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SummaryWe derive someapproximationgor theasymptotiozarianceof theMaximum
Lik elihoodestimatorfor the parameteof the InverseHypergeometricandomvariable.
For moststatisticalmodels the asymptoticvarianceis usuallyderived after somealge-
braic manipulations.In this paper we show thatthis lengthycalculationscanbe over-

comeby simpleandaccuratdinear approximations.The interestfor this resultarises
from a statisticalmodelfor preferenceshat hasbeenrecentlyproposedor evaluation
studies preferencesnalyseandmarketingresearches.
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1. Introduction

ThelnverseHypeigeometriqIHG) randomvariableis adiscreteprob-
abilistic modelfirstly discussedn Wilks (1963,pp. 141-143)andfully
developedby Guenther(1975). As for mostof the discretemodels,the
IHG randomvariableis generatedy consecutie draving of ballsfrom
anurnthatcontainsa known compositionof colouredballs.
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In fact,while the BinomialandHypeigeometricandomvariablesare
generatedyy drawing afixed numberof balls (with andwithout replace-
ment, respectrely), the InverseBinomial and Inverse Hypeigeometric
randomvariablesaredefinedasthe numberof drawings (with andwith-
out replacementrespectiely) necessaryn orderto achieve a prefixed
numberof balls. In this senseBinomial andHypeigeometricprobabilis-
tic modelsreferto a directdraving while InverseBinomial and Inverse
Hypeilgeometriaeferto aninversedraving. As pointedout by Wilks, the
inverseschemeof drawing canbe interpretedasa discretewaiting time
modeling.

Theinterestin modelingproceduredor the preferencesasrecently
arisenin theliteratureasit is shavn by theworks by Marden(1995)and
Taplin (1997). In this area,D’Elia (1999;2000)hasproposedo usethe
IHG randomvariableto modelthe preferenceshata sampleof subjects
expressesowardsanorderedcollectionof objects.

In fact, the IHG randomvariable can be definedas the numberof
dravingsnecessaryn orderto achiare a “first success”this numbercan
beinterpretedastherankassociateavith anitemin a setof orderedob-
jects,servicesprandsppinions,etc. Also, the performancef the model
hasbeensuccessfullyexploitedin mary fieldsfor the evaluationof peo-
ple, methodsandstructuregD’Elia, 2001).

The paperis organizedasfollows. In the next section,we discusghe
probabilisticimplicationsof the IHG randomvariable;then,in section
3, we derive the asymptoticvarianceof the maximumlik elihood (ML)
estimatorof the parameteof interestproviding somerecursve formula.
Then,in section4, we develop an approximationfor this varianceand
discusdts accurag.

2. The probabilistic model and itsimplications

In aseriesof consecutie dravingswithoutreplacemenof ballsfrom
anurn containingB white ballsandm — 1 not-whiteballs, we defineR
asthe numberof dravings necessaryo firstly obtaina white ball. Of
coursethesupportof Ris {1, 2,...,m} dependingn the circumstancéf



thewhite ball is dravn atfirst, ..., or at mostafterm drawings.
For a fixed m, the samplespaceconsistsof a partition of ("""

m—1
equiprobablelementaryeventsand (°*~1~") of themgeneratexactly
theevent(R =r), r = 1,2,...,m. Thus,the probability massfunction

is givenby:

PT(RZT)Z%

,r=12..,m.

This expressiorcanbeinterpretedn a straightway since:
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Theseresultsconfirmthestructureof therandomexperimentandthey
shaw thatary probabilityis a functionof theratio B/ (B +m — 1), that
is the probability of drawving a white ball firstly. In a preferencanodel,
this expressions the probability of the bestselection(R = 1) of anitem
amongm similar items. Thus,we definethis quantityasthe preference
parametepf the modelby letting:

B

Then,in thefollowing, for afixedm, were-parameterizéhelHG random
variableby meansof the § parametemsteadof B.

This stepdeseressomecomments.We introducedthe parametei3
asthe (discrete)numberof white ballsin the urn, so thatthe parameter
spaceof BisQ(B) = {B: B =0,1,2,...}. Ontheotherend,we are
now introducing#, which is a probability, asa (continuous)parameter
expressinghelikelihoodof the event,andthenthe parametespaceof ¢
isQ)={0: 0<0 <1},



To overcomethe problem,for ary fixedm, we introduceatheoretical
urnsuchthat,forany 8 € (0, 1], thereexistsa B* suchthat ﬁ;_ﬁﬂ <
¢, for any smalle > 0. If B* is aninteger numberthenthe urn hasa
physicalmeaning;otherwise the modelrefersto an unfeasibleurn with
arealnumberof B* white balls. In this paperthe IHG randomvariable
will be examinedin term of the preferencgarametef andatheoretical
urn systemwill beassociatedo it.

