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Summary: In this paper, we studytheasymptoticdistribution of theEuclideandistance

betweentime seriesmodelsproposedby Piccolo (1984,1990) in the caseof Moving

Averagesmodelscomparisonswhenleastsquaresestimatesareusedfor the unknown

parameters.Piccoloshowedthat,whenpurelyAutoregressivemodelsarecompared,the

distributionof thedistanceestimatoris alinearcombinationof independentChi-squared

randomvariables.Here,invertibleMoving Averagemodelsareconsideredto show that

underthe sameassumptionsstatedby Berks (1974) and Bhansali(1978) for autore-

gressive modelfitting of stationaryprocesses,a similar resultholds. Somedescriptive

statisticsarethenusedto evaluatethe effectivenessof suchasymptoticresulton finite

samplessizesunderspecificmodelcomparisons.
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1. Introduction

Since its introduction, the Euclideandistanceproposedby Piccolo
(1984,1990)to measurethe structuraldiscrepancy betweentime series
modelledthroughtheclassof admissibleARIMA models,hasbeenap-
plied successfullyto addressmany different questionssuchas, for in-
stance,classifyingtime series(Piccolo,1984;Maharaj,1996),detecting
influentialobservations(Corduas,1990),analyzingdemographicchanges
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(CorduasandPiccolo,1995)or, morerecently, checkingtheadequacy of
seasonaladjustments(CorduasandPiccolo,1999)andevaluatingtheef-
ficiency of an environmentalmonitoringnetwork (CostanzoandSarno,
2000).

In orderto asseswhetheranestimateddiscrepancy betweentime se-
ries is significant,oneneedsto know the sampledistribution of the AR
metric: for comparisonsof purely AR modelswhencoefficientsarees-
timatedby maximumlikelihood,Piccolo(1990)showedthattheasymp-
totic distributionof theEuclideandistanceestimatoris a linearcombina-
tion of independentChi-squaredrandomvariables;Corduas(1996)ex-
tendedthis resultto thecaseof stationaryprocessesandproposedanap-
proximationof suchdistribution for easiercomputations.

In thispaper, westill considerthecaseof stationaryprocesses-in par-
ticular of Moving Averagesmodels-but we focusour attentionon least
squaresestimatesratherthanonmaximumlikelihoodones,andshow that
underthe assumptionsstatedby Berks (1974)andBhansali(1978) for
autoregressivemodelfitting, a resultsimilar to Piccolo’s holds.Remark-
ablereasonsfor usingleastsquaresconsistof providing linearpredictions
nonparametricallyin thetimedomain,besidestheireasycomputation.

In orderto evaluatetheeffectivenessatfinitesamplesizeof theasymp-
totic distribution of the AR distanceestimator, we carry out a Monte-
Carloexperiment:MovingAveragemodelsarethencomparedwhile their
parametersvary on the correspondinginvertibility regions, to allow for
thesensitivity to suchvalues.

Thepaperis organizedasfollows. In Section2, we introducetheAR
metricandthe autoregressionfitting of stationarymodels. In Section3,
weshow thattheasymptoticdistributionof theAR metricis a linearcom-
binationof independentChi-squaredrandomvariables.In Section4, we
illustrate the behaviour of the AR metric underthe hypothesisof com-
parisonsbetweenMA(1) or MA(2) models,whichresultsfully consistent
with a previousexploratorywork (Sarno,2000). Finally, a brief discus-
sionfollows in Section5.
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2. The AR metricand theautoregressionfitting

FollowingBoxandJenkins(1976),let
�����������
	���� �� �
� ��� � ��� ��� ��� �

be a stochasticprocesssuchthat � � ��� ��� � � � � � ��!� ���#"%$
� ��� & � � � � '(� ,
where

'(�
is a GaussianWhite Noise processwith zero meanandvari-

ance )+* . When
$
� ��� & � � � � "-,/.10 ��0#243��

the processis invertible
and

� �
admitsthe

�5��� 67�
representation8 � ��� � � "4' � , with 8 � ���9"� � � � ��� : � � � � � !� $�;
< � � � &=;>< � � � �#"?3�@ 8 < �%@ 8 * � * @7A A A A

