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Summary In this paper we studythe asymptoticdistribution of the Euclideandistance
betweentime seriesmodelsproposedby Piccolo (1984,1990)in the caseof Moving
Averageanodelscomparisonsvhenleastsquaresstimatesare usedfor the unknovn
parametersPiccoloshovedthat,whenpurely Autoregressve modelsarecomparedihe
distribution of thedistancesstimatoiis alinearcombinatiorof independen€hi-squared
randomvariables.Here,invertible Moving Averagemodelsareconsideredo show that
underthe sameassumptionstatedby Berks (1974) and Bhansali(1978) for autore-
gressve modelfitting of stationaryprocessesa similar resultholds. Somedescriptve
statisticsarethenusedto evaluatethe effectivenesof suchasymptoticresulton finite
samplessizesunderspecificmodelcomparisons.

Key words AR metric, Autoregressiorfitting, Moving Averagemodels.

1. Introduction

Sinceits introduction, the Euclideandistanceproposedby Piccolo
(1984,1990)to measurehe structuraldiscrepang betweentime series
modelledthroughthe classof admissibleARIMA models,hasbeenap-
plied successfullyto addresamary different questionssuchas, for in-
stanceclassifyingtime series(Piccolo,1984; Maharaj,1996),detecting
influentialobsenations(Corduas1990),analyzingdemographichanges
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(CorduasandPiccolo,1995)or, morerecently checkingthe adequag of
seasonahdjustmentgCorduasandPiccolo,1999)andevaluatingthe ef-
ficiengy of an environmentalmonitoring network (Costanzoand Sarno,
2000).

In orderto assesvhetheran estimatedliscrepang betweertime se-
riesis significant,oneneedsto know the sampledistribution of the AR
metric: for comparison®f purely AR modelswhencoeficientsarees-
timatedby maximumlik elihood,Piccolo(1990)shavedthatthe asymp-
totic distribution of the Euclideandistancesstimatoris a linearcombina-
tion of independenChi-squaredandomvariables;Corduas(1996) ex-
tendedthis resultto the caseof stationaryprocesseandproposecanap-
proximationof suchdistribution for easiercomputations.

In this paperwe still considetthecaseof stationaryprocessesn par
ticular of Moving Averagesmodels-but we focusour attentionon least
squarestimatesatherthanon maximumlik elihoodones.andshaw that
underthe assumptionstatedby Berks (1974) and Bhansali(1978) for
autorgressve modelfitting, a resultsimilar to Piccolo’s holds. Remark-
ablereasongor usingleastsquaresonsistof providing linearpredictions
nonparametricallyn thetime domain,besidegheir easycomputation.

In orderto evaluatetheeffectivenesatfinite samplesizeof theasymp-
totic distribution of the AR distanceestimatoy we carry out a Monte-
Carloexperiment:Moving Averaganodelsarethencomparedvhile their
parameteryary on the correspondingnvertibility regions,to allow for
thesensitvity to suchvalues.

The paperis organizedasfollows. In Section2, we introducethe AR
metric andthe autorgressiorfitting of stationarymodels.In Section3,
we shaw thattheasymptotiaistribution of the AR metricis alinearcom-
binationof independenChi-squaredandomvariables.In Section4, we
illustrate the behaiour of the AR metric underthe hypothesisof com-
parisondetweerMA(1) or MA(2) modelswhichresultsfully consistent
with a previous exploratorywork (Sarno,2000). Finally, a brief discus-
sionfollowsin Sectionb.
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2. The AR metric and the autoregressiorfitting

Following Box andJenking1976),let Z, ~ ARIM A(p,d, q)(P, D, Q)
be a stochastigprocesssuchthat ¢(B)®(B*)VIVP Z, = 0(B)O(B*)ay,
wherea; is a GaussianWhite Noise processwith zero meanand vari-
ances®. Whenf(B)O(B?*) = 0 — |B| > 1, the processs invertible
and Z, admitsthe AR( ) representatiomr(B)Zt = ay, With 7(B) =
#(B)®(b*)VIVPI~1(B)O~Y(B*) =1 - mB — mB?* —

Furthermorelet the classof invertible ARIMA modelsbedenoteoby
L. Then,giveninitial valuesandknown orders,arny processelongingto
L is fully characterizethy o? andthe AR weightssequencassociatedo
its AR(oco) formulation.

