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Summary Thisarticleconsidersimultaneousootstragonfidencdanddor cor
relationfunctionsin Markov point processesyith a boundednteractionradius
r. The resamplingschemeds definedby a preliminary subdvision of the ob-
sened region of the point processnto a setof conditionallyindependensub-
regions{ B, } , selectecat distanced > 2r. Bootstrapconfidencebandsare
obtainedby resamplinghe supremaof kerneldensityestimatesalculatedrom
all thesesubrgyions,asconditionallyindependenteplicates
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1. Introduction and basicnotation

StationaryMarkov point processesarerelevantstochastianodelsfor
the statisticalanalysisof configurationsf pointsin a planarregion A C
R? (Isham,1984;Baddelg andMdller, 1989). In forestry statistics for
example theregion A maybeaforeststandwith differentspecie®f trees
andthe pointsarethe obsened positionsof thetreesin A (cf. Penttinen
et al., 1992, Penttinenand Stoyan, 2000, and Pallini, 2002). The the-
ory of Markov densitiess usefulfor characterizinghe neighborsf each



obseredpointandthe point processtself. Correlationfunctionsaretyp-
ically estimatedor analyzingthe attractionor repulsion(interactions)f
pointsof the sametype, or the attractionor repulsionbetweenpoints of
differenttypes.

Let Q bethe samplespaceof all finite subsetsn A, representingll
configurationse 4 of pointsin A . Finite point processesvith absolutely
continuousdistributions (with respecto the Poissonprocesson A with
meanA(-)) canbe specifiedby their densityfunction f : Q@ — [0,00).
Supposehatthe cardinality of a point configurationz4 € €2 is n; that
is, 24 = {z1,...,2a}, Wherepoint z; hascomponents:!" andz{?
generatedy the processn A. A pairwiseinteractionpoint processs a
processn A with density

flza) = af" [ | v(d(@i,5)), (1)

i<y

whered is the Euclideandistanceg, 8 > 0 andv(d(z;, z;)) is anonne-
ative, integrable,realfunction, modellinginteractionbetweerthe pair of
pointsz; andz; . More specifically « is the normalizingconstant.Vari-
ousfunctions~y(d(z;, z;)) arereviewedandstudiedin Ripley (1988). A
relevantexampleof functiony(d(z;, z;)) is the Straussnteraction

v ={ ] ST @

where0 < v < 1 andr > 0 (Kelly andRipley, 1976). Interaction(2) in
(1) definesthe Strausgpoint processwith density

f(za) = apmy@a), (3)

wheref,(z4) is the numberof pairsof pointsin A, which lie within a
distancer . Assumethattheinteractionhasboundednteractionradiusr,
in thesensehat~y(d(z;, z;)) = 1 occursfor all d(z;, z;) > r . Two points
z; andz; areneighborswith respecto a symmetric reflexive relation~
on A (neighborhoodelation), z; ~ z;, if d(z;,z;) < r. Generally
speaking,interactionsoccur only betweenneighbors. Density (1) may



thenbeexpresseds

fla)=ap* [] (d=i ;). (4)

T~V ,1<g

Thenumberd, (z4) in Straussiensity(3) mayberegardedasthenumber
of pairsof neighbors.Thisdensitymayalsobedefinedirom (1) by taking
v(d(z;,z;)) = 7. A nearest-neighba¥larkov point processon A4 is a
finite point processwith density f , suchthat f is a Markov function
(Baddelg andMgiller, 1989). A function f :  — [0,00) is a Markov
functionif andonly if thereis aninteractionfunctiony , suchthat

fa) = 1] ¢,

yCza

forall z4 € Q1. Density f givenby (1) is aMarkov functionwith respect
to therelationz; ~ z;. In particular (@) = «, wheref is the empty
configurationgp({z;}) = 8, ¢({z;,z;}) = v(d(x;, z;)) for 2 neighbors,
andy(y) = 1 for 3 or moreneighbors.

