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Summary Peelinga datasetconsistof identifying its successie layers from theouter

mostto theinnermost.t is usedfor mary purposes$n multivariatedataanalysisjnclud-
ing dataordering,trimming, outlier detectionyobustestimationof location,correlation
and probability contours. However, existing peelingproceduresmainly basedon the
corvex hull idea,requirea remarkablecomputationakffort (mary corvex hulls have to
becomputed)andcanfail with respecto theirown goalsin presencef irregularitiesat
the boundaryof the dataregion. To overcomethesedravbacks,noting thatin practice
peelingproceduresre essentiallyusedto identify the bulk of the data,we proposea
new peelingapproachhat splits the obsenationsin just two layers. In particular the
methoddistinguishedbetweeninner andouter data,identifying asouter thoseobser

vationsthatlie closerto the boundaryregion thanto theremainder(the inner data). It

exploits thefirst outerconvex hull anda quasi-clusteringprocedureobsenationsclose
to theboundaryregion areclusterizedhroughappropriateadial projectionsaroundthe
corvex hull vertices.
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1. Introduction

The aim of a peelingprocedureconsistsof identifying nestedayers
of adataset,assigningo eachobsenationanindex which considerghe
proximity of thatpoint with respecto the outsideof the dataswarm. To
determinesuchanindex, an assignedgshapewith minimum volumethat
containsthe datais computedandobsenationslying on its bordertake
index valueone. Then,the proceduras iteratedon the remainingobser
vationsyielding a sequencef k£ shapesDatapointslying on the border
of the: — th shapgr = 1, ..., k) will takeindex value: (Green,1981).

Although given geometricshapesanbe consideredsuchasrectan-
gles(Nath,1971),ellipses(SilvermanandTitterington,1980),or circles
(Daniels,1952),themainpeelingapproachs basedntheconvex hull of
thedata(i.e. the smallestcorvex setcontainingthem). Indeed,usuallyit
is not possibleto make assumptionsn the datasetshapeandhencethe
useof a moreflexible andconserative figure suchasthe corvex hull is
moreappropriatgBrooksetal., 1988).

Corvex hull peelingis usedin differentsettingsin statistics.Consid-
ering the analogybetweenthe corvex hull verticesandthe extremesof
anunivariateset,it hasbeenappliedto ordermultivariatedata(Barnett,
1976; Eddy, 1981). Eddy andHartigan(1977)usedit to estimateprob-
ability densitycontours,while Bebbington(1978) exploited the peeling
to trim bivariatedatasetsin orderto obtaina robustestimateof the cor-
relation coeficient. Recently a bivariateboxplot basedon this kind of
methodhasbeenproposedy Zanietal. (1998),while Liu etal. (1999)
considereadornvex hull peelingwithin theframework of multivariateanal-
ysisby datadepth.

However, this peelingapproachhassomedravbacks,relatedto the
computationakffort (Petitjeanand Saporta,1992)andthe effectiveness
of theprocedurgDonohoandGaslo, 1992).

As in the practiceof dataanalysisa completecorvex hull peeling
maybenotrequired,n this papemwe proposeasuitablepeelingapproach
that identify only two layers, distinguishingbetweeninner and outer
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data. The methodallows at the sametime to correctelyidentify the bulk
of the data, even underirregular datastructure,and to avoid intensve
computations.

Thepapers organizedasfollows. In section2 we discussonvex hull
peelingalongwith its maindravbackswhile section3 proposesdistinc-
tion betweervuter andinner data,giving foundationdor our approach.
Sectionsd and5 illustrateour proposaklongwith someexampleswhile
final remarksfollow in section6.

2. Convex hull peeling

Corvex hull peelingconsistof computingiteratively the nestechulls
of the set,from the outermosto the innermost.At eachstep,the convex
hull verticesaredeletedthe corvex hull of the remaindeiis constructed
andnew verticesareidentified. Eachcorvex hull in the nestedsequence
definesa deeperayer, from the outerto theinner As anillustration,in
Figurel we presenta completecorvex hull peelingfor a 50 obsenation
datasetfrom a bivariatenormaldistribution.

