����� � ������������
 .

Nevertheless,thegraphicalapproachintroducedin thispaperdoesnot
dependon thespecificcomputerenvironment.

5.1 Simulated data

As first example,we generateda datasetof 200 observationsfrom
a bivariatecorrelated��� ! " # distribution. The simulationschemestarts
by generatingtwo independentvariablesfrom a nonnormaldistribution$ % ! & % � ' , and thencombining

% ! and
% � to form correlatedvariables,( !

and ( � , by usingthelineartransformation:) ( !�* % !( � *,+ % !.-0/ 1324+ � % � (1)

where+ is thecorrelationcoefficientbetween( ! and ( � .
In our example we generatedtwo independentchi-squarerandom

variables,whicharethencorrelatedfollowing (1) with +5*76�8 9 , suchthat$ ( ! & ( � ' havemarginaldistributionsrelatively closeto normal,thesecond
beingexpectedto bemorenearlynormalthanthefirst.
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Panela) of Figure1 shows a scatterplotfor thedatagenerated,while
the remainingpanelcontainsQQ probability plots for somedirections.
Departuresfrom normalityareevidentin all checkingplots.

For thesecondexamplewegenerateddatafrom amultivariatenormal
distributionwith meanandcovariancematrixequalto

Mean CovarianceMatrix
��� 10 10 2 4 5 3
��� 0 2 50 13 8 1
��� 5 4 13 12 1 4
��� -10 5 8 1 4 10
��� 100 3 1 4 10 20

Graphson Figure2 show theQQ probabilityplots for someselected
directions.In all thedirectionscheckednodeparturefrom thehypothesis
of normalityhasbeendetected.

5.2 Haematology data

This datasetis taken from a healthsurvey of paint sprayersin a car
assemblyplant. The103observationsweremeasuredon blackworkers.
Thevariablesare:

�
haemoglobinconcentration

��� �
packedcell volume

!�"��
whitebloodcell count

#%$
lymphocytecount

&
neutrophilcount

#
serumleadconcentration

Royston(1983)analyzedthesedatafor testingmultivariatenormality.
Variates

!�"��
,
# $

,
&
, and

#
were logarithmically transformedbeforethe

analysissincethey showed skeweddistributions,andbecauseis a com-
monpracticewith this kind of data.Roystonnotedthat thesix marginal
distributionslook reasonablylinear by inspectionof normalprobability
plots, but the joint distribution doesnot appearto be normal. In addi-
tion, heoutlinedthepresenceof threeoutliers(casesnumber21,47,52)
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and,after removing them,checkingfor joint distribution doesnot show
evidenceof departurefrom normality.

Li, FangandZhu (1997)analyzedthis datasettoo. Their goal was
testingelliptically symmetryfor somesubsetsof the six variables,and
they concludedthatall thesubsetsconsideredwerefrom elliptical distri-
butionseventhoughsomewerenot from normaldistribution.

As afirst stepwegraphicallycheckedthesetof variablesproposedby
Royston.Themarginaldistributionof A andsomedirections,particularly
thosegiven by the residualsof the conditionalregressions,showed evi-
denceagainstthehypothesisof normality. Figure3 reportssomeof these
plots, togetherwith a simulatedenvelopeandtheShapiro-Wilk statistic.
It is quite clearthat thehypothesisof normality is not sustained,in par-
ticular in thedirectionsgivenby theregressionresiduals.Moreover, the
observationsnumber10,21,47,52,and80 have thelargestMahalanobis
distanceandappearto be outliers. Removing themdo not improve the
normality, exceptperhapsin themarginaldistributionof thevariableA .