Furthermore,let theclassof invertibleARIMA modelsbedenotedbyB
. Then,giveninitial valuesandknown orders,any processbelongingtoB
is fully characterizedby )+* andtheAR weightssequenceassociatedto

its
��� � 67�

formulation.
A measureof structuraldiversitybetweentwo processes,say C �#DEB

and F �EDGB , that comparestheir respective sequencesof AR weights8�H IKJ "ML 8 H IKJ< � 8 H I#J* � A A A N(O
and 8�H P>J "QL 8 H P+J< � 8 H P>J* � A A A N(O

by meansof anEu-

clideandistance,is theAR metric R
S �+� C � � F � �#"%T U9VW X < L 8 H I#JW @ 8 H P>JW N *
proposedby Piccolo(1984,1990). It follows that,consideringa conve-
nientfinite approximationof theabove

�5��� 67�
representationsandsuit-

ableestimatesof theAR coefficientsleadsto theAR distanceestimator1

RYS�Z�Y[+� C � � F � �K"]\^^^_
[`W X < L Z8 H I#JW @ Z8 H P>JW N * A (1)

In this work, we investigatethe asymptoticbahaviour of suchesti-
mator when least squaresestimatesof the AR parameters,say Z8 [M"� Z8 [�a < � Z8 [�a * � A A A � Z8 [�a [
� , are pluggedin (1). This refersto Berks’s (1974)
andBhansali’s (1978)work on fitting autoregressionof order

B��
while

B
hasto divergewith thesamplesize,to deriveasymptoticallyefficientesti-
matesof theparametersof purelynondeterministicstationaryprocesses.

In particular, our resultsrely uponthe following theoremwherethe
distributionof theAR coefficientsis elicitedundercommonhypotheses:

1Detaileddiscussionson the propertiesof theAR distanceestimatorarein Piccolo
(1989;1990)andCorduas(1992;1996).
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Theorem 1 (Bhansali)
Assumethat thefollowing condititionsgivenbyBerks(1974)aresat-

isfied: (i) bdc e f g
h is nonzero, i�b]jlklmlb#n (ii) opc q(rs h�jut�n (iii)
Thechoiceof the truncationpoint v in termsof time serieslength w is
such that v#x y(w{zu|
n (iv) Thechoiceof the truncationpoint v in terms
of time serieslength w is such that w�} ~ ��c � qY�(� } � �%� q��(� � � �7� � � h{z�|Y�
Then,the joint asymptoticdistribution of the leastsquare estimators of
the ARcoefficients,i.e. w } ~ � c �b ��� f i/b f h and w } ~ � c �b ��� � i/b � h>� for � � ���� � �Y� � � � � v�� is bivariate Normal with zero meansand asymptoticcovari-
ance ����� w��>} � f � � � � with � f � � �%w+�=�(�>c �b ��� f � �b ��� � h��?� f �>}� �>� b � b � �Yf ��� � for� m��Km{� m�v��
Proof

(SeeBhansali,1978).

3. Asymptoticresults

In this section,we presenttheextensionof Piccolo’s (1989)andCor-
duas’s(1996)resultsby eliciting thedistributionof thesquaredEuclidean
distanceestimatorunderleastsquaresestimatesof theAR weights.

Theorem 2
Let � s and � s be two independentARMA processes,and let �b��  K¡�

and �bK� ¢+¡� be the leastsquare estimatesof the coefficientscorresponding
to their autoregressionfitting. Under a null hypothesis£ �{¤ b �  K¡� �b � ¢>¡� andthesameconditionsof Theorem1, theasymptoticdistributionof¥Y¦ �§ �� c � s � � s h is a linear combinationof independentChi-squaredrandom
variableswith

�
degreeof freedom.