In Pallini (2000, 2002), a resamplingschemefor Markov (Gibbs)
point processesf boundednteractionradiusr is studied,from an orig-
inal sampleof conditionallyindependenteplicatesof the statisticof in-
terest.

In this paperwe attemptto obtainsimultaneou®ootstrapconfidence
bandsfor pair correlationfunctionsby resamplingthe supremaof ker-
nel densityestimatesalculatedirom a setof conditionallyindependent
subrgions(atdistancad > 2r) in region A .

1.1. Gibbsrandomfields

Pairwiseinteractionpoint processegiven by densitieq4) are Gibbs
point processes.A Gibbs point processmay typically be viewed as a
Gibbsrandomfield, andvice versa. SeePreston(1976),Chapter6, and
Klein (1982). A point configurationz 4 canbe split into a setof point
configurationsorganizedas configurationsaroundthe sitesof a Gibbs
field.



Let us supposethat the obsened region A is rectangular We can
partition A into several rectangles{A4,}, eachcontaininga subsetof
4. Let {XU, v E Z2} be a Gibbsrandomfield. Denoteby e areal
value,a productof the componentgV) ande®, e = e(Me® | suchthat
min(e(V, e®) > r, wherer is theinteractionradius. For everyv € Z2,
definerectangleq 4,} of sizee as

A, = {t eR? : el (v(j) — 0.5) < tW) < W) (v(j) + 0.5) , = 1,2} ,
®)

wheret) arethe component®f a genericpointt in 4,. Rectangles
{4,}, v € Z2, partitionR?, while e determinesheir commonarea.

We can transformthe Gibbs point processobsened in A into the
Gibbsfield { X,, v € Z?} , by takingthe point configurationz 4, in rect-
angle(5) asthe site variable X, , X, = z4,. The spatialdependence
betweersitesin { X, v € Z*} is studiedin Klein (1982).

1.2. A spatialMarkov property

Let us considertwo rectanglesB, and B, in obsenedregion A C
R?, for somew, z € Z?. Supposehat B, and B, areat distanced =
d(B,, B;) > 2r,wherer is theinteractionradius.In themannerof Bad-
deley andMgller (1989),we denoteby N, the neighborhooaf B, ,

Ny, ={z; € A:z; ~z; for some z; € B,},

v € Z2. WedefineW, = B,UN,,v € Z?. A sety € Q is aclique
if all pointsof y areneighborsy; ~ z;, for every z;, z; € y. In Pallini
(2002),it is seenthat

faanWyzanW,) = [ o) I ¢®

cliques y € Wy, cliques ye W,

= f(IEAﬂWU)f(IEAﬂWZ). (6)

SeealsoPallini (2000),for analternatve proof.
The restrictionof a finite Gibbs point processo z4 N W, is condi-
tionally independenof the restrictionto z 4 N W, , giventherestriction
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totheboundary(z 4 \ (x4 NW,)) \ (x4 NW,) . Property(6) allows usto
isolatesubrgjions{B,} in obseredregion A, which aredefinedby the
unionof contiguougectangleg5) andcontainconditionallyindependent
configurationf points,accordingo aself-reproducingodingscheme.

1.3.Codingschemes

We denoteby Z thesetof sitesin Z*, suchthatA = J, ., 4, . Letg
bethe numberof sitesin Z . SinceA is rectangularg is a productof the
integersq™ andg®, ¢ = ¢V ¢@ .

Conditionallyindependentiectangulasubrgions{B,} in A, where
v € E C Z , maybedeterminedy definingfixedcodingschemes.

Every subragjion B, is theunionof p = p(» p(? contiguougectangles
(5) andcontainsthe point configurationz , . Let s = s1)s() denotethe
designatedchumberof subrgions{B,}. By choosingsubrgions{B,}
at Euclideandistanced > r, the desiredconditionalindependencés
obtainedasimplied by the Markov property(6).