The transformationsproposedby Roystonrely on medicalpractice,
but donotseemto achievejoint normality. Therefore,welook for abetter
set of simultaneouspower transformationsusing the multivariateBox-
Coxapproachproposedby Velilla (1993).Basically, themethodassumes
thereexists a vector BDCFE GIH J K K KLJ GNM O P of transformationparameters
suchthatwhenwetransformeachQSR (TUCWVNJ K K KXJ Y ) thefollowing model
holds: Z\[ ] ^ CWE Q

[ ] _ ^
H J K K KLJ Q

[ ] ` ^
M Obadc M E e e e

[ ] ^
J f f f
[ ] ^
O

wheree e e [ ] ^ and f f f [ ] ^ arerespectively themeanvectorandthecovariance
matrix in thetransformedscale.Theestimatesfor the G sareobtainednu-
mericallymaximizingthecorrespondinglog-likelihoodprofile. A likeli-
hoodratio testis alsoavailablefor testingthehypothesisof a simultane-
oussetof transformationparameters.
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Table1. Summaryof transformationsto normality

Variable
����

SE Wald testfor
�������

Wald testfor
�������

�
-2.035 1.254 -1.62 -2.42���  
0.758 1.058 0.72 -0.23¡�¢��
0.401 0.210 1.91 -2.85£�¤
0.479 0.116 4.12 -4.48¥
0.491 0.245 2.01 -2.08£
-0.698 0.456 -1.53 -3.73

LRT for all
���

=0: 23.554on6 df, p-value= .001
LRT for all

���
=1: 44.155on6 df, p-value= .000

LRT for ¦ �¨§ � © � © ��© ��© ��© ��ª : 25.574on6 df, p-value= .000
LRT for ¦ �¨§ «¬�© � © ��® ¯�© ��® ¯�© ��® ¯�© «°� ª : 0.742on 6 df, p-value= .994
LRT for ¦ �¨§ «¬�© � © «±��® ¯�© ��® ¯�© ��® ¯�© «°� ª : 28.193on 6 df, p-value= .000

Table 1 shows the resultsfrom applying the multivariateBox-Cox
transformation.Basedonthelikelihoodratiotest(LRT) reported,it seems
clearthat theprevious logarithmictransformationsarenot supportedby
thedata,whereasa largep-valuecanbeobtainedby thefollowing trans-
formations:²´³´µ , ¶¸·�¹ , º´»�·¸¼ ½ ¾ , ¿�À´¼ ½ ¾ , Á�¼ ½ ¾ , ¿´³´Â . Checkingfor thenormality
of this setseemsto be supportedthroughseveral directions,but not in
thedirectionsinvolving º¸»¸·�¼ ½ ¾ and ¿�À´¼ ½ ¾ (seeFigure4). Thepower trans-
formationof º¸»¸· thatmarginally leadto normality is -0.5, but this does
not allow to get an an approximatejoint normality for the whole setof
variables.For the variable ¿�À the marginal power transformationis the
logarithmic. If we remove this two variablesfrom thesetandwe check
the joint normality of the remainingvariables,the hypothesisof multi-
variatenormalityis now sustained.

As further refinement,we addedin turns one of the two variables
removed andwe checkfor multivariatenormality. It turnsout that the
variable ¿�À in the logarithmic scalemay be addedto the previous set
withoutviolating thehypothesisof normality(seeplotsonFigure5).

235



ÃÄ ÅÆÇÅ
ÈÉ ÊËÌ
Í ÎËÏÈÉ
Ì ÅÐ

ÑÒÓÔÕÖÔ×ØÙÚÛÜÝÞÔÓ ß
à
ß
á

â

á

à

ãäåäæäçäèäéää

ê ÎÌ ÈÉ ÏÆÇë
ËÌÍ
Í ß
ìÌ ÆÈ

í Ä ËîÉ ÇÆ ß
ïÉÌð È ÅÐ
Èñ ÆÇÏÆÇë
ËÌÉ È ò ó
â ôõö÷
õø ùî ß
úËÌ ÎÅ ó
â ôâûâ
áü

ý ÐÉ ë
ÎÌ ËÈ Å
þ ÅÏ úïÿ�� ��

Ì Æ �ÅÐÐ
ý��

� �í
ý��

� ÆÉ ÏîÆ
É ÏÈ Ð

	 ÅÇÆ
ÌÉ ÏÅ
 Åë
ÌÉ ÏÈ ÇÅÏ
þ

� îÈÉ ÆÏÐ

�� ��
�� ���� ���

��� �

�������� !"#$%&��
'(

')

*

)

