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Summary: Wederivesomeapproximationsfor theasymptoticvarianceof theMaximum

Likelihoodestimatorfor theparameterof theInverseHypergeometricrandomvariable.

For moststatisticalmodels,theasymptoticvarianceis usuallyderivedaftersomealge-

braicmanipulations.In this paper, we show that this lengthycalculationscanbeover-

comeby simpleandaccuratelinear approximations.The interestfor this resultarises

from a statisticalmodelfor preferencesthathasbeenrecentlyproposedfor evaluation

studies,preferencesanalysesandmarketingresearches.
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1. Introduction

TheInverseHypergeometric(IHG) randomvariableis adiscreteprob-
abilistic modelfirstly discussedin Wilks (1963,pp. 141-143)andfully
developedby Guenther(1975). As for mostof the discretemodels,the
IHG randomvariableis generatedby consecutive drawing of balls from
anurn thatcontainsaknown compositionof colouredballs.

0Per problemi tipografici occorsinel Vol. 3, si ristampail lavoro. La citazione
correttaè quindi: PiccoloD. (2001),Quadernidi Statistica, 3, 215-229;ristampain
Quadernidi Statistica, (2002)4.
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In fact,while theBinomialandHypergeometricrandomvariablesare
generatedby drawing a fixednumberof balls(with andwithout replace-
ment, respectively), the InverseBinomial and InverseHypergeometric
randomvariablesaredefinedasthenumberof drawings(with andwith-
out replacement,respectively) necessaryin order to achieve a prefixed
numberof balls. In this sense,Binomial andHypergeometricprobabilis-
tic modelsrefer to a direct drawing while InverseBinomial andInverse
Hypergeometricreferto aninversedrawing. As pointedoutby Wilks, the
inverseschemeof drawing canbe interpretedasa discretewaiting time
modeling.

The interestin modelingproceduresfor thepreferenceshasrecently
arisenin theliteratureasit is shown by theworksby Marden(1995)and
Taplin (1997). In this area,D’Elia (1999;2000)hasproposedto usethe
IHG randomvariableto modelthepreferencesthata sampleof subjects
expressestowardsanorderedcollectionof objects.

In fact, the IHG randomvariablecan be definedas the numberof
drawingsnecessaryin orderto achievea “first success”:this numbercan
beinterpretedastherankassociatedwith anitem in a setof orderedob-
jects,services,brands,opinions,etc.Also, theperformanceof themodel
hasbeensuccessfullyexploitedin many fields for theevaluationof peo-
ple,methodsandstructures(D’Elia, 2001).

Thepaperis organizedasfollows. In thenext section,wediscussthe
probabilisticimplicationsof the IHG randomvariable; then, in section
3, we derive the asymptoticvarianceof the maximumlikelihood(ML)
estimatorof theparameterof interestproviding somerecursive formula.
Then, in section4, we develop an approximationfor this varianceand
discussits accuracy.

2. The probabilistic model and its implications

In aseriesof consecutivedrawingswithout replacementof ballsfrom
anurn containing

�
white ballsand ����� not-whiteballs,we define �

asthe numberof drawings necessaryto firstly obtaina white ball. Of
course,thesupportof � is ����	 
�	 � � � 	 �� dependingonthecircumstanceif
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thewhiteball is drawn at first, ..., or at mostafter � drawings.
For a fixed � , the samplespaceconsistsof a partition of � �������������� �

equiprobableelementaryeventsand � ��������� �������� � of themgenerateexactly
theevent � �������� ��!�#"� $� % % %  � . Thus,the probability massfunction
is givenby:

& �'� �����(��� � ��������� �������� �� ������������)� �  ��*�+"( $� % % %  �,%
Thisexpressioncanbeinterpretedin a straightwaysince:& �-� ���+" ���/..�0 �213"54 & �'� ����$��6� �217".�0 �813" ..�0 �217$94

& �'� ����:��6� �213".�0 �217" �817$.�0 �217$ ..�0 �21;:64 % % % %
Theseresultsconfirmthestructureof therandomexperimentandthey

show thatany probability is a functionof theratio .=< � .�0 �213" � , that
is theprobability of drawing a white ball firstly. In a preferencemodel,
this expressionis theprobabilityof thebestselection� �+��"(� of anitem
among� similar items. Thus,we definethis quantityasthepreference
parameterof themodelby letting:& �'� ���+"(�6�/..�0 �217" �3>�%
Then,in thefollowing, for afixed � , were-parameterizetheIHG random
variableby meansof the > parameterinsteadof . .