1.4.Increasingdomainasymptotics

Wereferto g asthesamplesizedefiningall sequencesf finite subsets
of interestin Z? (cf. Bolthausen,1982). The sizee of rectangles{ 4,}
givenby (5) is takenasfixed. Let | Z | bethe cardinalityq of thesetZ
in Z*?. We assumehatZ belongsto aninfinite sequenceZ, goingup to
Z?,suchthat| Z,UN |7'| N | = 0, asq — oo, whereneighborhoodV
is definedas

N ={v ¢ Z,: mazi—1,d(v?,2D) =1 for every z € Z,} .

We alsoassumeondition(C1) (cf. Pallini, 2002)asfollows.
(C1). pD =0(¢™),i=1,2,as¢ = co.

The codingschemeaeproducedtself accordingto afixedrule, which
maintainss®p® < ¢®  sothatg~'sp — 1, asq — co. In particulay

1/2 3/2
p=as’?,  g=cs?,



wherec;,c; > 0, andcy'c; — 1, asqg — oo. Wewrite ¢ = oo, t0
indicatethis increasinglomainasymptotics.

Stationarityof the point processmpliesthatmeans\(4) = Aa and
A(B,) = \b (cf. Stoyanetal., 1995,Chapterd), v € E, wherethein-
tensity\ is anon-neative constan{possiblyinfinite), wherea = aVa®
andb = bMp? aretheareaof A andB, . Obsenethat

MAN (UnerBy)) = Mg — sp)e,

wheree is theareaof rectangleg5). Undercondition(C1),it followsthat
Mg —sp)e > 0anda™'b — s7!,asq¢= .

2. The pair correlation function

Letusconsidettwo infinitesimallysmalldiscsD; andD, of aread D,
anddD, with intercenterdistancet . The pair correlationfunction may
be definedin termsof probabilitiesfor pointsin D, and D, (cf. Daley
andVere-Jonesl988,Chapter5, andStoyanetal., 1995,Chapterd). We
indicatePr(t) asthe probability thatboth discseachcontaina point.

The pair correlationfunctiong(t) is givenby

Pr(t) = X? g(t) dD, dD, (7)

wheret > 0; functiong(t) is real-\alued.

Thevalueg(t) = 1 meansthatthe pointsarespatiallyuncorrelated.
Whereasg(t) > 1, the interpoint distancesaroundt occur more fre-
guently andwe canthussaythatthe underlyingprocessxhibits attrac-
tion betweenpoints or a positive correlation. Whereasg(t) < 1, we
cansaythatthe processxhibits inhibition betweenpointsor a negative
correlation.

2.1.Kernel densityestimates

Estimatedor correlationfunctionsin pointprocessemaycorveniently
be obtainedby kernel density estimation(cf. Penttinenet al., 1992,



Doguwa and Kukoyi, 1993, Stoyan et al., 1993, and Wand and Jones,
1995).

Pointconfigurationz 4 = {z1,... ,z,} is obsenedin theregion A.
We estimate\?, where is theintensity with

o~

N =ag2n(n-1),

a beingthe areaof the obsenedregion A . The pair correlationfunction
g(t),t > 0, givenby (7), is typically estimatedy

—~ kh(d(IEZ, IE]') — t)
=) = : (8)
i#§ 1,5 =1 0 A? 2t
whereky, (u) = h™' k(h™'u) is akernelfunctionwith bandwidth/ .

A suitablechoice(cf. Penttineretal., 1992; Stoyanetal., 1993)for
thekernelfunctionky(u) , |u| < h, in kerneldensityestimateg8) is the
Epanechnikv kernel,

K (u) = % (1 - Z—z) . 9)

Selectionof bandwidthh is discussedbelow in section3.2.