(

+,-./0

1 �� �� ��
�2
���

� '3� ��

4 � �5� �� '6��7
� ��8 ���
��2
��� � 9
:* ;<=>

?( @5 'A�� �
:* ;*B=B

<

C �� 2 �
� �� D � A

EFG
* ;=

� � H
��

CIE

J E4

CIE

K �� �5
�� �� �

L ��
�� �

M 2
�� �
� ��

D

J 5�� ���

a)
m

ar
gi

na
ld

ire
ct

io
n

fo
r

NO
PQ R

S

b)
m

ar
gi

na
ld

ire
ct

io
n

fo
r

TU
Q R
S

VW X
YZX

[\ ]^_` a^
b[\_ Xc

defghigjklmnopqgf
rs

rt

u

t

s

vwxwywzw{w

| a_ [\ bYZ}^
_`
` r~_ Y[

� W ^
�\ ZY r�\_�

[ Xc
[� YZb

YZ}^
_\ [ �

�u ���s�� �
� r�^_ aX

�u �uu�
t�

� c
\ } a
_ ^
[ X

� X
b �

~� ��
�\ Z

_ Y �Xcc

���

� �
�

���

� Y\ b�
Y\ b[ c

� XZ
Y_\ bX

� X}
_\ b[ ZX

b�

� �[\ Ybc

�� �
���

��  ¡¢£ ¤¡
¥��¢ �¦

§¨©ª«¬ª®¯°±²³´ª©
µ¶

µ·

¸

·

¶

¹º»¼»º½¼½º¾¼

¿ ¤¢ �� ¥��À¡
¢£
£ µÁ¢ ��

Â � ¡
Ã� ��

µÄ�¢Å
� �¦
�Æ ��¥

��À¡
¢� � Ç

È¸ ÉÊË·Ì
· ÍÃ µÎ¡¢ ¤�

È¸ É¸ÌÏ
ÐÏ

Ñ ¦
� À ¤
¢ ¡
� �

Ò �
¥ Î

�¡
¥Ò �ÀÏ

Ò� �

¢ � Ó�¦¦

ÑÔÕ

Ö Õ
Â

ÑÔÕ

× �� ¥Ã
�� ¥� ¦

Ø ��
�¢� ¥�

Ù �À
¢� ¥� ��

¥Ò

Ö Ã�� �¥¦

c)
fir

st
pr

in
ci

pa
lc

om
po

ne
nt

di
re

ct
io

n
b)

a
ra

nd
om

di
re

ct
io

n

F
ig

u
re

4
.

Q
Q

p
ro

b
a

b
ili

ty
p

lo
ts

fo
r

so
m

es
p

e
ci

fie
dd

ir
e

ct
io

n
fo

r
a

ss
e

ss
in

gth
e

m
u

lti
va

ri
a

te
n

o
rm

a
lit

y
o

ft
h

e
se

t(

Ú Û
Ü ,

ÝÞ
ß ,

àáÞ
Q R
S ,

âã
Q R
S ,

äQ R
S ,

â Û
å )

236



æç èé
êè

ëì íîïð ñîò
ëìï èó

ôõö÷øù÷úûüýþÿ��÷ö
��

��

�

�

�

����		��

��

� ñï ëì òé
ê�î

ïð
ð �ï é

ë

� ç î
�ì êé

��ìï�
ë èó
ë� é
êòé
ê�î

ïì ë �
�� ����

�� �
� ��îï ñè
�� ����

��

� ó
ì � ñ
ï î

ë è
� èò

�

ï é
 ! "#

$

ï é
%èóó

�&"

' "�

�&"

( é
ì ò

�é
ì ò

ë ó
) è

êé
ïì òè* è�

ïì ò
ë êèò

�

' �ëì éòó

+, -
./-

01 2345 63
7014 -
8

9:;<=><?@ABCDEF<;
GH

GI

J

I

H

KLKMNONKNPNL

Q 64 01 7./R3
45

5 GS4 .0

T , 3
U1 /.

