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Summary: Peelingadatasetconsistsof identifying its successivelayers,from theouter-
mostto theinnermost.It is usedfor many purposesin multivariatedataanalysis,includ-
ing dataordering,trimming,outlier detection,robustestimationof location,correlation
andprobability contours. However, existing peelingprocedures,mainly basedon the
convex hull idea,requirea remarkablecomputationaleffort (many convex hulls have to
becomputed),andcanfail with respectto theirown goalsin presenceof irregularitiesat
theboundaryof thedataregion. To overcomethesedrawbacks,noting that in practice
peelingproceduresareessentiallyusedto identify the bulk of the data,we proposea
new peelingapproachthat splits the observationsin just two layers. In particular, the
methoddistinguishesbetween

� ����� �
and � �	� � � data,identifying as � �	� � � thoseobser-

vationsthat lie closerto theboundaryregion thanto theremainder(the
� ����� �

data).It
exploits thefirst outerconvex hull anda quasi-clusteringprocedure:observationsclose
to theboundaryregionareclusterizedthroughappropriateradialprojectionsaroundthe
convex hull vertices.

Key words: Convex hull, Partial ordering,
��	� � � and
� ����� �

data.
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1. Introduction

The aim of a peelingprocedureconsistsof identifying nestedlayers
of a dataset,assigningto eachobservationanindex which considersthe
proximity of thatpoint with respectto theoutsideof thedataswarm. To
determinesuchan index, an assignedshapewith minimum volumethat
containsthedatais computed,andobservationslying on its bordertake
index valueone. Then,theprocedureis iteratedon theremainingobser-
vationsyielding a sequenceof � shapes.Datapointslying on theborder
of the 
���� � shape( 
������ � � � � � ) will take index value 
 (Green,1981).

Althoughgivengeometricshapescanbeconsidered,suchasrectan-
gles(Nath,1971),ellipses(SilvermanandTitterington,1980),or circles
(Daniels,1952),themainpeelingapproachis basedontheconvex hull of
thedata(i.e. thesmallestconvex setcontainingthem).Indeed,usuallyit
is not possibleto make assumptionson thedatasetshape,andhencethe
useof a moreflexible andconservative figuresuchastheconvex hull is
moreappropriate(Brookset al., 1988).

Convex hull peelingis usedin differentsettingsin statistics.Consid-
ering the analogybetweenthe convex hull verticesandthe extremesof
anunivariateset,it hasbeenappliedto ordermultivariatedata(Barnett,
1976;Eddy, 1981). Eddy andHartigan(1977)usedit to estimateprob-
ability densitycontours,while Bebbington(1978)exploited the peeling
to trim bivariatedatasetsin orderto obtaina robustestimateof thecor-
relationcoefficient. Recently, a bivariateboxplot basedon this kind of
methodhasbeenproposedby Zani et al. (1998),while Liu et al. (1999)
consideredconvex hull peelingwithin theframework of multivariateanal-
ysisby datadepth.

However, this peelingapproachhassomedrawbacks,relatedto the
computationaleffort (PetitjeanandSaporta,1992)andthe effectiveness
of theprocedure(DonohoandGasko, 1992).

As in the practiceof dataanalysisa completeconvex hull peeling
maybenot required,in thispaperweproposeasuitablepeelingapproach
that identify only two layers,distinguishingbetween
 ����� � and � ��� � �
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data.Themethodallows at thesametime to correctelyidentify thebulk
of the data,even under irregular datastructure,and to avoid intensive
computations.

Thepaperis organizedasfollows. In section2 wediscussconvex hull
peelingalongwith its maindrawbacks,while section3proposesadistinc-
tion between 	!�" # $ and % &�&�# $ data,giving foundationsfor our approach.
Sections4 and5 illustrateour proposalalongwith someexamples,while
final remarksfollow in section6.

2. Convex hull peeling

Convex hull peelingconsistsof computingiteratively thenestedhulls
of theset,from theoutermostto theinnermost.At eachstep,theconvex
hull verticesaredeleted,theconvex hull of the remainderis constructed
andnew verticesareidentified.Eachconvex hull in thenestedsequence
definesa deeperlayer, from theouterto the inner. As an illustration, in
Figure1 we presenta completeconvex hull peelingfor a 50 observation
datasetfrom abivariatenormaldistribution.

Somedrawbacksaffect convex hull peeling.First, thecomputational
effort for acompletepeelingof thedatais heavy, especiallywhendimen-
sionsincrease(PetitjeanandSaporta,1992).To overcomethisdrawback,
it hasbeenproposedto consideronly few nestedlayers,or to peelpro-
jecteddata.However, bothapproachescouldbemisleading.Thefirst one
is uneffectivein thecaseof multipleoutliers,while projectionscouldhide
therealstructureof thedata.