This stepdeservessomecomments.We introducedtheparameter.asthe (discrete)numberof white balls in the urn, so that the parameter
spaceof . is ?*� . �*��@ .BA*. �2C� "� $� % % % D . On theotherend,we are
now introducing > , which is a probability, asa (continuous)parameter
expressingthelikelihoodof theevent,andthentheparameterspaceof >
is ?*� >����+@ > A CFE3>FG�"�D .
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To overcometheproblem,for any fixed H , we introducea theoretical
urnsuchthat,for any IFJLK M)N O P , thereexistsa QSR suchthat TVU5WU W X�Y�Z�[(\ I�T�]^ N for any small ^,_ M . If QFR is an integer numberthenthe urn hasa
physicalmeaning;otherwise,themodelrefersto anunfeasibleurn with
a realnumberof QSR white balls. In this paper, theIHG randomvariable
will beexaminedin termof thepreferenceparameterI anda theoretical
urn systemwill beassociatedto it.

An immediateadvantageof this approachis that the preferencepa-
rameteris invariantwith respectof thenumberof items;thus,we could
comparethe degreeof preferencefor differentobjects,brands,profes-
sions,colours,andsoon.

After somealgebra,thenew parameterizationis thefollowing:`*a K b�c a(d c e I�N a c+O(fg h I-K O \ I d h Z)[ji h Z�[k l [ K H \7m-\ O-n m I d Z)[ N a c�o�N p p p N Hf
whereg h c i h Z�[k l [ K H \Lm d cqK H \ O d�r s K H \ a(d�r N a c�o�N p p p N H .

Alternative parameterizationscan be derived. For instance,one is
givenby:t'u'v w7xyu(z9x;{F| }7v u~x7� z��y}Lv uS�x7� z h Z�[�k l [

v �+�� z)v ���!{(z�+�,����6v ���{(z �~� u~x7� � ��� � � � � �!�
where �+K p d is theindicatorfunction:

�qK � d c e O , if thecondition � is � a(��� ;M , if thecondition � is ����� m � p
Noticethat,from acomputationalpointof view, it is moreefficient to

introducetherecursive formula:`*a K b�c�O d c3I�f`*a K b�c a n3O d c `*a K b�c a�d K O \ I d H \ aH \ a \ O-n a I N a c+O(N p p p N H \ O�p
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Fromthepreviousexpression,we deducethat the IHG randomvari-
ablehasa modeeitherin �q�8� , if ���+�(� � , or in �q�+� , if ���q� �(� .
If �S�+� �(� , thentheIHG randomvariablecoincideswith adiscreteUni-
form randomvariabledefinedover the support ���(� ��� � � � � �,  . Thus, the
IHG randomvariabledistribution is:

i) a monotonedecreasingfunctionwhen �=���(� � (positiveasymme-
try);

ii) amonotoneincreasingfunctionwhen �F��� �(� (negativeasymme-
try);

iii) a symmetricconstantdistribution over the first � integerswhen�S���(� � .
Themeanvalueandthevarianceare,respectively:

¡!¢ �S£�� �2¤L��'¥L� ¢ �2¤7�(£�¦5§S¨�© ¢ �*£�� ¢ �2¤3� £ ª ¢ �2¤;��£)� ¢ �j¤;��£« �'¥L� ¢ �2¤7�(£ ¬ ª « �j¥L� ¢ �2¤L�£ ¬ �
At this point, it is useful to derive explicitely the probability distri-

butionsof the IHG randomvariablesfor thefirst valuesof � . They are
shown in theTable1 for �#�+�(� ��� � � � � ® .