An immediateadvantageof this approachis that the preferencepa-
rameteris invariantwith respectof the numberof items; thus,we could
comparethe degreeof preferencdor differentobjects,brands,profes-
sions,colours,andsoon.

After somealgebrathenew parameterizatiors thefollowing:

8, r=1;
(L —0) i (m—s—1+s0)",r=2,...,m

r—1

wheree, =[[._; (m—s)=(m—-1)!/(m—-r)!,r=2,...,m.
Alternative parameterizationsan be derived. For instance,oneis
givenby:

(m—s)(1-90) .
m—1—s(1-0)|’

=1,2,...,m;

r—1
Pr(R=r)=286 [,,7(7“:1)+,,7(7“7é1) H

s=1
whereJ (.) is theindicatorfunction:

T(4) = {1, if theconditionA is true;

0, if theconditionA is false.

Noticethat,from a computationapointof view, it is moreefficientto
introducetherecursve formula:
Pr(R=1) =0,
Pr(R=r+1)=Pr(R=r)(1-90)

m-—r .
m—r—1+70"

1,...,m—1.
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Fromthe previous expressionwe deducethatthe IHG randomvari-
ablehasamodeeitherin R = 1,if # > 1/m,orin R =m, if § < 1/m.
If # = 1/m, thentheHG randomvariablecoincideswith adiscreteUni-
form randomvariabledefinedover the support{1, 2, ...,m}. Thus,the
IHG randomvariabledistributionis:

i) amonotonedecreasindunctionwhené > 1/m (positve asymme-
try);

ii) amonotoneancreasingunctionwhend < 1/m (negatveasymme-
try);

iii) a symmetricconstantistribution over the first m integerswhen
6=1/m.

Themeanvalueandthevarianceare,respectrely:

m—0 Var () = (m—1)>(m—60)6(1—16)

= T oy S0P 240 (m—3)]

At this point, it is usefulto derive explicitely the probability distri-
butionsof the IHG randomvariablesfor the first valuesof m. They are
shavnin theTablelform = 1,2, ..., 5.

Firstof all, we notethatthecasemn = 1 refersto adegenerateandom
variablethatassumesghevalue(R = 1) with probability 1, sinceit refers
to anurn consistingof B white balls,sothatf = 1.

Then, the casem = 2 refersto a Bernoulli trial (“success-ilure”
system,or anurn with 2 balls oneof which is white). The [HG random
variableis definedasthe numberof dravings necessaryor afirst “suc-
cess’(thatis thedrawing of awhite ball). Thus,its supportis {1, 2} with
aprobabilitydistribution definedby:

Pr(R=1)=6; Pr(R=2)=1-90.



Table 1. Probability distributions,meanvalueandvariancefor the
Hypegeometricrandomvariables,m=1,2,...,5.

m=1| m=2 m=3 m=4 m =3
Pr(R=1)| 1 0 0 0 0
— 20(1-0) 30(1-0) 0(1-0)
Pr(R=2) 1-0 (110) (2+0) (3+0)
_ (1-6)° 66(1—6)> 66(1—0)>
Pr (R = 3) [110) (2+0)(L+20) (146)(346)
_ 2(1-6) 126(1-6)
Pr (R =4) 2+0)(1+20) | (i58)(1130)(310)
— 3(1—-6)*
Pr(R=05) (110)(1+30)(3+0)
Pr(R =06)
Pr(R=T)
= =9 57
S AN SILr B g L
Var (R) 0 6(1 - 0) (1+6)° (246)(1+26)> (1+6)(1+36)*

TherandomvariableR is a shiftedBernoulli randomvariablein the
sensehatif X ~ Ber () thanR = 2 — X. The meanvalueandthe
varianceare:

E(R)=2—-6; Var(R) =6(1 —6).