Somedrawvbacksaffect corvex hull peeling. First, the computational
effort for acompletepeelingof thedatais heavy, especiallywhendimen-
sionsincreasgPetitieanandSaporta1992). To overcomethis dravback,
it hasbeenproposedo consideronly few nestedayers,or to peelpro-
jecteddata.However, bothapproachesouldbemisleading.Thefirst one
is unefectivein thecaseof multiple outliers,while projectionscouldhide
therealstructureof the data.

Besideswe notethatthe existing peelingproceduregould fail with
respectto their own goals. With irregular datastructures suchasclus-
tereddataalongtheboundaryor markedasimmetrythey assigrnthesame
index layerbothto obsenationslying on the peripheryof thedataregion
andto othersbelongingtoits bulk (seealsoDonohoandGaslo, 1992).To
show suchaneffect, we considerthead hoc simulateddatasetdisplayed
in Figure?2.
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Figure1l: Simulateddataset.Completecorvex hull peeling

Thedatasetconsistf 200o0bsenationsgeneratedrom a mixture of
two normaldistributions:

(1 - a) @(IELU'I?E) + « @(IELU'??Z):
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Themixtureparameterr wassetto 0.10,andthe secondlistributionwas
shiftedin meanin orderto obtaina smallwell-separatedubsample.

Accordingto the classicalpeelingprocedure the first seven nested
convex hulls were superimposedo the dataset. We notethatthe same
index layer (e.g. the 6-th) is assignedo obsenationsbelongingbothto
the peripheryand to the core of the main structureof the data. As a
consequencef theidentificationof the main structureof the datais the
issue,the procedurewill fail. If in addition, accordingto the practice,

with
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Figure 2: Theclassicalcorvex hull peelingwhena clusterof datalies
ontheperipheryof the scatter Thefirst sevenlayers.

obsenationslying on the mostouterconvex hull layersareremoved, it
will be causedlossof information.

To overcomethe above dravbacks,we proposea newv peelingap-
proach basedn adistinctionbetweervuter andinner data.

3. Outer and inner observations. a new peeling approach

In orderto analizea datasetstructure afastandbroadorderingcould
be as useful as a completeone. In the univariate case, Tukey (1977,
Chap.2)proposeda sort of partial order distinguishingamongfar out,
outside adjacenbbsenationsandinnervalues.In the multivariatecase,
we proposeo distinguishamongouter andinner obsenations,andwe
provide the correspondingool to allocatethe obsenationsaccordingto
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suchadistinction.

We intend as outer obsenationsthosefar from the restof the data
scattey closerto its boundarythento the bulk (in somesensehey cor-
respondo the far out andthe outsideobsenationsof Tukey’s univariate
case). As a counterpartwe call inner obsenationsthosethat are not
outer.

Accordingly, to splitthedatain two layers(theouter andinner ones),
we proposea new peelingapproacithat combinesthe mainideaof the
classicalcorvex hull peelingprocedurewith an ad hoc quasi-clustering
method.

We identify asouter obsenationsthe corvex hull verticesalongwith
their closestdatapoints. Theinner layeris thendefinedasthe comple-
mentto the outer onewith respecto thewhole dataset.

The corvex hull verticesare includedin the first layer asthey are
the most extreme obsenationsby definition (Barnett,1976). Thenwe
clusterizearoundthemall the obsenationslying in a neighbourhooaf
theboundaryregion. In particular pointscloserto theverticesthanto the
restof thedatawill beincludedin the outer layer.

To identify which arethe closestobsenations,we considerfor each
vertex the distancedo the remainingpoints along a radial projection.
Then,alongeachof thesedirectionswe look attheunivariateorderingof
the pointsfrom the closestto the furthest. The presencef gaps, if any,
in theseunivariateorderingswill point outsomeemptyspacen the data
structure splitting the outer obsenationsfrom theinner ones.

This kind of peelingallows usto strip out all the outer obsenations
in asinglerun. In thiswaywe obtainarelevantcomputationagain,aswe
computeasingleconvex hull insteadf anestedseries.Consequentlyt is
morefeasibleto performthis peelingproceduren the completevariable
spacewithoutrelying on projections.