Besides,we notethat theexisting peelingprocedurescould fail with
respectto their own goals. With irregular datastructures,suchasclus-
tereddataalongtheboundaryor markedasimmetry, they assignthesame
index layerbothto observationslying on theperipheryof thedataregion
andto othersbelongingto its bulk (seealsoDonohoandGasko,1992).To
show suchaneffect,we considerthead hocsimulateddatasetdisplayed
in Figure2.
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Figure1: Simulateddataset.Completeconvex hull peeling.

Thedatasetconsistsof 200observationsgeneratedfrom amixtureof
two normaldistributions:( )+*-,/.+01( 2/3 4�5 6 7+.98:,;01( 2�3 4�< 6 7+. 6
with 4 5/=?>A@@CB 6D4 <E=?>A@�F G* GCB 6H7 =?> ) @�F I@�F I ) B F
Themixtureparameter

,
wassetto 0.10,andtheseconddistributionwas

shiftedin meanin orderto obtainasmallwell-separatedsubsample.
According to the classicalpeelingprocedure,the first seven nested

convex hulls weresuperimposedto the dataset. We notethat the same
index layer (e.g. the6-th) is assignedto observationsbelongingboth to
the peripheryand to the core of the main structureof the data. As a
consequence,if the identificationof themainstructureof thedatais the
issue,the procedurewill fail. If in addition,accordingto the practice,
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Figure 2: Theclassicalconvex hull peelingwhena clusterof data lies
on theperipheryof thescatter. Thefirst sevenlayers.

observationslying on the mostouterconvex hull layersareremoved, it
will becauseda lossof information.

To overcomethe above drawbacks,we proposea new peelingap-
proach,basedonadistinctionbetweenJ	K�L M N and O P�P�M N data.

3. QRK�L M N and O P�P�M N observations: a new peeling approach

In orderto analizeadatasetstructure,a fastandbroadorderingcould
be as useful as a completeone. In the univariatecase,Tukey (1977,
Chap.2)proposeda sort of partial order, distinguishingamongfar out,
outside,adjacentobservationsandinnervalues.In themultivariatecase,
we proposeto distinguishamongJ K�L M N and O P�P�M N observations,andwe
provide the correspondingtool to allocatethe observationsaccordingto
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sucha distinction.
We intendas S	T�U V W observationsthosefar from the restof the data

scatter, closerto its boundarythento the bulk (in somesensethey cor-
respondto thefar out andtheoutsideobservationsof Tukey’s univariate
case). As a counterpart,we call X Y�Y�V W observationsthosethat are notS T�U V W .

Accordingly, to split thedatain two layers(the S T�U V W andX Y�Y�V W ones),
we proposea new peelingapproachthat combinesthe main ideaof the
classicalconvex hull peelingprocedurewith an ad hoc quasi-clustering
method.

We identify as S T�U V W observationstheconvex hull verticesalongwith
their closestdatapoints. The X Y�Y�V W layer is thendefinedasthecomple-
mentto the S	T�U V W onewith respectto thewholedataset.

The convex hull verticesare includedin the first layer as they are
the most extremeobservationsby definition (Barnett,1976). Then we
clusterizearoundthemall the observationslying in a neighbourhoodof
theboundaryregion. In particular, pointscloserto theverticesthanto the
restof thedatawill beincludedin the S T�U V W layer.

To identify which arethe closestobservations,we considerfor each
vertex the distancesto the remainingpoints along a radial projection.
Then,alongeachof thesedirections,we look at theunivariateorderingof
thepointsfrom theclosestto the furthest.Thepresenceof Z�[ \�] , if any,
in theseunivariateorderingswill point out someemptyspacein thedata
structure,splitting the S	T�U V W observationsfrom the X Y�Y�V W ones.

This kind of peelingallows usto strip out all the S T�U V W observations
in asinglerun. In thiswayweobtainarelevantcomputationalgain,aswe
computeasingleconvex hull insteadof anestedseries.Consequently, it is
morefeasibleto performthis peelingprocedurein thecompletevariable
spacewithout relying onprojections.

Finally, we notethatour methodis ableto point out particularstruc-
tures,suchasclustersof data,on theboundaryof thedataregion. On the
otherhand,in theirabsence,the S	T�U V W layerwill consistessentiallyof the
convex hull vertices.
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4. Clustering around vertices: the algorithm

To clarify how our peelingmethodworks, we presentin detail the
algorithm,providing agraphicalillustrationof someof its steps.

Givena datasetof ^ pointsin _ dimensions̀badc e�f g h h h g e�i�jkg the
peelingalgorithmworksasfollows.

