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Summary: Thisarticleconsiderssimultaneousbootstrapconfidencebandsfor cor-
relationfunctionsin Markov point processes,with a boundedinteractionradius� . The resamplingschemeis definedby a preliminarysubdivision of the ob-
served region of the point processinto a setof conditionally independentsub-
regions

� ��� �
, selectedat distance���
	 � . Bootstrapconfidencebandsare

obtainedby resamplingthesupremaof kerneldensityestimatescalculatedfrom
all thesesubregions,asconditionallyindependentreplicates.
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denceband;spatialdependence.

1. Introduction andbasicnotation

StationaryMarkov point processesarerelevantstochasticmodelsfor
thestatisticalanalysisof configurationsof pointsin a planarregion �
����

(Isham,1984;Baddeley andMöller, 1989). In forestrystatistics,for
example,theregion � maybeaforeststandwith differentspeciesof trees
andthepointsaretheobservedpositionsof thetreesin � (cf. Penttinen
et al., 1992, Penttinenand Stoyan, 2000, andPallini, 2002). The the-
ory of Markov densitiesis usefulfor characterizingtheneighborsof each
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observedpointandthepointprocessitself. Correlationfunctionsaretyp-
ically estimatedfor analyzingtheattractionor repulsion(interactions)of
pointsof thesametype,or theattractionor repulsionbetweenpointsof
differenttypes.

Let � bethesamplespaceof all finite subsetsin � , representingall
configurations��� of pointsin � . Finite point processeswith absolutely
continuousdistributions(with respectto the Poissonprocesson � with
mean ��� � � ) canbe specifiedby their densityfunction �������! "$# %�� .
Supposethat the cardinalityof a point configuration� �'& � is ( ; that
is, �)�+*-, �/. # 0 0 0)# ��1$2 , wherepoint �43 hascomponents�/5 . 63 and �)5 7 63 ,
generatedby theprocessin � . A pairwiseinteractionpoint processis a
processin � with density

��� �)�/�8*'98: 1<; 3 =?>A@ � B)� �43 # �4> � ��# (1)

whereB is theEuclideandistance,9�# :DC�" and @ � B)� � 3 # � > � � is anonneg-
ative, integrable,real function,modellinginteractionbetweenthepair of
points ��3 and �4> . More specifically, 9 is thenormalizingconstant.Vari-
ousfunctions @ � B�� ��3 # �4> � � arereviewedandstudiedin Ripley (1988). A
relevantexampleof function @ � B�� � 3 # � > � � is theStraussinteraction

@ � B)� �43 # �$> � �E*�F @ if B)� � 3 # � > ��G�HI
if B�� � 3 # � > ��J�H # (2)

where "<K @ K I and HLCM" (Kelly andRipley, 1976). Interaction(2) in
(1) definestheStrausspoint processwith density��� �)�)�E*'9�: 1 @)N O 5 P Q 6 # (3)

where R S � �)�/� is the numberof pairsof points in � , which lie within a
distanceH . AssumethattheinteractionhasboundedinteractionradiusH ,
in thesensethat @ � B�� ��3 # �4> � �E* I occursfor all B�� ��3 # �$> �EJ'H . Two points� 3 and � > areneighborswith respectto a symmetric,reflexive relation T
on � (neighborhoodrelation), � 3 TU� > , if B)� � 3 # � > �VG-H . Generally
speaking,interactionsoccuronly betweenneighbors. Density (1) may
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thenbeexpressedasW8X Y�Z/[E\�]8^)_a`b c d$b egf h i?j�k X l)X Y h m Y j [ [)n (4)

Thenumbero p X Y�Z/[ in Straussdensity(3) mayberegardedasthenumber
of pairsof neighbors.Thisdensitymayalsobedefinedfrom (1) by takingk X l�X Y h m Y j [ [q\ k . A nearest-neighborMarkov point processon r is a
finite point processwith density

W
, suchthat

W
is a Markov function

(Baddeley andMøller, 1989). A function
W�s8t�uwv x m y [ is a Markov

functionif andonly if thereis aninteractionfunction z , suchthatW8X Y�Z/[8\w`{4|�b } z X ~4[ m
for all

Y)Z��Dt
. Density

W
givenby (1) is aMarkov functionwith respect

to the relation
Y h�� Y j . In particular, z X �$[�\�] , where

�
is the empty

configuration,z X � Y h � [�\M^ , z X � Y h m Y j � [�\ k X l)X Y h m Y j [ [ for 2 neighbors,
and z X ~4[8\+� for 3 or moreneighbors.