A measuref structuraldiversity betweertwo processessay X; € L
andY; € L, thatcomparegheir respectie sequencesf AR weights

o0 = (xf, 2{", )’ andr™ = (r{"), x{", )’ by meansof an Eu-

2
clideandistancejs the AR metric 4rd(X;, ¥;) = \/ 2 (nf) =)
proposeddy Piccolo(1984,1990). It follows that, consideringa corve-
nientfinite approximatiorof theabore AR(co) representationandsuit-

ableestimate®f the AR coeficientsleadsto the AR distanceastimatot

L

~ 2
ArdL(X;, YY) :\J > (ﬁ]('X) - 7?]('Y)) : 1)

=1

In this work, we investigatethe asymptoticbahaiour of suchesti-
mator when least squaresestimatesof the AR parameterssay 7, =
(A1, L2, -, 71,1), arepluggedin (1). This refersto Berkss (1974)
andBhansalis (1978)work on fitting autorgressiorof order L, while L
hasto divergewith thesamplesize,to derive asymptoticallyefficient esti-
matesof the parametersf purelynondeterminististationaryprocesses.

In particular our resultsrely uponthe following theoremwherethe
distribution of the AR coeficientsis elicitedundercommonhypotheses:

IDetaileddiscussion®n the propertiesof the AR distanceestimatorarein Piccolo
(1989;1990)andCorduag1992;1996).
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Theorem 1 (Bhansali)

Assumehat thefollowing condititionsgivenby Berks(1974)are sat-
isfied: (i) w(e™) is nonzeo, -7 < w < m; (i) E(a;) < oo; (iii)
The choice of the truncation point L in termsof time serieslengthn is
sudh that L3 /n — 0; (iv) Thechoiceof the truncationpoint L in terms
of time serieslengthn is sud that n'/2 (|agyi| + |azqe| +...) — O.
Then,the joint asymptoticdistribution of the leastsquake estimatos of
the AR coeficients,i.e. n'/2 (7r; — m) andn'/2 (7, ; — m;), for i,j =
1,2, ..., L, is bivariate Normal with zelo meansand asymptoticcovari-

anceV = {TL_IUZ'J'} ) with Vij = TLCO’U(??’L,Z', 7?L,j) = ;)_:% TpTp—itjs for
1<i<j<L
Proof

(SeeBhansali,1978).

3. Asymptoticresults

In this section,we presenthe extensionof Piccolo’s (1989)andCor-
duass(1996)resultshy eliciting thedistribution of thesquaredeuclidean
distanceestimatorunderleastsquareestimate®f the AR weights.

Theorem 2
Let X; and Y; be two independenARMA processesand let ﬁ(LX)

and ﬁ(LY) be the leastsquake estimateof the coeficientscorresponding
to their autoregressionfitting. Under a null hypothesisHj : W(LX) =
W(LY) andthesameconditionsof Theoem1, theasymptotidistribution of
4rd2 (X;, Y;) isalinear combinatiorofindependen€hi-squaedrandom
variableswith 1 degreeof freedom.
Proof

FromTheoremt, #X) ~ N(x{®, V®) andz{") ~ N(x), v)).
Following Piccolo (1989), the quantity 4rd?(X:, ¥;) = (78 — 207)'
(ﬁ(LX) - ﬁ(LY)) = 2351 AkXo,, whered, k = 1,2,...,r andr < L are
the positive eigervaluesof V' and ng areChi-squaredandomvariables
with g, degreesof freedomwhereg;, = 1, Vk, sincecoincidentrootsare
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analmostimpossibleeventfor realdata.

Furthermoreas a linear combinationsof independentandomvari-
ablesthedistribution of ARJ%(Xt, Y;) hasmeanvarianceandasymmetry
(Corduas1992)givenby:

E (ard} (X, Yy)) =2 S MERR) =23 A =24r(V),  (2)
k=1 k=1

Var (ARC/Z%(X,:, Y})) =43 NVar(x)) =8> A=8itr(V?), (3)
k=1 k=1

_3/2 \
] tr(V?), 4)

Asym (ARC/Z%(Xt; Y})) = Etr(‘ﬂ)

4. Monte-Carloresults

In orderto checktheadequayg atfinite samplesizesof theasymptotic
resultsgivenin Theorem2, we carriedout a Monte-Carloexperimenton
N = 5000 replicatesn GAUSS3.2. In particular we restrictedour atten-
tion to the MA(1) andthe MA(2) modelswith parametersunedon their
correspondingnvertibility region. Neverthelessit mustbetakeninto ac-
countthatcloseto the boundarief suchregions,during simulations it
is easyto generatenodelsthatarenot invertible onceestimated.There-
fore, anartificial inflation of the uppertails of the empiricaldistributions
of 4rd2(X,,Y,) is expectedn our Monte-Carloexperiments Finally, the
asymptoticdistributions were comparedoy meansof descriptve statis-
ticsasthe mean standardieviation andasymmetrycorrespondingo (2),

(3) and(4) of Section3 respectiely, to appreciatehe fitting to finite
Monte-Carlodistributions.