Step1: Constructtheconvex hull of ` , l�m9c `nj , andlet odaqp e�r s tug
with v wAxzy�w g bethesetof { verticesof l�m9c `nj ;

Step2: Computethe {C|}^ distancematrix ~�c o�g `njRa?p �kc v w g ��j t ,v w;x�y�w , ��a���g h h h g ^ , with ��c v w g ��jza�� e�r s/��e��	� � the distancebe-
tweenthe v w -th vertex and the � -th datapoint. Let �kc v w g � j be the row
vectorof ~�c o}g `nj , whichcollectthedistancesbetweene�r s and ek�AxC` ,��a���g h h h g ^ (notethatit is not requiredto computethecompletedistance
matrix );

Step3: For eachvertex v w , sort in ascendingorderthe �kc v w g � j vector;
call ��� � � c v w g � j the � -th elementin thesortedsequence.Thencomputethe

first differenceof thesorteddistancevectors � ��� � � f � c v w g ��j��-��� � � c v w g �	� j � ,
for ��aq�	g h h h g ^���� . For eachvectorcomputethemaximumof suchfirst
differences,andlet � r s bethecorresponding� :�	r s/a���� �/��� �� � ��� � � f � c v w g ��j��-��� � � c v w g � � j � h
For eachvertex e�r s , suchamaximumidentifiesapossible��� _ in thedata
structure,andhencea cluster, if any, of �  �¡ ¢ £ observationsaroundthe
vertex canbe selected.Let us denotewith ¤ r s sucha clusterfor the v w
vertex, v wAxzy�w .

As anillustration,Figure3 showssomeradialprojectionswith respect
to thevertex e�r s , thecorrespondingunivariateordering(on theright side
of the figure), the gap, and the cluster ¤Er s around e�r s for an artificial
bivariatedataset with different kind of �	 �¡ ¢ £ observationscreated���¥ � ¦ .

91



Figure 3: Artificial data set. §�¨ © ª�« of the proposedprocedure. The
radial projectionswith respectto thevertex ¬�­ ® (left), alongwith theuni-
variateordering, thegap,andthecluster ¯E­ ® (right).

Step4: Once ° ­ ® hasbeenidentified,determinethe clusters̄E­ ® of± ² ¨ © ³ observationsaccordingto thefollowing rules.´ µ
if ° ­ ®E¶�· , set ¯ ­ ®E¶�¸ ¬ ­ ® ¹ : in this casethemaximumgapoccursnext

to thevertex ¬ ­ ® , andhencethelatteris an ±	² ¨ © ³ observationlying
far from theothers,(seefor instanceobs. 1 in Figure4) or on the
bordernearthecoreof thedata(obs.31and112);´ ´ µ

if ·Cº�° ­ ®�ºb»¼ ½ , set ¯ ­ ®�¶?¾	¬k¿AÀ�Á�Â Ã Ä Å ´ Æ Ç È�µEÉ Á�Â Ã ® Ä Å ´ Æ Ç È	Ê µ Ë : in this
casethemaximungapoccursbeforethemedianposition,thevertex¬�­ ® is the outermostof an ±	² ¨ © ³ group(e. g. groupsaroundobs.
4 and 42), andall the observationsbeforethe gap, ¬�­ ® included,
belongto the ±	² ¨ © ³ layer;´ ´ ´ µ

if °	­ ®CÌÍ»¼ ½ , set ¯E­ ® ¶Î¸ ¬�­ ® ¹ : the maximumgapoccursafter the
medianposition in the sequenceof the sorteddistances,usually
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Figure 4: Artificial data set as in Figure 3. Ï�Ð Ñ Ò}Ó of the proposed
peelingprocedure: clusters of Ô Õ�Ð Ñ Ö datawith respectto theconvex hull
vertices.

nearthe endof the sequence(e.g. obs. 47 hasits maximumgap
with respectto obs. 112),and ×�Ø Ù is a single Ô	Õ�Ð Ñ Ö observationas
in Ú Û .

This last stepyieldshencea setof clusters,eachof themcontaining
someÔ Õ�Ð Ñ Ö observations.The Ô Õ�Ð Ñ Ö layer Ü is obtainedastheunionof
suchclusters: Ü�ÝßÞ Ø Ù à á Ù â ã Ø Ù ä�å The Ú æ�æ�Ñ Ö layer ç will beits comple-
ment: ç-ÝéèÜ .