Proof
FromTheorem1, �b��  K¡�©¨�ª c b��  K¡� � � �  #¡ h and �b�� ¢>¡�«¨�ª c b�� ¢>¡� � � � ¢>¡ h .

Following Piccolo(1989), the quantity ¥
¦ �§ �� c � s � � s h��]¬ �b �  #¡� i7�b � ¢>¡�4(®¬ �bK�  #¡� i �b�� ¢>¡�  ���#��¯° � }>± ° ² �³ ´ � where ± ° �
µ�� � � �Y� � � � � ¶ and ¶9m?v are
thepositive eigenvaluesof � and ² �³ ´ areChi-squaredrandomvariables
with · ° degreesof freedom,where· °�¸ � � ¹+µ>� sincecoincidentrootsare
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analmostimpossibleeventfor realdata.

Furthermore,asa linear combinationsof independentrandomvari-
ablesthedistributionof ºY»�¼½�¾¿+À Á�Â Ã Ä
Â Å hasmean,varianceandasymmetry
(Corduas,1992)givenbyÆ

Ç?È º
»�¼½ ¾¿ À Á Â Ã Ä Â Å É Ê�Ë�ÌÍÎ Ï>ÐYÑ Î Ç À Ò ¾ Ð Å#Ê�Ë�ÌÍÎ Ï>ÐYÑ Î Ê%Ë Ó Ô
À ÕEÅ Ã (2)

Ö=× Ô È ºY»�¼½ ¾¿+À Á Â Ã Ä
Â Å ÉdÊ�Ø�ÌÍÎ Ï>ÐYÑ ¾Î Ö=× ÔYÀ Ò ¾ Ð Å#Ê�Ù�ÌÍÎ Ï>ÐYÑ ¾Î Ê�Ù Ó ÔYÀ Ö ¾ Å Ã (3)

Ú=Û ÜYÝ È º
»�¼½ ¾¿+À Á Â Ã Ä>Â Å ÉdÊ�Þ ßË Ó Ô
À Ö ¾ Å à(áYâ ã ¾ Ó ÔYÀ Ö â Å ä (4)

4. Monte-Carloresults

In orderto checktheadequacy atfinite samplesizesof theasymptotic
resultsgivenin Theorem2, we carriedout a Monte-Carloexperimentonå Ê%æ ç�ç(ç

replicatesin GAUSS3.2. In particular, werestrictedouratten-
tion to theMA(1) andtheMA(2) models,with parameterstunedon their
correspondinginvertibility region. Nevertheless,it mustbetakeninto ac-
countthatcloseto theboundariesof suchregions,duringsimulations,it
is easyto generatemodelsthatarenot invertibleonceestimated.There-
fore,anartificial inflation of theuppertails of theempiricaldistributions
of ºY»�¼½Y¾¿ À Á Â Ã Ä Â Å is expectedin ourMonte-Carloexperiments.Finally, the
asymptoticdistributionswerecomparedby meansof descriptive statis-
ticsasthemean,standarddeviationandasymmetrycorrespondingto

À Ë(Å
,è À éYÅ

and
À ØYÅ

of Section3 respectively, to appreciatethe fitting to finite
Monte-Carlodistributions.

4.1TheMA(1)case
Let
Á Â Ê ×�Â+ê{ë(×�Â á Ð or equivalently

Á Â#ì?í Ð Á Â á ÐKî í ¾ Á Â á ¾ î ä ä ä îí ¿ Á Â á ¿ î ×�Â with
í
ï Ê ë íYï á Ð Ê ê�ë ï for ðpñ ç
ä This modelis invertible
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for ò�ó=ô7õ ô%ó(ö andfor valuescloseto theboundariesof this invertibility
region ÷Yø+ù>ú û�ü ö ý>ü þ=ÿ�� . Moreover, ÷Yø+ù+ú û ü ö ý
ü þ is symmetricin õ�� In
Table1,afew summarystatisticsreferredto theasymptoticdistributionof
theAR metric(in TimesNew Roman)andtheMonte-Carloones(in Ital-
ics)arereportedfor varioussetsof valuesof thesamplesizeandthetrun-
cationpoint, in particularú ��ö � þ��	�Yú ó 
�

ö �(þ ö ú ó���Yö �(þ ö ú �
�

ö ��þ ö ú Yó �
ö ��þ ���
In Figure1, instead,both distributionsaredepictedthroughtheir mean
valuesfor amoreimmediatevisualcomparison.