In Pallini (2000, 2002), a resamplingschemefor Markov (Gibbs)
point processesof boundedinteractionradius � is studied,from anorig-
inal sampleof conditionallyindependentreplicatesof thestatisticof in-
terest.

In thispaper, weattemptto obtainsimultaneousbootstrapconfidence
bandsfor pair correlationfunctionsby resamplingthe supremaof ker-
nel densityestimatescalculatedfrom a setof conditionallyindependent
subregions(atdistance

lL�M� � ) in region r .

1.1.Gibbsrandomfields

Pairwiseinteractionpoint processesgivenby densities(4) areGibbs
point processes.A Gibbs point processmay typically be viewed as a
Gibbsrandomfield, andvice versa.SeePreston(1976),Chapter6, and
Klein (1982). A point configuration

Y�Z
canbe split into a setof point

configurations,organizedasconfigurationsaroundthe sitesof a Gibbs
field.
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Let us supposethat the observed region � is rectangular. We can
partition � into several rectangles� ��� � , eachcontaininga subsetof��� . Let �?� � ���M���E�?� be a Gibbs randomfield. Denoteby � a real
value,a productof thecomponents�?� � � and �?� � � , ���
�?� � � �?� � � , suchthat�L�  )¡ � � � � � � � � � ¢�£+¤ , where¤ is theinteractionradius.For every �����E� ,
definerectangles� � � � of size � as�¥��� �?¦ �D§ ��¨ � � © �/ª � � © �)«­¬$® ¯ °�± ¦ � © ��² � � © �/ª � � © ��³­¬$® ¯ ° �¥´ �Mµ � ¶ � �

(5)

where ¦ � © � are the componentsof a genericpoint ¦ in � � . Rectangles� � � � , �<�·�E� , partition §<� , while � determinestheir commonarea.
We can transformthe Gibbs point processobserved in � into the

Gibbsfield � �q� �)�L�V�E� � , by takingthepoint configuration� �$¸ in rect-
angle(5) as the site variable �<¹ , �L�·� � �4¸ . The spatialdependence
betweensitesin �?� � ���<�·�E�?� is studiedin Klein (1982).

1.2.A spatialMarkov property

Let us considertwo rectanglesº � and º ¹ in observed region �¼»§ � , for some �4� ½­�¾� � . Supposethat º�� and º¿¹ areat distanceÀV�À ¡ º�� � º¿¹ ¢�£ ¶ ¤ , where¤ is theinteractionradius.In themannerof Bad-
deley andMøller (1989),wedenoteby ÁA� theneighborhoodof º�� ,Á � �+� �4Â � � ¨ � ©¥Ã �4Â)Ä�Å ¤�Æ Å?Ç � � © � º � � ��V�M�E� . We define È��<�Éº���ÊDÁA� , �V�M�E� . A set Ë �'Ì is a clique
if all pointsof Ë areneighbors,��Â Ã � © , for every �4Â � � © � Ë . In Pallini
(2002),it is seenthatÄ�¡ � �qÍ È�� � � �qÍ ÈD¹ ¢Î� ÏÐ Ñ Â Ò Ó Ô Õ?Ö4×�Ø�¸4Ù ¡ Ë4¢ÚÏÐ Ñ Â Ò Ó Ô ÕgÖ$×�Ø�Û4Ù ¡ Ë4¢� Ä8¡ ��� Í È � ¢ Ä8¡ ��� Í È ¹ ¢ ® (6)

SeealsoPallini (2000),for analternativeproof.
The restrictionof a finite Gibbspoint processto � ��Í È�� is condi-

tionally independentof the restrictionto � ��Í ÈD¹ , given the restriction
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to theboundaryÜ Ý�ÞAß�Ü Ý�Þ�à�á�â ã ã4ß�Ü Ý�Þ�à�áDä ã . Property(6) allowsusto
isolatesubregions å æ¿ä ç in observedregion è , which aredefinedby the
unionof contiguousrectangles(5) andcontainconditionallyindependent
configurationsof points,accordingto aself-reproducingcodingscheme.