Firstof all, wenotethatthecase���+� refersto adegeneraterandom
variablethatassumesthevalue

¢ �+���(£ with probability � , sinceit refers
to anurn consistingof ¯ whiteballs,sothat �S��� .

Then, the case�°�±� refersto a Bernoulli trial (“success-failure”
system,or anurn with 2 ballsoneof which is white). The IHG random
variableis definedasthenumberof drawingsnecessaryfor a first “suc-
cess”(thatis thedrawing of awhiteball). Thus,its supportis ����� ��  with
aprobabilitydistributiondefinedby:

² © ¢ ���+�(£6��� ¦ ² © ¢ ������£6�+�-¤L���
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Table1. Probabilitydistributions,meanvalueandvariancefor the
Hypergeometricrandomvariables,m=1,2,...,5.³#´�µ ³�´�¶ ³#´3· ³�´�¸ ³#´�¹ºS»'¼ ½ ´+µ(¾ µ ¿ ¿ ¿ ¿ºS»'¼ ½ ´�¶�¾ µjÀ;¿ Á Â Ã Ä Å)Â ÆÃ Ä Ç)Â Æ È Â Ã Ä Å�Â ÆÃ Á Ç�Â Æ É Â Ã Ä Å)Â ÆÃ È Ç)Â ÆºS»'¼ ½ ´�·�¾ Ã Ä Å)Â Æ ÊÃ Ä Ç)Â Æ Ë Â Ã Ä Å)Â Æ ÊÃ Á Ç�Â Æ Ã Ä Ç�Á Â Æ Ë Â Ã Ä Å�Â Æ ÊÃ Ä Ç)Â Æ Ã È Ç)Â ÆºS»'¼ ½ ´�¸�¾ Á Ã Ä Å)Â Æ ÌÃ Á Ç�Â Æ Ã Ä Ç�Á Â Æ Ä Á Â Ã Ä Å�Â Æ ÌÃ Ä Ç�Â Æ Ã Ä Ç È Â Æ Ã È Ç)Â ÆºS»'¼ ½ ´�¹�¾ È Ã Ä Å)Â Æ ÍÃ Ä Ç�Â Æ Ã Ä Ç È Â Æ Ã È Ç)Â ÆºS»'¼ ½ ´�Î�¾ºS»'¼ ½ ´�Ï�¾Ð'¼ ½ ¾ µ ¶~À;¿ È Å�ÂÄ Ç)Â É Å)ÂÄ Ç�Á Â Ñ Å�ÂÄ Ç È ÂÒ*Ó�»'¼ ½ ¾ Ô ¿ ¼ µjÀL¿�¾ Á Â Ã Ä Å)Â Æ Ã È Å)Â ÆÃ Ä Ç�Â Æ Ê Õ Â Ã Ä Å�Â Æ Ã É Å�Â ÆÃ Á Ç)Â Æ Ã Ä Ç)Á Â Æ Ê Ö Â Ã Ä Å�Â Æ Ã Ñ Å)Â ÆÃ Ä Ç)Â Æ Ã Ä Ç È Â Æ Ê

Therandomvariable
½

is a shiftedBernoulli randomvariablein the
sensethat if ×°ØBÙSÚ »-¼ ¿�¾ than

½ ´B¶SÀ × . The meanvalueandthe
varianceare: Ð�¼ ½ ¾�´�¶~ÀL¿�Û Ò*Ó�»'¼ ½ ¾�´3¿ ¼ µjÀL¿�¾ Ü

Thecase³#´�· hasbeenfully discussedby Piccolo(2000)asacon-
venientmodelfor rankingpreferencesin many political andsociological
fields. For this distribution it is possibleto derive anexplicit expression
for theML estimatorof thepreferenceparameter. Moreover, themoment
generatingfunctionis:Ý ¼ Þ ¾�´ Ú ßµ'àL¿�á ¿jà2â ¿jà Ú ß ¼ µ-ÀL¿�¾ ã Á ä ,

andthemeanvalueandthevarianceare:

Ð�¼ å ¾�´ ·~ÀL¿µ'àL¿ Û ÒSÓ�»-¼ å ¾�´ ¶6¿ ¼ µ-ÀL¿�¾ ¼ ·~ÀL¿�¾¼ µ'àL¿�¾ Á Ü
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The caseæ°çéè is quite commonin evaluationstudies,mostly in
EducationandMarketing,whererespondentsareaskedto chooseamong
two ordereddisagreementand two orderedagreementanswers. Some
experienceshaveshown thatwhenthenumberof alternativesis evenand
small,anamountof undesirablevariability canmasktherealagreement
of thesubjectssinceanunknown proportionof indifferenceanswersmay
beuncorrectlyreportedaslikenessor disagreement.