Indeedfrom BerksandBhansaliweknow that
�

mustbesetequalto
��� � � to ensureefficiency andsoit is interestingto analizetherole played
by the truncationpoint in our setting. Resultsshow that for � õ���ô�
�� �
theasymptoticandMonte-Carlomeansandstandarddeviationsarequite
closebut not theasymmetry. It follows thatany hypothesistestbasedon
suchasymptoticdistribution mayrisk to have a significancelevel higher
thanthe nominalonefor thesevalues. On the contrary, for � õ�����
�� � a
similar testwouldbemoreconservativeandlikely lesspowerful. Finally,
wemaynoticethatthecloseris thetruncationpoint to ��� � � , thegreateris
theoverall reductionin thediscrepanciesbetweentheasymptoticandthe
finite distributions(smallererrorarepointedoutby the” � ” symbol).

4.2TheMA(2)case
TheAR representationof theMA(2) modelû ü ��� ü ò õ � � ü  � ò õ ! � ü  !

hasthefollowing "Kò weights: " � �%ò�õ � ö "�#$��õ � "�#  ��% õ ! ��ü  ! for &('%ó��
This modelis invertible if ò�ó9ô�õ ! ôQó , õ ! ò7õ � ôQó and õ ! % õ � ôQó ,
and ÷
ø>ù+ú û ü ö ý
ü þ is symmetricin õ � �

A few representative couplesof valuesof õ � and õ ! , corresponding
to differentautocorrelationstructures,havebeenselectedto carryoutour
analyses.Resultsaresummarizedin Table2 for ú ��ö � þ��)�Yú ó 
�
Yö ��þ ö ú ó ���ö ��þ öú  
�
Yö �Yþ ö ú �ó �Yö �Yþ � . We notice that at the boundariesof the invertible
region, distributionsalwaysspreadout but the Monte-Carloonesmuch
morefor the samereasonsalreadycommentedin Section4. Again, the
closeris the truncationpoint to ��� � � , the better is the reductionin the
discrepanciesbetweentheasymptoticandthefinite distributions,but less
evidentpatternsdueto changesin thevaluesof theparametersõ � and õ !
canbeappreciatedhere.
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Figure1. TheasymptoticandtheMonte-Carlomeansof theARdistance
estimatorbetweenMA(1)models.
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Table1. Asymptoticandfinite resultsin theMA(1)case

*
0.1

0.3

0.5

0.7

0.9

n=100 L=5
Mean SD Asym

0.1008 0.0643 + 1.2934
0.1061 0.0685 1.3159
0.1077 0.0720 + 1.4256
0.1114 0.0758 1.5638
+ 0.1245 0.0866 + 1.4644
0.1221 0.0958 2.0862
0.1595 + 0.1119 1.4138
0.1266 0.1079 2.2356
0.2340 0.1751 1.6839
0.1344 0.1223 2.4447

n=125 L=5
Mean SD Asym

+ 0.0806 + 0.0514 1.2934
0.0832 0.0538 1.4084
+ 0.0862 + 0.0576 1.4256
0.0890 0.0604 1.5940
0.0996 + 0.0693 1.4644
0.0961 0.0747 2.1317
+ 0.1276 0.0895 + 1.4138
0.0988 0.0846 2.1706
+ 0.1872 + 0.1401 + 1.6839
0.1037 0.0918 2.0585