Finally, we notethat our methodis ableto point out particularstruc-
tures,suchasclustersof data,on the boundaryof the dataregion. Onthe
otherhand,in theirabsencetheouter layerwill consistessentiallyof the
corvex hull vertices.
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4. Clustering around vertices. the algorithm

To clarify how our peelingmethodworks, we presentin detail the
algorithm,providing a graphicalillustration of someof its steps.

Givena datasetof n pointsin p dimensionX = (xy,...,x,), the
peelingalgorithmworksasfollows.

Stepl: Constructhecorvex hull of X, CH (X), andletV = {x;:} ,
with i* € I*, bethesetof v verticesof CH (X);

Step2: Computethev x n distancematrix D (V,X) = {d(i*, j)},
e I*, j =1,...,n, with d(i*,j) =[x+ —x;]|, the distancebe-
tweenthe ¢*-th vertex and the j-th datapoint. Let d(i*,-) be the row
vectorof D (V, X), which collectthedistancebetweernx;- andx; € X,
j =1, ...,n (notethatit is not requiredto computethe completedistance
matrix);

Step3: For eachvertex i*, sortin ascendingrderthed(i*, -) vector;
call dg (i*, ) the k-th elementin the sortedsequenceThencomputethe
first differenceof thesorteddistanca/ectors[d(k+1)(z’*, J) — dgy (%, j’)] :
for k = 1,...,n — 1. For eachvectorcomputethe maximumof suchfirst
differencesandlet k;« bethecorresponding:

ki« = arg mI?,X [d(k+1) (7,*,]) — d(k) (7,*,]’)] .

For eachvertex x;«, sucha maximumidentifiesa possiblegap in thedata
structure,and hencea cluster if ary, of outer obsenationsaroundthe
vertex canbe selected.Let us denotewith C;« sucha clusterfor the ¢*
vertex, i* € I*.

As anillustration,Figure3 shavs someradialprojectionswith respect
to thevertex x;-, the correspondinginivariateordering(on theright side
of the figure), the gap, and the cluster C;« aroundx;- for an artificial
bivariatedataset with differentkind of outer obsenationscreatedad
hoc.
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Figure 3: Artificial dataset. Step 3 of the proposedprocedue. The
radial projectionswith respecto thevertex x;- (left), alongwith the uni-
variate ordering thegap,andtheclusterCj- (right).

Step4: Oncek;- hasbeenidentified, determinethe clustersC;- of
outer obsenationsaccordingto the following rules.

i) iIf ks =1, setCy = {x;« }: in this casethe maximumgapoccursnext
to thevertex x;-, andhencethelatteris anouter obsenationlying
far from the others,(seefor instanceobs. 1 in Figure4) or on the
bordernearthe coreof thedata(obs.31and112);

ii) if 1< ki < $n, setCi = {x;: dgy(i*,5) < dge)(6%,5) }: in this
casethemaximungapoccursheforethemedianposition,thevertex
x;+ IS the outermostof anouter group(e. g. groupsaroundobs.
4 and 42), and all the obserationsbeforethe gap, x;« included,
belongto theouter layer;

wi) if ki > in, setCi = {x}: the maximumgap occursafter the
medianposition in the sequenceof the sorteddistancesusually
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Figure 4: Artificial data setasin Figure 3. Step 4 of the proposed
peelingprocedue: clustess of outer datawith respecto the corvex hull
vertices.

nearthe end of the sequencde.g. obs. 47 hasits maximumgap
with respecto obs. 112),andx;- is a singleouter obsenationas
in ).

This last stepyields hencea setof clusters,eachof themcontaining
someouter obsenations. The outer layer O is obtainedasthe union of
suchclusters:O = U;-c1-{Ci<}. Theinner layerZ will beits comple-
ment:Z = O.

5. Someiillustrative examples
In this section,we illustrateour methodwhenthe datahave a regular

structureandwhensuchastructurepresentgitherclusterecbsenations
alongthe boundaryor outliers. For visual enhancementior eachdata
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setwe computealsothe corvex hull of the obsenationsbelongingto the
inner layer, andwe highlight suchaninner regionthroughashadedrea
in theplots.