1.3.Codingschemes

We denoteby é thesetof sitesin êEë , suchthat èMìMí â$î ï è â . Let ð
bethenumberof sitesin é . Sinceè is rectangular, ð is a productof the
integersðgñ ò ó and ðgñ ë ó , ðAì'ð?ñ ò ógð?ñ ë ó .

Conditionallyindependent,rectangularsubregions å æ â ç in è , whereôLõDö
÷ é , maybedeterminedby definingfixedcodingschemes.
Everysubregion æ â is theunionof ø<ì­ø�ñ ò ó ø�ñ ë ó contiguousrectangles

(5) andcontainsthepoint configurationÝ)ù$ú . Let û�ì¾û ñ ò ó û ñ ë ó denotethe
designatednumberof subregions å æ�â?ç . By choosingsubregions å æ�â ç
at Euclideandistanceü¾ýUþ , the desiredconditional independenceis
obtained,asimpliedby theMarkov property(6).

1.4. Increasingdomainasymptotics

Wereferto ð asthesamplesizedefiningall sequencesof finite subsets
of interestin êEë (cf. Bolthausen,1982). The size ÿ of rectangleså è â ç
givenby (5) is takenasfixed. Let �)é�� bethecardinality ð of theset é
in êEë . We assumethat é belongsto aninfinite sequenceé�� goingup toêEë , suchthat �gé ����� � ��ò � � � 	�
 , as ð�	�
 , whereneighborhood�
is definedas

� ì�� ô��õ é ������� Ý�� � ò � ë ü)Ü ô ñ � ó � �gñ � ó ãLì �"!$#?þ¥ÿ ô ÿ þ % � õ é � &"'
Wealsoassumecondition(C1) (cf. Pallini, 2002)asfollows.

(C1). ø ñ � ó ì)(<Ü ð ñ � ó ã , *8ì � � + , as ð,	-
 .

Thecodingschemereproducesitself accordingto a fixedrule,which
maintainsû ñ � ó ø)ñ � ó�.'ð?ñ � ó , sothat ð/��ò û ø�	�� , as ð�	�
 . In particular,ø<ì)0 ò û ò 1 ë � ðAì)0 ë û 2 1 ë �
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where 3 4 5 3 6�798 , and 3 : 46 3 4<;>= , as ?�;A@ . We write ?CB>@ , to
indicatethis increasingdomainasymptotics.

Stationarityof thepoint processimplies thatmeansDFE GIH,J�D�K andD�E L"M H�J�D�N (cf. Stoyan et al., 1995,Chapter4), OQPSR , wherethe in-
tensity D is anon-negativeconstant(possiblyinfinite), whereKTJ)K�U 4 V K�U 6 V
and N"JSN U 4 V N U 6 V aretheareasof G and L M . Observe that

D�E G�W"E X M Y Z L M H H[J\D�E ?I]_^ `$H a[5
wherea is theareaof rectangles(5). Undercondition(C1),it followsthatD�E ?I]b^ `cH aI;-8 and K : 4 N";-^ : 4 , as ?�B�@ .

2. The pair correlation function

Let usconsidertwo infinitesimallysmalldiscsd 4 andd 6 of areaefd 4
and efd 6 with intercenterdistanceg . The pair correlationfunction may
be definedin termsof probabilitiesfor points in d 4 and d 6 (cf. Daley
andVere-Jones,1988,Chapter5, andStoyanetal., 1995,Chapter4). We
indicateh[i E g H astheprobabilitythatbothdiscseachcontainapoint.

Thepair correlationfunction j�E g H is givenby

h[i E g H[J)D 6 jcE g H�e�d 4 efd 6 5 (7)

whereglk)8 ; function j�E g H is real-valued.
The value jcE g H�J9= meansthat thepointsarespatiallyuncorrelated.