2.2.Edge-corrections

Treatmenof edge-efiectsis crucialin estimatingthe pair correlation
functionsg(t), t > 0. In kerneldensityestimateq8), a minus (plus)-
samplingideaseemghe mostflexible. We suggestalculating(8) for :
labellingpointsin therestrictedregion A © r andy labellingpointsin the
wholeregion A .

Alternativeedge-correctionareavailable,for instancein Ripley (1988),
Chapter3, andStoyanetal. (1995),Chapterd.



3. Simultaneousbootstrapconfidencebands

For everyv € E, supposdhatthe cardinality of the point configu-
rationzp, in subrgion B, of areab is n,. We denoteby §(¢; zp,) the
kerneldensityestimate(8) of g(t) from zp, . Expectationk(-) is calcu-
lated with respectto density(1). We assumeconditions(C2) and (C3)
(cf. Pallini, 2002asfollows.

(C2). ny(ny—1)=0,(p*,h—0,p*h = c0,asq = oo .

(C3). E(g(t;zp,))’™ < oo for someintegerp > 0, wheret >
0.

Foreveryt > 0, underconditions(C1)to (C3), it followsthat

S §(tizn,) = §(t) + R(),

veER

whereR(t) is asymptoticallynegligible, asq = ¢ .
StatioAnarityof the point processmpliesthatan appropriatantensity
estimate)\? (equivalentto A? ) maybe definedby the equation

a;?s’p* =a?n(n —1), (10)

wheresolutiona, is theareaof aboundedegion.
Thekerneldensityestimateg(t) maythusbeapproximateds

7t =57 w(b), (11)

veER

wherey(t) = §(t) + O,(gth~1/2) ,asq = oo, andtherandomvariables

-2 Z a‘% kh(d(x“ IE]) B t) (12)

1) =
y(t) =p - :

areconditionallyindependenaccordingo the Markov property(6).
Estimate(11) is edge-correcte@seesubsectior?.2 above) for every
B, , takenasarestrictionof B, ® r.
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Simultaneou$ootstrapconfidencebandsfor E{4(¢)} , ¢t € 7, canbe
obtainedfrom the bootstrapdistribution of the supremaof

s'/%p (7 () — (%))

10) N
t > 0, whereg*(t) is the bootstrapversionof 7(t) from a genericre-
sample{y:(¢)} , drawvn with replacemenfrom the original set{y,(t)} ,
v € E, givenby (12).

Notethat(13)is the bootstrapversionof a well-known statisticstud-
iedin Bickel andRosenblat{1973),basedon the meanof s independent
andidenticallydistributedreplicates.

Let ¢ € (0,1) bethe nominallevel of confidence.Lete = (1 +
£)/2 . Wewantto constructa simultaneou$ootstrapconfidencebandfor
E{g(t)}, overtheinterval 7 = (¢1,%;) . Let @y and@wy betwo numbers
suchthat

P*{ sup T*(t) < @L} - P*{ inf T () > @U} —c.

T*(t) = (13)

As in Hall (1993),w;, andwy mustsatisfy
P{ @, <infT(t) <supT*(t) < @i } = ¢.

Thelevel-¢ bootstrapconfidencebandfor E{g(¢)} overtheinterval 7 =
(t1,12) is definedas

Bg(’l])\L,’lfU\U) = {(t,z) . tl S i S tg; ’l])\L S
(14)

In particular

Be(in,, @) = [(t, 2) it <t <ty wi{GB)|Br) <2< wU{a(t)mU}],

where

wrvjw} = v4+w?/2 - (vw? +w?/4)?,
wr{vlw} = v+w?/2+ (vw? + w!/4)2.
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Underconditiong(C1)to (C3),bootstrapgonfidencdandg14)areasymp-
totically of exactlevel £, ass — o, ¢ = .

3.1. Bias-correctedsimultaneoushootstrapconfidencebands

Simultaneou®ootstrapconfidencebandsbasedn kerneldensityes-
timatesareaffectedby their bias. Betterbootstrapconfidencebandsmay
be estimatedy explicit bias-remeal (Hall, 1993).