Finally, we find interestingto relatethe IHG randomvariableto an
index of positive evaluation(IVP), definedas the relative frequency of
respondentswhich agreewith theserviceto be rated. This measurehas
beenrecentlyadoptedby official institutions(as the Italian Ministry of
Education,UniversityandResearch,for instance).

Then,whenthescaleis ratedon æ points:

ê)ë*ì ç ì*íSî ï+ðòñ æ ó~ô(õFö
Somecurrentstudiesset æ�ç�è which implies:

ê�ë*ì ç ìSí�÷ ïqð ó�ø ö
Thus, if we adoptthe IHG randomvariableasa coherentprobabilistic

tool for modelingthe ranks,it is immediateto derive the following for-
mulas:

ê�ëSì ç8ù ÷ ú~û ó ù øójü ùþý
ù ç#ÿè�� ÷ ú~û;ê)ë*ì ø û�� ÷ újûLê)ë*ì ø � û ÿ � ê)ë~ì��~ö

Thisshowstheone-to-onerelationshipbetweenthe
ê)ë*ì

measureand
thepreferenceparameterù of theIHG randomvariable.
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3. Maximum likelihood estimation of the preference parameter

In thissection,wediscusstheML estimationof thepreferenceparam-
eterof the IHG randomvariableandderive the formulasfor theasymp-
totic varianceof its estimator.

Let �
	�� ���������� ������� �� , andconsiderthe randomsampleof ob-
servedranks � � � � � � � � � � � �  �� . Thelatterconveysanamountof information
aboutthe parameter equivalent to that of the samplecollection !"�� # � � # � � � � � � #�$%� & of theabsolutefrequenciesof theranks� ����' ����� ����()� ,
...,� ���+*,� , respectively.

Thus,thelog-likelihoodfunctioncanbewrittenas:- � 
. !/�0� $1 	 23� # 	 - 4 5 � � 	 � �� ���
D’Elia (2002)showed that the ML estimator6  of  is alwayswell

definedsinceit is the uniquesolutionof an � *87�' � -degreepolynomial
equationin  , being :9�;�� ����=< :>@?:AB:A='�C . This solutioncan
be foundanalitically for *DABE , althoughit hasa simpleform only for*B�+F (Piccolo,2000).

ExploitingstandardresultsontheML estimation(Serfling,1980),the
asymptoticvarianceof 6  canbederivedby theCraḿer theorem:

G�H �%� 63 ��@� '#�I $1 	 2�� < � &	 � �� C ��
	�� ��KJML � �
Becauseof the consistency of the ML estimatorand the continuity of� 	 � �� , wecanuse

GNH �%� 6  � for asymptoticinferenceabout .
Theprevious formulacanbeevaluedefficiently by recursion.Given* , it is possibleto computejointly theprobabilities� 	 � �� , their deriva-

tives � &	 � �� with respectto  , andtheaddendsO 	0� ����"P Q R S T U V W XQ S T U V . Some
simplebut lengthyalgebrayieldsthefollowing recursion:Y 	 Z3� ��[M	 Y 	 ������'�� (�� � � � � *\7�').
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wherefor ]�^�_)` a
` b b b ` c\d�_ :
e3f ^�gh�i f0j k�li
mf j k�ln f j k�l oprq

s f ^�gh�t f0j k�lvu u
t mf j k�l t f0j k�lwux yz { | }x z { | } a t mf j k�l t f j k�l op q

t f j k�l ^ j _%d k�l c\d~]c8d~]�d�_%�~] k q
t mf j k�l ^ d j c8d~] l3j _��~]�d~] k�lj c8d:]/d�_��~] k�l � b

We observe that the asymptoticvariance � t ] j �3��l , for c���a , in-
cludesthefactor k�j _%d k�l��)� . Thus,it is convenientto remove it before
studyinganapproximation.