WhereasjcE g HQ7m= , the interpoint distancesaround g occur more fre-
quently, andwe canthussaythat theunderlyingprocessexhibits attrac-
tion betweenpoints or a positive correlation. WhereasjcE g H�n�= , we
cansaythat theprocessexhibits inhibition betweenpointsor a negative
correlation.

2.1.Kerneldensityestimates

Estimatesfor correlationfunctionsin pointprocessesmayconveniently
be obtainedby kernel density estimation(cf. Penttinenet al., 1992,
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Doguwa and Kukoyi, 1993, Stoyan et al., 1993, andWand and Jones,
1995).

Pointconfigurationo$pbq�r ocs t u u u�t o�v�w is observed in theregion x .
Weestimatey�z , where y is theintensity, with{y z q)|�} z$~�� ~��S� � t
| beingtheareaof theobservedregion x . Thepair correlationfunction� � � � , �l�)� , givenby (7), is typically estimatedby{� � � � q��� ����f� � � � � s � � � � � v

�/� � �$� o � t o � �F�Q� �{y zc� � � t (8)

where
� � � �c� q\� } s � � � } s �c� is akernelfunctionwith bandwidth� .

A suitablechoice(cf. Penttinenet al., 1992; Stoyanet al., 1993)for
thekernelfunction

�/� � �c� , � � ����� , in kerneldensityestimates(8) is the
Epanechnikov kernel,

�/� � �c� q��� � � �"� � z� zf� u (9)

Selectionof bandwidth� is discussedbelow in section3.2.

2.2.Edge-corrections

Treatmentof edge-effectsis crucial in estimatingthepair correlation
functions � � � � , ���9� . In kerneldensityestimates(8), a minus(plus)-
samplingideaseemsthe mostflexible. We suggestcalculating(8) for �
labellingpointsin therestrictedregion x� C¡ and¢ labellingpointsin the
wholeregion x .

Alternativeedge-correctionsareavailable,for instance,in Ripley (1988),
Chapter3, andStoyanet al. (1995),Chapter4.
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3. Simultaneousbootstrapconfidencebands

For every £b¤\¥ , supposethat the cardinalityof the point configu-
ration ¦$§�¨ in subregion ©"ª of area « is ¬$ª . We denoteby ­®c¯ ° ± ¦$§�¨ ² the
kerneldensityestimate(8) of ®�¯ ° ² from ¦c§�¨ . Expectation³l¯ ´ ² is calcu-
latedwith respectto density(1). We assumeconditions(C2) and(C3)
(cf. Pallini, 2002asfollows.

(C2). ¬ ª ¯ ¬ ªlµS¶ ²�·)¸"¹/¯ º$» ² , ¼�½�¾ , º�» ¼�½�¿ , as À,Á-¿ .

(C3). ³�¯ ­®c¯ ° ± ¦c§�¨ ² ² Â Ã$»,Ä�¿ for someinteger ÅCÆ�¾ , where °,Æ¾ .

For every °lÆ)¾ , underconditions(C1) to (C3), it follows thatÇª È É ­®c¯ ° ± ¦$§�¨ ²[·S­®c¯ ° ²�ÊbËT¯ ° ²$Ì
whereËT¯ ° ² is asymptoticallynegligible, as À�Á�¿ .

Stationarityof thepoint processimplies thatanappropriateintensity
estimate­Í » Î (equivalentto ­Í » ) maybedefinedby theequationÏ�Ð »ÎQÑ » º » · Ï�Ð » ¬�¯ ¬ µ_¶ ²$Ì (10)

wheresolution Ï Î is theareaof aboundedregion.
Thekerneldensityestimate­®c¯ ° ² maythusbeapproximatedasÒ ¯ ° ²[· Ñ Ð » Çª È É Ò ª/¯ ° ²$Ì (11)

whereÒ ¯ ° ²[·_­®c¯ ° ²fÊÓ¸�¹f¯ À Ð Î ¼ Ð Î Ô » ² , as À�Á�¿ , andtherandomvariables