GV14W
0 -
80X ./7
./R3

41 0 Y
ZJ [\]\^

H _U G`34 6-
ZJ [H\\

Ha

b 81 R 6
4 3

0 -
c -

7 `

Sd e
a
c1 /

4 . f-
88

bgh

i h
T

bgh

j .1 7U
.1 70 8

k -/
.41 7-

l -R
41 70 /-

7c

i U01 .78

a)
m

ar
gi

na
ld

ire
ct

io
n

fo
r

m

b)
di

re
ct

io
n

of
re

si
du

al
sf

ro
m

n (
o p

qr s
tu

vw re
st

)

xy z{
|z

}~ ���� ���
}~� z�

�����������������
��

��

�

�

�

����������

� �� }~ �{
|��

��
� ��� {

}

  y �¡
~ |{

�¢~�£
} z�
}¤ {

|�{
|��

�~ } ¥ ¦
� §¨©ªª
� «¡

�¬�� �z ¦
� §©¨®
©

¯ �
~ � �
� �
} z

° z�
¬

z
± �
² ³´

|z�
}µ

� {
¶z��

¯·¸

¹ ¸
 

¯·¸

º {
~ �¡

{
~ �
} �

» z
|{

�~ �z¼ z�
�~ �
} |z�

°

¹ ¡
}~ {��

½¾ ¿À
Á¿

ÂÃ ÄÅÆÇ ÈÅÉ
ÂÃÆ ¿Ê

ËÌÍÎÏÐÎÑÒÓÔÕÖ×ØÎÍ
ÙÚ

ÙÛ

Ü

Û

Ú

ÝÞßàßÞáàáÞ

â ÈÆ ÂÃ ÉÀ
ÁãÅ

ÆÇ
Ç ÙäÆ À

Â

å ¾ Åæ
Ã ÁÀ

ÙçÃÆè
Â ¿Ê
Âé À

ÁÉÀ
ÁãÅ

ÆÃ Â ê ë
Ü ìíîïð
Û ñæ

ÙòÅÆ È¿ ë
Ü ìóíï
óô

õ Ê
Ã ã È
Æ Å
Â ¿

ö ¿É
ò

ÉÀÉ
ÉÀ
ÁãÅ

Æ÷ Ùô ìÜø

Æ À
ù¿ÊÊ

õúû

ü û
å

õúû

ý À
Ã Éæ

À
Ã É
Â Ê

þ ¿
ÁÀ

ÆÃ É¿ÿ ¿ã
ÆÃ É
Â Á¿É

ö

ü æ
ÂÃ ÀÉÊ

c)
di

re
ct

io
n

of
re

si
du

al
sf

ro
m

n (

o p
qr �
�vw re

st
)

d)
a

di
re

ct
io

n
of

no
nn

or
m

al
ity

F
ig

u
re

5
.Q

Q
p

ro
b

a
b

ili
ty

p
lo

ts
fo

r
so

m
es

p
e

ci
fie

dd
ir

e
ct

io
n

sf
o

r
a

ss
e

ss
in

gth
e

m
u

lti
va

ri
a

te
n

o
rm

a
lit

y
o

ft
h

e
se

t(

� �
� ,

��
� ,

� 	

� �
� ,

�� �
� ,�
�
� )

237



6. Final remarks

Themethodologydiscussedin thisarticletacklestherelevantproblem
of assessingthemultivariatenormalityof a setof variales.Theapproach
proposedis basedon thecharacterizationof themultivariatenormaldis-
tribution in termsof normality of any linear combinationsof variables
in the set. Eachlinear combinationrepresentsa direction in the space
spannedby the setof variablesunderstudy. Somemethodsfor chosing
thedirectionsto look for departuresfrom thereferencemodelhave been
discussed.Several directionsmay be easily checked using a dynamic
grahicapproach.In ourproposalweusedthewell-kwownQQprobability
plot for assessingthenormalityin any selecteddirection.Then,theRoy’s
union-intersectionprinciple is usedto establishwhetherthe hypothesis
understudyis reasonableor not.

Examplesbasedon simulatedandreal datasetshave beenprovided,
and they showed that our approachis particularly effective in detect-
ing departuresfrom normality. Furthermore,the graphicalinvestigation
might suggesta subsetof theoriginal variablesasa candidatesubsetfor
normality.

Furtherdevelopmentsof this approachcould involve theselectionof
otherrelevantdirectionsto look for departurefrom normality.
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