The Table2 shows thequantities �)� j k�l ^ �| { � ��| } � t ] j � � l for c�^a�` ��` b b b ` � . Theseexpressionshave beenobtainedby a procedurewritten
in theMapleV language(reportedin Appendix).

Table2. Factors in theasymptoticvarianceof theML estimator.c � � j k�l ^ �| { � �
| } � t ] j � � la _� | � � � | ���| � ���� � | � � � � | � ��� � | � � � � | �
�� | � � � | � ��� � | � � � � | � � �� � | � ��� � | � � � � � | � ��� � � | � � � � � | � ��� � | � �� | � ��� � | � �3� � � | � � � � � | � ��� � � | � ��� � � | ��� �
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4. A simple approximation for the asymptotic variance

Although recursive expressionscan be derived for any   , they are
rathercumbersometo beusedin theinferentialprocedures(commonsit-
uationsrangeup to  =¡\¢ £ , for instance).Thus,our next objective is to
deriveasimpleandeffectiveexpressionfor theasymptoticvarianceof the
ML estimatorfor  =¤�£ . In fact,we excludefrom theanalysisthecases "¡8¥ and  "¡8¦ , sincetheexpressionsfor theasymptoticvarianceis
verysimpleand,of course,it is bestthanany approximation.

Somealgebraicconsiderationssupportthefollowing statements:
i) thequantities§)¨ª© «�¬ aretheratio of two homogenouspolynomials

of degrees¥%©  8�¥)¬ ;
ii) theleadingcoefficientsof thesepolynomialsarethesame;
iii) the polynomial in the numeratoris alwayssymmetricsinceit is

theproductof thesquareof simpleexpressions;
iv) § ¨®© ¢ ¬@¡�¢)¯�°3 B¡�¥
¯ ¦
¯ ± ± ± ²
v) §)¨ª© ³
¬ ´®µ/¶�³
¯ for   ´,·+²
vi) althoughthenumericalvalueof thecoefficientsincreaseswith the

degreeof the polynomials,the numeratorand the denominatorof the
quantities§ ¨ © «�¬ areboundedsincethey are linear combinationsof the
variable« which belongsto © ³
¯ ¢ ¸ ;

vii) thefunctions§)¨ª© «�¬ arewell approximatedby linearrelationships
over thewholerangeof ¹�© «�¬ , with coefficientsdependingby   , asthe
Figure1 showsfor  B¡+£�¯ º�¯ ± ± ± ¯ ¢ º .

Then,the last considerationsuggeststo regress,for  �¡B£
¯ º
¯ ± ± ± ¯ ¢)º
(say),theexact § ¨ © «�¬ on theapproximation»§ ¨ © «�¬/¡\¼ ¨~½�¾�¨ «
¯ over
somediscreterange( «�¡�³�± ³�³
¢�¯ ± ± ± ¯ ³�¯ ¿)¿�¿ ). Of course,sincewe need§ ¨®© ¢ ¬@¡�¢ , thecoefficientsareconstrainedby ¼%¨ ½~¾ ¨�¡�¢ .
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Figure1. Plotsof thefunction À)ÁªÂ Ã�Ä , for m=4, 5, ...,15.