To illustrate the methodwhen datado not presentrregularities,we
generate®00obsenationsfrom anormalbivariatedistribution. Thecor-
respondingscatterplots displayedn Figure5, alongwith theshadedrea
correspondingo theinner layer.

Figure 5: Normal data scatter The proposedpeelingapproad. The
shadedareain the plot corresponddo the inner layer Theremaining
dataare outer observations.

We notethatthe outer layerincludesjust the obsenationslying on
the first corvex hull andfew othersthinly scattered.In otherwords,in
sucha case,our approactyields resultsin agreementvith the classical
peelingprocedure.

To allow for thepresenc®f unusuaktructuresye consideragainthe
datasetdisplayedn Figure2 (200obsenationsgeneratedrom a mixture
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of two normaldistributions). For thesedata,we recall that the classical
peeling procedurefails, combininginner and outer dataup to the 6

layer (Figure 2). On the other hand, our proposedapproachcorrectly
selectsasouter the 20 clusteredobsenationsplus few more (Figure6).

Thatis, themethoddentify properlytheouter andinner layer, providing

in additiona computationagain.

Figure 6: Data setasin Figure 2. A clusterof datalie along the pe-
riphery of the scatter Theproposedpeelingapproadc. Theshadedarea
in the plot corresponddo theinner layer Theremainingdataare outer
observations.

Finally, we consideithe Brain andBody weightdata(Rousseeuvand
Leroy, 1987;pag.57),awell known datasetin outlier analysisyeferring
to thelogarithmof the body andbrainweightof 28 species Rousseeuw
andvan Zomeren(1990)in a regressionsettingidentified as outliers 5
obsenations(6, 16,25, 14,and17) usingthe minimumvolumeellipsoid.
Figure 7 shaws the scatterplotof the dataalongwith the shadedinner
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region accordingto our procedure. The three clusteredoutlierson the
right, andthe othertwo atypicalobsenrationsbelongto the outer layer,
althoughasexpectedhislatterincludesotherouter obsenationsaswell.

17 250

Log Brain Weigth
0

T T T
o 5 10

Log Body Weigth

Figure 7: Brain and Bodydata. The proposedpeelingapproad. The
shadedareain the plot corresponddo the inner layer Theremaining
dataare outer observations.

It is worth notingthat,in this example mary datapointsareidentified
asouter obsenrations. This is dueto the sparsenesandthe regression
natureof thedata.Indeed our procedurdooksfor adensecoreof thedata
scattey anddoesnot considerthe remotenesfrom a possibleregression
line.
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7. Final remarks

Our approachcan be viewed as a resistantpartial peelingmethod,
andcanbe appliedin aniterative andinteractve way asexploratoryand
diagnostidool. It canbeusedto identify andcomparehemainstructure
of differentgroupsin clusteranalysis.Moreover, it mayrepresenafirst
stepin robustanalysisandtrimming procedures.

In addition, we stressthat outer dataare not necessarilyoutliers.
However, our procedureseemdo be particularly attractve to dealwith
suchoccurencen thedata.Indeed,outlierswill be naturallyincludedin
what we have calledthe outer layer In particular our peelingmethod
shouldbe well suitedto dealwith the maskingeffect, that occurswhen
outlier clustershidethemselesto the singlecasediagnostic.In fact,our
approachallows to identify candidateoutlier clustersin neighbourhoods
of theboundaryregion. This propertyallows alsoto avoid thecombinato-
rial sizecomputationsequiredby theclassicablock-deletiorprocedures
(seealsoPorzioandRagozini,2000).

Finally, it hasto be notedthat, asarny corvex hull basedprocedure,
our peelingapproachs thoughtto dealwith corvex shapedatasets.This
notwithstandingwe believe that little deviation from corvexity should
not compromisdts performance.Iln ary case althoughour approachs
particularlyeffective with heary andsparsdail dataset,we recommend
to iteratethe proceduref undulycomple structuresaresuspected.

Furtherdevelopmentsof this work could involve the possibility of
consideringnorelayersthroughaniterative useof our peelingapproach.
In this way a finer orderingof thewhole datasetcouldbe obtained.

AdknowledgmentOur work wassupportedy fundsfrom the MURST.
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