5. Some illustrative examples

In this section,we illustrateour methodwhenthedatahave a regular
structure,andwhensuchastructurepresentseitherclusteredobservations
along the boundaryor outliers. For visual enhancement,for eachdata
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setwe computealsotheconvex hull of theobservationsbelongingto theê ë�ë�ì í
layer, andwehighlightsuchan

ê ë�ë�ì í
regionthroughashadedarea

in theplots.
To illustrate the methodwhendatado not presentirregularities,we

generated500observationsfrom anormalbivariatedistribution. Thecor-
respondingscatterplotis displayedin Figure5,alongwith theshadedarea
correspondingto the

ê ë�ë�ì í
layer.
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Figure 5: Normal data scatter. Theproposedpeelingapproach. The
shadedarea in the plot correspondsto the

ê ë�ë�ì í
layer. Theremaining

dataare ð ñ�ò ì í observations.

We notethat the ð ñ�ò ì í layer includesjust the observationslying on
the first convex hull andfew othersthinly scattered.In otherwords, in
sucha case,our approachyields resultsin agreementwith the classical
peelingprocedure.

To allow for thepresenceof unusualstructures,weconsideragainthe
datasetdisplayedin Figure2 (200observationsgeneratedfrom amixture
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of two normaldistributions). For thesedata,we recall that the classical
peelingprocedurefails, combining ó ô�ô�õ ö and ÷ ø�ù õ ö dataup to the ú û ü
layer (Figure 2). On the other hand,our proposedapproachcorrectly
selectsas ÷ ø�ù õ ö the20 clusteredobservationsplus few more(Figure6).
Thatis, themethodidentify properlythe ÷ ø�ù õ ö andó ô�ô�õ ö layer, providing
in additionacomputationalgain.
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Figure 6: Data setas in Figure 2. A clusterof data lie along the pe-
riphery of thescatter. Theproposedpeelingapproach. Theshadedarea
in theplot correspondsto the ó ô�ô�õ ö layer. Theremainingdataare ÷ ø�ù õ ö
observations.

Finally, weconsidertheBrainandBodyweightdata(Rousseeuwand
Leroy, 1987;pag.57),awell known datasetin outlieranalysis,referring
to the logarithmof thebodyandbrainweightof 28 species.Rousseeuw
andvan Zomeren(1990) in a regressionsettingidentifiedasoutliers5
observations(6, 16,25,14,and17)usingtheminimumvolumeellipsoid.
Figure7 shows the scatterplotof the dataalongwith the shadedó ô�ô�õ ö
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region accordingto our procedure.The threeclusteredoutlierson the
right, andthe othertwo atypicalobservationsbelongto the ý	þ�ÿ � � layer,
althoughasexpectedthis latterincludesother ý þ�ÿ � � observationsaswell.
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Figure 7: Brain and Bodydata. Theproposedpeelingapproach. The
shadedarea in the plot correspondsto the

� ��� � � layer. Theremaining
dataare ý þ�ÿ � � observations.

It is worthnotingthat,in thisexample,many datapointsareidentified
as ý þ�ÿ � � observations. This is dueto the sparsenessandthe regression
natureof thedata.Indeed,ourprocedurelooksfor adensecoreof thedata
scatter, anddoesnot considertheremotenessfrom a possibleregression
line.
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7. Final remarks

Our approachcan be viewed as a resistantpartial peelingmethod,
andcanbeappliedin aniterative andinteractive way asexploratoryand
diagnostictool. It canbeusedto identify andcomparethemainstructure
of differentgroupsin clusteranalysis.Moreover, it mayrepresenta first
stepin robustanalysisandtrimming procedures.

In addition, we stressthat ���	� 
 � data are not necessarilyoutliers.
However, our procedureseemsto be particularlyattractive to dealwith
suchoccurencein thedata.Indeed,outlierswill benaturallyincludedin
what we have calledthe ���	� 
 � layer. In particular, our peelingmethod
shouldbe well suitedto dealwith the maskingeffect, that occurswhen
outlier clustershidethemselvesto thesinglecasediagnostic.In fact,our
approachallows to identify candidateoutlier clustersin neighbourhoods
of theboundaryregion. Thispropertyallowsalsoto avoid thecombinato-
rial sizecomputationsrequiredby theclassicalblock-deletionprocedures
(seealsoPorzioandRagozini,2000).

Finally, it hasto be notedthat, asany convex hull basedprocedure,
ourpeelingapproachis thoughtto dealwith convex shapedatasets.This
notwithstanding,we believe that little deviation from convexity should
not compromiseits performance.In any case,althoughour approachis
particularlyeffective with heavy andsparsetail dataset,we recommend
to iteratetheprocedureif undulycomplex structuresaresuspected.

Furtherdevelopmentsof this work could involve the possibility of
consideringmorelayersthroughaniterativeuseof ourpeelingapproach.
In this wayafinerorderingof thewholedatasetcouldbeobtained.
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