Thecasem = 3 hasbeenfully discussedby Piccolo(2000)asacon-
venientmodelfor rankingpreferences mary political andsociological
fields. For this distribution it is possibleto derive an explicit expression
for theML estimatorof the preferencgparameterMoreover, themoment
generatindgunctionis:

et

G(t) = 1+0{9+[9+et(1—0)]2},

andthemeanvalueandthevarianceare:

E(R) = 150 Var (R) =



The casem = 4 is quite commonin evaluationstudies,mostly in
EducationandMarketing,whererespondentareaskedto chooseamong
two ordereddisagreemenand two orderedagreemenanswers. Some
experiencehave shavn thatwhenthe numberof alternatvesis evenand
small,anamountof undesirablevariability canmaskthe realagreement
of thesubjectssinceanunknown proportionof indifferenceanswersnay
beuncorrectlyreportedaslikenesor disagreement.

Finally, we find interestingto relatethe IHG randomvariableto an
index of positive evaluation(IVP), definedas the relative frequeng of
respondentsvhich agreewith the serviceto berated. This measuréhas
beenrecentlyadoptedby official institutions(asthe Italian Ministry of
EducationUniversityandResearchfor instance).

Then,whenthescaleis ratedonm points:

IVP="Pr(R< [%D

Somecurrentstudiessetm = 4 whichimplies:

IVP=Pr (R<2).

Thus, if we adoptthe IHG randomvariableasa coherentprobabilistic
tool for modelingthe ranks,it is immediateto derive the following for-
mulas:

(5 —20)
wp=—-"—"="
v 2+6
1
0:1[(5—IVP)—\/(5—IVP)2—161VP :

Thisshovstheone-to-oneelationshigbetweerthe IV P measurand
the preferencgaramete# of thelHG randomvariable.



3. Maximum likelihood estimation of the preference parameter

In thissectionwe discusghe ML estimatiorof thepreferencgaram-
eterof the IHG randomvariableandderive the formulasfor the asymp-
totic varianceof its estimator

Let p, (8) = Pr (R = r|f), andconsiderthe randomsampleof ob-
senedranks(ry, 72, ..., 7, ). Thelatterconveys anamountof information
aboutthe parameted equivalentto that of the samplecollectionn =
(n1,n2, ..., nym)" of theabsolutdrequenciesf theranks(R = 1), (R = 2),
...,(R = m), respectiely.

Thus,thelog-likelihoodfunctioncanbewritten as:

L(O;m) =) nelog (p: (6)).

D’Elia (2002) shoved thatthe ML estimator7,, of 4 is alwayswell
definedsinceit is the uniquesolutionof an (m — 1)-degreepolynomial
equationin 6, beingf € Q(f) = {6 : 0 < # < 1}. This solutioncan
be found analitically for m < 5, althoughit hasa simpleform only for
m = 3 (Piccolo,2000).

Exploiting standardesultsontheML estimation(Serfling,1980),the
asymptoticvarianceof T,, canbederivedby the Cranértheorem:

-1
1 (< {2 (0))
Var (T,) = — r .
=3 (; pr ()

Becauseof the consisteng of the ML estimatorand the continuity of

pr (8), we canuseVar (T;,) for asymptotianferenceaboutf.
The previous formula canbe evaluedefficiently by recursion.Given
m, it is possibleto computejointly the probabilitiesp, (), their deriva-

tives pl. (A) with respecto ¢, andthe addends, (§) = %. Some
simplebut lengthyalgebrayieldsthe following recursion:

gr+1=ATgT,7"=1,2,...,m—1;
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wherefor r =1,2,...,m — 1:

o (0)
g, = p; (0) )
Ur (0)
a, (0) 0 0
A, =|a.(8) a (0) 0 ;
a3 2d.(0) a (6)
m-—r
r =(1- ;
ar (60) = ( e)m—r—l—i-rﬁ

—(m—r)(l-i—r—rﬁ).

ar (0) = (m—r—1+r0)2

We obsenre that the asymptoticvarianceVar (T,,), for m > 2, in-
cludesthefactorf (1 — ) /n. Thus,it is corvenientto remove it before
studyinganapproximation.

The Table 2 shovs the quantities gy, (0) = 575V ar (T,) for m =
2,3, ...,5. Theseexpressionhave beenobtalneéby a procedurewrltten
in the MapIeV languag&reportedn Appendix).

Table 2. Factorsin the asymptotiovarianceof the ML estimator

9m (0) = gaegVar (Tn)

1

0%24+20+1
0243
40* 12003 1+330% +200+4
40% 1203 133021200--22
90517805 +2470% 135605124702+ 780+9
906112051+ 14504 422403 13790211806+ 75

o] oo 3




4. A simple approximation for the asymptotic variance

Although recursve expressionscan be derived for arny m, they are
rathercumbersoméo be usedin theinferentialproceduregcommonsit-
uationsrangeup to m = 14, for instance).Thus,our next objective s to
derveasimpleandeffective expressiorfor theasymptotiosarianceof the
ML estimatorfor m > 4. In fact,we excludefrom theanalysisthe cases
m = 2 andm = 3, sincethe expressiondor the asymptoticvarianceis
very simpleand,of courseijt is bestthanary approximation.