Ò ª ¯ ° ²[·bº Ð » ÇÕ Ö×FØ Ù Ú Û Ü Ú Ý È §�¨
Ï » Î$Þfßf¯ à$¯ ¦ Õ Ì ¦ Ø ² µ ° ²á â ° Ì (12)

areconditionallyindependentaccordingto theMarkov property(6).
Estimate(11) is edge-corrected(seesubsection2.2 above) for every© ª , takenasa restrictionof © ªlãbä .
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Simultaneousbootstrapconfidencebandsfor å[æfçècé ê ë ì , ê"íCî , canbe
obtainedfrom thebootstrapdistributionof thesupremaofïIð é ê ë[ñóò ô õ ö ÷ é ø ð é ê ëFù ø$é ê ë ëé øcé ê ë ë ô õ öûú (13)

êÓüþý , where ø ð é ê ë is the bootstrapversionof ø$é ê ë from a genericre-
sampleæ ø ðÿ é ê ë ì , drawn with replacementfrom the original set æ ø ÿ é ê ë ì ,� í � , givenby (12).

Notethat(13) is thebootstrapversionof a well-known statisticstud-
ied in Bickel andRosenblatt(1973),basedon themeanof ò independent
andidenticallydistributedreplicates.

Let �\íþé ý ú � ë be the nominal level of confidence. Let �)ñ é �����ë �	� . Wewantto constructasimultaneousbootstrapconfidencebandforå[æfçècé ê ë ì , over the interval î�ñóé ê ô ú ê ö ë . Let ç
�� and ç
�
 betwo numbers
suchthat � ð	��� ���� ï ð é ê ë��9ç
 ��� ñ � ð	��� ���� ï ð é ê ë���ç
 
 � ñ!��"
As in Hall (1993), ç
 � and ç
 
 mustsatisfy� ð	� ç
 � � � ���� ï ð é ê ë�� � ���� ï ð é ê ë��9ç
 
#� ñ!��"
Thelevel-� bootstrapconfidencebandfor ålæfçècé ê ë ì over the interval îCñé ê ô ú ê ö ë is definedas$&% é/ç
 � ú ç
 
 ë[ñ('�é ê ú ) ë�*fê ô �Sê��Sê ö�+ ç
 � ��ò ô õ ö ÷ é ø ð é ê ëFù øcé ê ë ëé øcé ê ë ë ô õ ö �9ç
 
#, "

(14)

In particular,$&% é/ç
 � ú ç
 
 ë[ñ.- é ê ú ) ë�*/ê ô �Sê��Sê ö�+0/ � æ çècé ê ë 1 ç
 � ì�� ) � / 
 æ çècé ê ë 1 ç
 
 ì 2 ú
where

/ � æ � 1 
 ì ñ � � 
 ö �3�"ù)é �3
 ö � 
�4 �	5fë ô õ ö ú/ 
 æ � 1 
 ì ñ � � 
 ö �3� � é ��
 ö � 
 4 �	5fë ô õ ö "
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Underconditions(C1)to (C3),bootstrapconfidencebands(14)areasymp-
totically of exactlevel 6 , as 7�8:9 , ;=<:9 .

3.1.Bias-correctedsimultaneousbootstrapconfidencebands

Simultaneousbootstrapconfidencebandsbasedon kerneldensityes-
timatesareaffectedby theirbias.Betterbootstrapconfidencebandsmay
beestimatedby explicit bias-removal (Hall, 1993).

TheEpanechnikov kernelfunction(9) is a > ndorderkernel;(9) satis-
fies?A@

B @DCFE GFH�I3GKJML#N ?A@
B @DG=CFE GFH�I�GOJQP�N ?A@

B @DG0R0CFE GFH�I3GDSJQP�T
Let U R J L>�V

? @
B @WG R CFE GFH�I3G�T

Undercondition(C2), the biasof the kerneldensityestimateXY E Z H given
by (8) is [ E Z H#J U RF\ R Y0] R ^ E Z H�_a`�E \ R HFNZ�b(P , wherederivative Y ] R ^ is boundedandcontinuous.Bias

[ E Z H may
beestimatedby a kernelfunction c d e E GFH�J \ B�fg c E \ B gg GFH , with bandwidth\ g , having at least > derivatives.