TheEpanechnikv kernelfunction(9) is a2nd orderkernel;(9) satis-
fies

/_wk(u)duzl, /_oouk(u)duzo, /wu%(u)du#o_

Let
_1 [
K2 = o3 _oou k(u) du .
Undercondition (C2), the biasof the kerneldensityestimateg(t) given
by (8) is

n(t) = k2 h? gD(t) + o(h?),

t > 0, wheredervative g is boundedandcontinuous.Bias7(t) may
be estimatedy a kernelfunctioniy, (v) = h* (k] ), with bandwidth
h1, having atleast2 derivatives.

In particular biasn(t) maybeestimatedy

~ a2 112 (d(z;, z;) — 1)
i) =mhp?s?y, > S, (15)

veEE i#£j;4,5=1,...,n

t > 0, with edge-correctioffor eachB, asarestrictionof B, & r.
A corvenientchoicefor l,(fl) (u), |u| < hy,in (16)isthe (2, 4)th opti-
mal orderkernelof Gasseetal. (1985),definedas

(2)(,) = 105 (6u® _Sul
l’“(“)_whl(/ﬁ hi 1)'
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Selectionof bandwidth; is discussedbelow in section3.2.
Foreveryv € Z, weassumeondition(C4) asfollows.

(C4). n(n—1) = 0y(¢?), hi = 0, ¢*h® — oo, gh®?h2 = 0,
P 1 1
asq = oo.

Thebias-correctedevel-£ bootstrapconfidencebandfor the pair cor-
relationfunctiong(¢) , overtheintenal 7 = (¢4, 12) , is definedas

By (i, By) = {(t, 2 —T(t) : (t,2) € Bg(@L,@U)} . (16)

Underconditiong(C1)to (C4),bootstrapconfidencdandq16) areasymp-
totically of exactlevel ¢, ass — o0, ¢ = 0.

3.2.Bandwidths

Simulationgdescribedn Sectiord belon suggesthatvaluesor band-
widthsh andh, , in the kerneldensityestimate48) and(15), which may
maximizethe empiricalcoverageof bootstrapconfidencebands(14) and
(16),are

h= (51 C3 a}ﬂ y hl = (52 C3 ai)/ls , (17)

whered,, d; € (0,1] andes > 0, andareaa, (of aboundedegion)solves
equation(10).

Analogousselectiorcriteriafor bandwidthsh andh; maybefoundin
Penttineretal. (1992),Stoyanetal. (1993)andPallini (2002). Asymp-
totically optimalformulaefor & andh,, which maximizethe coverageof
bootstrapconfidenceébands(14) and(16), asq¢ = oo , canbe obtained,
following (10) andHall (1993).

4. A simulation study

Simultaneou$ootstrapconfidencébandg(14) and(16) typically pro-
duceinterestingresultsin termsof nominallevelsof confidence.

In this sectionwe presentsimulationexperimentperformedoy gen-
eratingvariousconfigurationof pointsfrom Strausgrocessegjivenby
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density(3). Theregion A, containingconfigurationsof differentsizes,
wasalwaysof size30 x 40, with differentcodingscheme®f sizes = 4,
6, 9 andaninteractionradiusr rangingfrom 0.925 to 1.025 . We consid-
eredthe kernelestimate®of correlationfunctionsaspopulationvaluesto
beestimatedvith simultaneousootstraponfidencdandq14)and(16).
The approachmay be justified by presuminga sufficiently large region
A, whichyields estimatesrery closeto the true valuesof the point pro-
cess. Empiricalcoveragesverebasedon 500 independentonfigurations
of points,with bootstrapapproximationdasedon 400 resamplesin Ta-
ble 1, we reportresultsfor empiricalcoverage®f simultaneousootstrap
confidencebands(14) and (16), with 4,62 = 1 ande¢z = 1 in band-
widths (17), anda nominallevel of confidencet = 0.9 . They confirm
the effectivenessandconsisteng of the proposedesamplingnethod.