*
0.1

0.3

0.5

0.7

0.9

n=200 L=6
Mean SD Asym

+ 0.0605 0.0352 1.1817
0.0617 0.0372 1.4002
0.0648 0.0396 1.3028
0.0674 0.0420 1.4162
0.0756 0.0479 1.3293
0.0732 0.0522 1.8910
0.0991 + 0.0625 + 1.2651
0.0795 0.0649 2.1666
0.1548 0.1079 1.6880
0.0872 0.0770 2.3601

n=216 L=6
Mean SD Asym

0.0560 + 0.0326 + 1.1817
0.0579 0.0344 1.2738
+ 0.0600 + 0.0367 + 1.3028
0.0621 0.0391 1.3566
+ 0.0700 + 0.0443 + 1.3293
0.0684 0.0480 1.8079
+ 0.0917 0.0578 1.2651
0.0741 0.0603 2.3771
+ 0.1433 + 0.0999 + 1.6880
0.0813 0.0697 2.3094
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Table2. Asymptoticandfinite resultsin theMA(2)case

, - , .
-0.2 0.5

0.2 -0.5

0.5 -0.6

0.8 0.1

1.2 -0.7

1.5 -0.9

n=100 L=5
Mean SD Asym

0.1244 0.0878 1.5180
0.1018 0.0719 1.6878
0.1181 0.0838 1.5718
0.1101 0.0752 1.4006
0.1364 / 0.1026 1.6802
0.1232 0.1026 2.1910
0.2096 0.1551 / 1.6356
0.1234 0.1079 2.5083
0.2524 0.1871 1.5935
0.2478 0.2985 3.3986
0.4084 0.3085 / 1.6528
0.4166 0.5058 2.5536

n=125 L=5
Mean SD Asym

/ 0.0995 / 0.0703 / 1.5180
0.0802 0.0556 1.5864
/ 0.0945 / 0.0670 / 1.5718
0.0884 0.0638 1.6099
/ 0.1091 0.0821 / 1.6802
0.0976 0.0805 1.9637
/ 0.1677 / 0.1240 1.6356
0.0974 0.0859 2.6200
/ 0.2019 / 0.1497 / 1.5935
0.1976 0.2318 2.9595
/ 0.3267 / 0.2468 1.6528
0.3318 0.4024 2.6166

, - , .
-0.2 0.5

0.2 -0.5

0.5 -0.6

0.8 0.1

1.2 -0.7

1.5 -0.9

n=200 L=6
Mean SD Asym

0.0772 / 0.0496 1.3642
0.0641 0.0444 2.1085
0.0725 0.0469 1.4162
0.0676 0.0453 1.6449
0.0849 / 0.0582 / 1.4986
0.0727 0.0508 1.5775
0.1380 / 0.0947 / 1.6228
0.0804 0.0686 2.3429
0.1616 / 0.1109 / 1.5037
0.1173 0.1110 2.9364
0.2682 0.1905 / 1.6747
0.2504 0.3233 3.3163

n=216 L=6
Mean SD Asym

/ 0.0715 0.0460 / 1.3642
0.0595 0.0400 1.6045
/ 0.0671 / 0.0434 / 1.4162
0.0624 0.0421 1.6021
/ 0.0786 0.0539 1.4986
0.0684 0.0484 1.7528
/ 0.1278 0.0877 1.6228
0.0775 0.0646 2.5384
/ 0.1497 0.1027 1.5037
0.1069 0.1059 3.0031
/ 0.2483 / 0.1764 1.6747
0.2283 0.2844 3.2570
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5. Someconcludingremarks

In this work, we providedtheasymptoticdistribution of theAR dis-
tanceestimatorwhenleastsquaresestimatorsareusedfor thecoefficients
of purely nondeterministicstationaryand invertible processescompar-
isons.Thiscanbroadentheapplicabilityof testingstructuraldiscrepancy
betweentimeseriesif receivedin asoftwareroutineasproposedby Cor-
duas(2000)for maximumlikelihoodestimators.Finally, we noticethat
althoughresultsareasymptotic,they donotdeceiveatfinite samplesizes
even if the respectof all requirementson the truncationpoint is recom-
mended.
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