In particular, bias

[ E Z H maybeestimatedby

X[ E Z H#J U R \ R3h B R 7 B R�ij k lmin op�q r n s q p g s t t t s uwv R g c ] R ^d e E I0E x n N x q H&yDZ H> z Z N (15)Z�bQP , with edge-correctionfor each{ j asa restrictionof { j�|A}
.

A convenientchoicefor c ] R ^d e E GFH , ~ G ~�� \ g , in (16) is the E > N �3H th opti-
malorderkernelof Gasseret al. (1985),definedasc ] R ^d e E GFH J L P��L � \ g�� �	G R\ R g y �	G��\ � g y!L ��T
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Selectionof bandwidth�0� is discussedbelow in section3.2.
For every �O�D� , weassumecondition(C4)asfollows.

(C4). � � ���Q�	�������	� �	� � , �0����� , �	� ���� ��� , �3��� � � ���� ��� ,
as �=� � .

Thebias-correctedlevel-¡ bootstrapconfidencebandfor thepair cor-
relationfunction ¢£F� ¤ � , over theinterval ¥K��� ¤ � ¦ ¤ � � , is definedas§#¨© � ¢ª�« ¦0¢ª�¬ � �®­ � ¤ ¦ ¯=�a¢°0� ¤ � ��±0� ¤ ¦ ¯3��� § © � ¢ª�« ¦�¢ª�¬ � ²�³ (16)

Underconditions(C1)to (C4),bootstrapconfidencebands(16)areasymp-
totically of exactlevel ¡ , as ´��:� , �=�:� .

3.2.Bandwidths

Simulationsdescribedin Section4below suggestthatvaluesfor band-
widths � and �0� , in thekerneldensityestimates(8) and(15),which may
maximizetheempiricalcoverageof bootstrapconfidencebands(14)and
(16),are �K�Qµ ��¶ ·0¸ � � �� , � � �Qµ � ¶ ·0¸ � � � ¹� , (17)

whereµ � ¦ µ � �a� ��¦ � º and ¶ ·�»!� , andarea̧ � (of aboundedregion)solves
equation(10).

Analogousselectioncriteriafor bandwidths� and � � maybefoundin
Penttinenet al. (1992),Stoyanet al. (1993)andPallini (2002).Asymp-
totically optimalformulaefor � and �0� , which maximizethecoverageof
bootstrapconfidencebands(14) and(16), as �w�¼� , canbeobtained,
following (10)andHall (1993).

4. A simulationstudy

Simultaneousbootstrapconfidencebands(14)and(16) typically pro-
duceinterestingresultsin termsof nominallevelsof confidence.

In thissection,wepresentasimulationexperimentperformedby gen-
eratingvariousconfigurationsof pointsfrom Straussprocesses,givenby

11



density(3). The region ½ , containingconfigurationsof differentsizes,
wasalwaysof size ¾	¿=ÀwÁ	¿ , with differentcodingschemesof size Â�ÃQÁ ,Ä

, Å andaninteractionradiusÆ rangingfrom ¿�Ç Å�È	É to Ê	Ç ¿3È3É . Weconsid-
eredthekernelestimatesof correlationfunctionsaspopulationvaluesto
beestimatedwith simultaneousbootstrapconfidencebands(14)and(16).
The approachmay be justified by presuminga sufficiently large region½ , which yieldsestimatesvery closeto thetruevaluesof thepoint pro-
cess.Empiricalcoverageswerebasedon É	¿	¿ independentconfigurations
of points,with bootstrapapproximationsbasedon Á3¿	¿ resamples.In Ta-
ble1, wereportresultsfor empiricalcoveragesof simultaneousbootstrap
confidencebands(14) and (16), with Ë Ì Í Ë ÎDÃ:Ê and Ï ÐDÃ:Ê in band-
widths (17), anda nominal level of confidenceÑWÃÒ¿�Ç Å . They confirm
theeffectivenessandconsistency of theproposedresamplingmethod.

Other simulation experimentsshow equivalent and similar results,
wheretheworstconfidencebandsandsituationsmayexhibit over-coverage
of nominalconfidencelevels.