4.1 TheMA(1) case

Let X; = a; — fa;_; orequvalently X; ~ m Xy 1 + mo X3 9 + ... +
T Xe—r +a;With; = 0m;_; = —679 for j > 0. This modelis invertible
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for —1 < # < 1, andfor valuescloseto theboundarie®f thisinvertibility

region ard(X;,Y;) — oo. Moreover, 4rd(X;,Y;) is symmetricin . In

Tablel, afew summarystatisticseferredto theasymptotiaistribution of

the AR metric(in TimesNew Roman)andthe Monte-Carloones(in Ital-

ics) arereportedor varioussetsof valuesof thesamplesizeandthetrun-
cationpoint, in particulafn, L) = {(100, 5), (125, 5), (200, 6), (216,6)}.

In Figure 1, instead,both distributions are depictedthroughtheir mean
valuesfor amoreimmediatevisualcomparison.

Indeedfrom BerksandBhansaliwe know that L mustbe setequalto
n'/3 to ensureefficiency andsoit is interestingto analizetherole played
by the truncationpoint in our setting. Resultsshav that for |#] < 0.7
theasymptoticandMonte-Carlomeansandstandardieviationsarequite
closebut nottheasymmetry It follows thatany hypothesigestbasedon
suchasymptoticdistribution mayrisk to have a significancdevel higher
thanthe nominalonefor thesevalues. On the contrary for |#| > 0.7 a
similartestwould be moreconserative andlik ely lesspowerful. Finally,
we may noticethatthe closeris thetruncationpointto n'/?, thegreateris
theoverallreductionin thediscrepanciebetweertheasymptoticandthe
finite distributions(smallererrorarepointedout by the”x” symbol).

4.2TheMA(2) case

TheAR representationf theMA(2) modelX; = a; —01a; 1 —02a;_o
hasthefollowing r—weights:my = —6,, 7; = 07,1 +62a;_o for j > 1.
This modelis invertibleif -1 < 6, < 1,0, — 6, < 1andfy + 6, < 1,
and 4rd(X, Y;) is symmetricin 6;.

A few representate couplesof valuesof ¢, and#,, corresponding
to differentautocorrelatiorstructureshave beenselectedo carryoutour
analysesResultsaaresummarizedn Table2 for (n, L)={(100, 5), (125, 5),
(200, 6), (216,6)}. We notice that at the boundariesof the invertible
region, distributions always spreadout but the Monte-Carloonesmuch
morefor the samereasonsalreadycommentedn Section4. Again, the
closeris the truncationpoint to n'/3, the betteris the reductionin the
discrepanciebetweerthe asymptoticandthefinite distributions,but less
evidentpatterngdueto changesn thevaluesof the parameter$; andf,
canbeappreciatedhere.
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Figure 1. Theasymptotiandthe Monte-Carlomeansof the AR distance



Table1. Asymptotiandfinite resultsin the MA(1) case

n=100 L=5 n=125L=5

9 Mean | SD | Asym Mean | SD | Asym
0.1 0.1008| 0.0643| x1.2934| x0.0806| x0.0514| 1.2934
0.1061| 0.0685| 1.3159| 0.0832| 0.0538| 1.4084

0.3 0.1077| 0.0720| x1.4256|| x0.0862| x0.0576| 1.4256
0.1114| 0.0758| 1.5638|| 0.0890| 0.0604| 1.5940

0.5|| #0.1245| 0.0866| x1.4644| 0.0996| «0.0693| 1.4644
0.1221] 0.0958| 2.0862| 0.0961| 0.0747| 2.1317

0.7 0.1595| «0.1119| 1.4138|| x0.1276| 0.0895| x1.4138
0.1266| 0.1079| 2.2356|] 0.0988| 0.0846| 2.1706