Theresultsarequiteencouragingandbriefly summarizedby thefol-
lowing points:

i) thesimplestandbestresultweobtainedis thefollowing:ÅÀ Á®Â Ã�Ä@Æ�Ç�È:É�Á®Â Ç%È~Ã�Ä3Ê
É Á�Ë�Ì�Í Î�Î�Ï)Î�Ð)Ñ È Ì�Í Ì�Ñ�Ò)Ñ Ç Ó)ÔÖÕ�×0È Ï
Í Ø
Ò Ó�Ç Ù Ò ÔÖÕ
Ú Í

ii) for any Ô Ë Ù
Û Ð Û Í Í . the goodnessof fit of this approximation
increasesquickly startingfrom Ü Ú Ë+Ì
Í Î)Î�Ø when Ô Ë Ù ;

iii) in theworstcaseÂ Ô Ë Ù
Ä , weobtained:
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Ý Þ ßªà á�â�ã:äÞ)ßªà á�âåÝ
æ+ç
è ç)ç�é)ê�ë
whichconfirmsthatour approximationis uniformly accurate;

iv) a graphicalevidenceof the fitting quality of our proposalis dis-
playedin thepreviousFigure2, wheretheasymptoticvariancesandtheir
approximations

äÞ ßªà á�â�á�à ì%ã~á�â
, for íBî é
ï ð
ï è è è ï ì)ð , areplotted.

Figure2. A comparisonamongasymptoticvariancesand ñ ò�ó ô õ linear
approximations,for m=4,5,...,15.

Finally, we observe thatwe have excludedthesize ö from theprevi-
ousconsideration.Thus,sincethesamplesizeis generallymoderate,the
absolutevalueof theerror implied by our approximationis substantially
smallerin realcasestudies.
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5. Concluding remarks

In thispaper, weproposedanapproximateformulationfor theasymp-
totic varianceof the ML estimatorof the parameterof the IHG random
variable. Specifically, we suggestedto operatefollowing a mixed strat-
egy:

i) if ÷Kø+ù
ú û , it is convenientto applytheexplicit expressionsfor the
asymptoticvarianceof ü3ý , asthey areshown in theTable1;

ii) if ÷�þrÿ , it is convenientto approximatetheasymptoticvariance
by a linearfunctionwith varyingcoefficients.

Thefitting weobtainedis verygood.Of course,it couldbeimproved
by studyingthedifference� ��� ��� �	�� ��� ��� , whichis clearlyautocorrelated
asit oftenhappenswhenonefits mathematicalfunctions. However, we
believe that the increasein the goodnessof the approximationswill not
bebalancedby thecostof morecomplex expressions.

Acknowledgments: This work waspossiblethanksto the financialsupport
received from MURST and University researchfunds at the Dipartimentodi
ScienzeStatistiche,Universityof NaplesFedericoII. We thanktherefereesfor
many usefulsuggestionsthatimprovedapreliminaryversionof thepaper.

Appendix

Maple V procedurefor computingthe asymptoticvarianceof the
maximumlikelihood estimatorof the preferenceparameterin the Hy-
pergeometricrandomvariable,for ÷ fixed.


������������ ��� ����������� ���

 �����!��"����� #%$�!&��!�'$(�'$)�*!�*+!!,�-��$.�����'$(/�/�/'$(0�0�0'1

"2���� #*��"��3'1

������ #�4 5 6'� �!��3'1
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7 8!9�:!;%< =�> ?!@�A%B
7"C�D�; ;EC�;�D FG>H@*D�F*I�>�9�D
7KJ�;�D L�M ;�N*> O'< =!J�;�D!L%M ;�O*PRQ > I!@�A�S�P�Q F�I�;*S!?TQ F*I�;�I*> N�;*P @�A�SRB
7U8!9�:!;%< =�8!9�:!;�N!V*D!;�F�8�W�Q�Q�Q 9�X!C�C'Q J�;�D L�M ;�N�> O'Y @�A�S�S�Z![�S!?TQ J�;�D L�M ;�N�> O�S�SRB
7 D!9'B
7�\�8�;�X�8 V�]�8'< =�> ?�8!9�:!;'B
7�\�\�\%< =�^�X F�J�W�X C�_TQ \�8�;�X�8 V�]�8�S�?�Q�Q I!@�A*S�P�Q I*> N�@�A*S�S�B
7�`�`�`%< =�^�D!;�@'Q V�D�;!F*8�WTQ \�\�\%Y�a :�b!J*8 V�9�:!9'a S�S�B
7�c�c�c%< =!@�A*P�Q >!I @�A*S�P `�`�`%BdJ�;*X V�@'Q c�c�c*S�B
7 : V�9'<
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