4.1.Computationaldetails

Strausspoint processesweregeneratedwith valuesÆwÃ®¿�Ç Å3È3É , ¿�Ç Å�É ,Ê	Ç ¿3È3É for theinteractionradiusÆ , throughdensity(3) (with Ó Ô Õ Ö0×�Ø#ÃÙÈ ).
In particular, we generatedany point Ö in a configurationÖ × , with den-
sity proportionalto ratio Ú&Õ Ö ×KÛÝÜ Ö&Þ	Ø ß	Ú Õ Ö × Ø , by usingRipley’s (1977)
alternatingbirth-deathtechniqueandtheacceptance-rejectionmethod.In
orderto speedupsimulations,weconsideredvaluesàDÃMÊ and áWÃMÊ for
theparametersin Straussdensity(3).

Labelsof bootstrapresamplesÜ â�ãä Õ å Ø Þ , æ�çaè , weregeneratedfrom
the original set of integers Ü Ê3Í È3Í Ç Ç Ç�Í Â	Þ , by the S-plus(cf. Becker et
al., 1988)commandé	ê	ë3ì�í î0ï3ï	ð�í ë0ñOò é&ó îFô , where ÂDÃõÁ�Í Ä Í Å and ö�ÃÁ	¿3¿ . In orderto calculateempiricalcoverages,we useda vector ÷ of È	É
differencesbetweenøùFÕ å Ø andthe correspondinglower boundsgiven by
(14) and(16), anothervector ÷ of È3É differencesbetweenupperbounds
givenby (14)and(16)and øùFÕ å Ø , for È3É equispacedvalueså�çaú ¿�Ç È3É3Í Ê3Ç É û3Ç
In particular, we simultaneouslycomparedall differencesin ÷ with the
commandò ë0ü3ê	ý#ò þ�ÿ���ô �����3ô , which is Ê , if all È3É componentsin ÷ are
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positive, � , otherwise.
Softwareis availablefrom theAuthoron request.

Table1. Empirical coverages
��
	

and
��
	��� of confidencebandsfor the

pair correlation function 
�� � � , over the interval ����� ��� ����� ��� � � , froma
region � of size �
�! #"
� (level of confidence

� �$�%� & ). Codingschemes
basedon ' rectangularsubregions in � , for point configurationswith
interactionradius ( of size) .

r s n
��
	 ��
	��� r s n

��
	 ��
	���
0.925 4 20 0.948 0.898 0.925 6 10 0.816 0.844
0.950 4 20 0.928 0.886 0.950 6 10 0.866 0.874
1.025 4 20 0.930 0.892 1.025 6 10 0.842 0.860
0.925 4 22 0.886 0.886 0.925 6 14 0.894 0.896
0.950 4 22 0.906 0.906 0.950 6 14 0.888 0.888
1.025 4 22 0.916 0.916 1.025 6 14 0.886 0.892
0.925 4 26 0.908 0.908 0.950 9 14 0.896 0.898
0.950 4 26 0.894 0.892 1.025 9 10 0.870 0.876
1.025 4 26 0.896 0.896 1.025 9 14 0.894 0.898

4.2. Interaction radius

In all thesimulationsperformed,theinteractionradius( , whichchar-
acterizesconditionalindependencein acodingscheme,is takenasknown.
Methodsfor estimating( arediscussedin Baddeley andTurner (2000)
andPallini (2002),alongwith theirapplications.

We may alsoestimate( , routinely, by calculatingthe infimum of a
subsetof valuesfor ( , which yield approximatelystablesimultaneous
bootstrapconfidencebands(14)and(16).
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4.3.Conclusions

Bootstrapmethodsfor conditionally independentsubregions allow
straightforwardapplicationsof well-known statisticaltools for indepen-
dentandidenticallydistributedobservations.

By splittingtheobservedregion * intoconditionallyindependentsub-
regions,partof thepointconfigurationin * is notused.In any case,sim-
ulationexperimentsshow thatsuchbootstrapmethodsmayprovidegood
andefficientcompromises.

Anotherkey resultis equation(10) (proposedin Pallini, 2002),where
the randomsizeof the point configurationin * is convenientlydefined
by the number + of conditionally independentsubregions in * and the
number, of rectangles(5) in eachsubregion.
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