0.9 0.2340| 0.1751| 1.6839| %x0.1872| x0.1401| x1.6839
0.1344| 0.1223| 2.4447|| 0.1037| 0.0918| 2.0585

n=200 L=6 n=216 L=6

7 Mean | SD| Asym Mean | SD| Asym
0.1 x0.0605| 0.0352| 1.1817|| 0.0560| x0.0326| %x1.1817
0.0617| 0.0372] 1.4002|| 0.0579| 0.0344| 1.2738

0.3 0.0648| 0.0396| 1.3028|| x0.0600| x0.0367| x1.3028
0.0674| 0.0420| 1.4162|] 0.0621| 0.0391| 1.3566

0.5 0.0756| 0.0479| 1.3293|| x0.0700| %x0.0443| x1.3293
0.0732] 0.0522| 1.8910|| 0.0684| 0.0480( 1.8079

0.7 0.0991| x0.0625| x1.2651|| x0.0917| 0.0578| 1.2651
0.0795| 0.0649| 2.1666|| 0.0741| 0.0603| 2.3771

0.9 0.1548| 0.1079| 1.6880| x0.1433| x0.0999| x1.6880
0.0872] 0.0770| 2.3601|f 0.0813| 0.0697| 2.3094
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Table 2. Asymptotiandfinite resultsin the MA(2) case

n=100 L=5 n=125L=5
61 | 6 || Mean| SD | Asym Mean | SD | Asym
-0.2| 0.5 ]| 0.1244| 0.0878| 1.5180|| x0.0995| x0.0703| %x1.5180
0.1018| 0.0719| 1.6878|| 0.0802| 0.0556| 1.5864
0.2]-0.5| 0.1181| 0.0838| 1.5718|| %x0.0945| x0.0670| x1.5718
0.1101, 0.0752| 1.4006|| 0.0884| 0.0638| 1.6099
0.5]|-0.6| 0.1364| x0.1026| 1.6802|| x0.1091| 0.0821| %1.6802
0.1232| 0.1026| 2.1910|| 0.0976| 0.0805| 1.9637
0.8| 0.1 || 0.2096| 0.1551| x1.6356|| x0.1677| x0.1240| 1.6356
0.1234| 0.1079| 2.5083|| 0.0974| 0.0859| 2.6200
1.2]-0.7|| 0.2524| 0.1871| 1.5935| %0.2019| x0.1497| x1.5935
0.2478| 0.2985| 3.3986|| 0.1976| 0.2318| 2.9595
1.5]-0.9|| 0.4084| 0.3085| x1.6528|| %0.3267| x0.2468| 1.6528
0.4166| 0.5058| 2.5536|| 0.3318| 0.4024| 2.6166
n=200 L=6 n=216 L=6
61 | 6, || Mean| SD | Asym Mean | SD | Asym
-0.2| 0.5 || 0.0772] x0.0496| 1.3642| x0.0715| 0.0460| x1.3642
0.0641| 0.0444| 2.1085| 0.0595| 0.0400| 1.6045
0.2 -0.5] 0.0725| 0.0469| 1.4162| x0.0671| x0.0434| x1.4162
0.0676| 0.0453| 1.6449|| 0.0624| 0.0421| 1.6021
0.5| -0.6 || 0.0849| x0.0582| x1.4986|| x0.0786| 0.0539| 1.4986
0.0727| 0.0508| 1.5775|| 0.0684| 0.0484| 1.7528
0.8 0.1 || 0.1380| x0.0947| x1.6228|| x0.1278| 0.0877| 1.6228
0.0804| 0.0686| 2.3429|| 0.0775| 0.0646| 2.5384
1.2]-0.7 || 0.1616] x0.1109| %1.5037| %0.1497| 0.1027| 1.5037
0.1173| 0.1110| 2.9364|| 0.1069| 0.1059| 3.0031
1.5]|-0.9| 0.2682]| 0.1905| x1.6747| x0.2483| x0.1764| 1.6747
0.2504| 0.3233| 3.3163|| 0.2283| 0.2844| 3.2570
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5. Someconcludingremarks

In this work, we provided the asymptoticdistribution of the AR dis-
tanceestimatomwhenleastsquaregstimatorareusedfor the coeficients
of purely nondeterministicstationaryand invertible processesompar
isons.This canbroaderthe applicability of testingstructuraldiscrepang
betweertime seriesf recevedin a softwareroutineasproposedy Cor-
duas(2000)for maximumlik elihoodestimators.Finally, we notice that
althoughresultsareasymptoticthey do notdeceve atfinite samplesizes
evenif the respectof all requirement®n the truncationpoint is recom-
mended.
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dati dipendenti”).
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