Other simulation experimentsshav equialent and similar results,
wheretheworstconfidencdandsandsituationanayexhibit over-coverage
of nominalconfidencdevels.

4.1. Computationaldetails

Strausgoint processesveregeneratedvith valuesr = 0.925, 0.95,
1.025 for theinteractionradiusr , throughdensity(3) (with 8, (z4) = 2).
In particulay we generatedry pointz in a configurationz 4 , with den-
sity proportionalto ratio f(z4 U {z})/f(z4) , by usingRipley’s (1977)
alternatingoirth-deathtechniqueandtheacceptance-rejectianethod.In
orderto speedup simulationswe consideredaluesa = 1 andg = 1 for
theparametersn Straussiensity(3).

Labelsof bootstrapresampleqy:(¢)} , v € E, weregeneratedrom
the original setof integers{1,2,...,s}, by the S-plus(cf. Becler et
al., 1988)commandsamp.boot.mc (s,b), wheres = 4,6,9 andb =
400 . In orderto calculateempiricalcoverageswe useda vectoru of 25
differencesbetweenyg(t) andthe correspondindower boundsgiven by
(14) and(16), anothervectoru of 25 differencesdetweenupperbounds
givenby (14) and(16) andg(t) , for 25 equispacedaluest € [0.25,1.5] .
In particular we simultaneouslycomparedall differencesn u with the
command(mean(u > 0)==1) ,whichis 1, if all 25 component& u are
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positive,0, otherwise.
Softwareis availablefrom the Author on request.

Table 1. Empirical coveragesf* and Ejgc of confidencéandsfor the
pair correlationfunctiong(t), over theinterval r = [0.25,1.5], froma
region A of size30 x 40 (level of confidence& = 0.9). Codingschemes
basedon s rectangularsubregionsin A, for point configuations with
interactionradiusr of sizen .

r S n ' £se r S n ' £se
0.925 4 20 0948 0.898 0.925 6 10 0.816 0.844
0.950 4 20 0928 0.886 0.950 6 10 0.866 0.874
1.025 4 20 0.930 0.892 1.025 6 10 0.842 0.860
0.925 4 22 0.886 0.886 0.925 6 14 0.894 0.896
0.950 4 22 0906 0.906 0.950 6 14 0.888 0.888
1.025 4 22 0916 0916 1.025 6 14 0.886 0.892
0.925 4 26 0.908 0.908 0.950 9 14 0.896 0.898
0.950 4 26 0.894 0.892 1.025 9 10 0.870 0.876
1.025 4 26 0.896 0.896 1.025 9 14 0.894 0.898

4.2.Interaction radius

In all thesimulationsperformedtheinteractionradiusr , which char
acterizegonditionalindependencim acodingschemeis takenasknown.
Methodsfor estimatingr are discussedn Baddelg and Turner(2000)
andPallini (2002),alongwith their applications.

We may also estimater , routinely, by calculatingthe infimum of a
subsetof valuesfor r, which yield approximatelystablesimultaneous
bootstrapconfidencebands(14) and(16).
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4.3. Conclusions

Bootstrapmethodsfor conditionally independensubragions allow
straightforvard applicationsof well-known statisticaltools for indepen-
dentandidentically distributedobsenations.

By splittingtheobseredregion A into conditionallyindependensub-
regions,partof thepointconfigurationn A is notused.In ary casesim-
ulationexperimentsshow thatsuchbootstrapmethodsnay provide good
andefficientcompromises.

Anotherkey resultis equation(10) (proposedn Pallini, 2002),where
the randomsize of the point configurationin A is corveniently defined
by the numbers of conditionallyindependensubrgionsin A andthe
numberp of rectangleg5) in eachsubreayion.
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