Somealgebraicconsiderationsupportthe following statements:

i) the quantitiesy,, (6) aretheratio of two homogenougolynomials
of degree2 (m — 2);

i) theleadingcoeficientsof thesepolynomialsarethe same;

iii) the polynomialin the numeratoris always symmetricsinceit is
the productof the squareof simpleexpressions;

iv) g, (1) =1,Ym=2,3,..;

V) g (0) 9 ¢ > 0,for m » oo;

vi) althoughthe numericalvalueof the coeficientsincreasesvith the
degree of the polynomials,the numeratorand the denominatorof the
quantitiesg,, (#) are boundedsincethey are linear combinationsof the
variabled which belongsto (0, 1];

vii) thefunctionsg,, (§) arewell approximatedy linearrelationships
over thewholerangeof Q(6), with coeficientsdependingoy m, asthe
Figurel shavsform = 4,5, ..., 15.

Then,the last consideratiorsuggestgo regress,for m = 4,5,...,15
(say),the exact g,,, () on the approximationg,, (6) = A, + B0, over
somediscreterange(f# = 0.001,...,0,999). Of course,sincewe need
gm (1) = 1, thecoeficientsareconstrainedy A4,, + B,, = 1.
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Figure 1. Plotsof thefunctiong,, (¢), for m=4,5, ...,15.
Theresultsarequite encouragingndbriefly summarizedy the fol-

lowing points:
i) thesimplestandbestresultwe obtaineds thefollowing:

/g\m(e)r:l_Bm(l_e);

B,, = 0.992958 — 0.087813m ™! — 2.673147m 2.

i) for any m = 4,5,... the goodnessf fit of this approximation
increasesjuickly startingfrom R? = 0.996 whenm = 4;
i) in theworstcase(m = 4), we obtained:
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|Gm (8) — Gim (6) | < 0.00489

which confirmsthatour approximations uniformly accurate;

iv) a graphicalevidenceof the fitting quality of our proposalis dis-
playedin the previousFigure2, wheretheasymptoticvariancesandtheir
approximationsg,, (6) (1 — ), form = 4,5, ...,15, areplotted.

Figure 2. A comparisoramongasymptotiozariancesandtheir linear
approximationsfor m=4,5,...,15.

Finally, we obsene thatwe have excludedthe sizen from the previ-
ousconsiderationThus,sincethe samplesizeis generallymoderatethe
absolutevalueof the errorimplied by our approximations substantially
smallerin realcasestudies.
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5. Concluding remarks

In this paperwe proposedanapproximatdormulationfor theasymp-
totic varianceof the ML estimatorof the parameteof the IHG random
variable. Specifically we suggestedo operatefollowing a mixed strat-
egy:

i) if m = 2,3, it is corvenientto applytheexplicit expressiongor the
asymptoticvarianceof T;,, asthey areshowvn in the Tablel;

i) if m > 4, it is corvenientto approximatehe asymptoticvariance
by alinearfunctionwith varyingcoeficients.

Thefitting we obtaineds very good. Of coursejt couldbeimproved
by studyingthedifferencey,, (#) — 4., (#), whichis clearlyautocorrelated
asit often happensavhenonefits mathematicafunctions. However, we
believe thatthe increasen the goodnes®f the approximationswill not
be balancedy the costof morecomplex expressions.
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Appendix

Maple V procedurefor computingthe asymptoticvarianceof the
maximumlik elihood estimatorof the preferenceparameteiin the Hy-
pelgeometricandomvariable for m fixed.

> varexact:=proc(m)

> local prob, ader, r, varianza, VvV, uuu, Www;
> global th;

> prob[1]:=th;
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> ader:=1/th;

> for r from 1 to m-1 do

> prob[r+1]:=prob[r]*(1-th)*(m-r)/(m-r-1+r+*th);
> ader:=ader+normal (((diff (prob[r+1],th))"2)/(problr+1]1));
> od;

> varianza:=1/ader;

> vvv:=simplify(varianza)/((-th)*(-1+th));

> uuu:=sort(normal (vvv,’expanded’)) ;

> www:=th*(1-th) *uuu; print (www) ;

> end:
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