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Summary: In thepresentpapertheforecastperformancesof theLogisticDoubleSmooth
Transition(LDST) model(LeeandLi, 1998)areinvestigatedandcomparedto theDou-
ble ThresholdARCH (DTARCH) model( Li andLi, 1996). After the presentationof
both models,the estimationprocedureof the LDST model is illustratedand its point
predictorsareexplicitly given. Further, in orderto presenttheir empiricaldistributions,
theresultsof aMonteCarlostudyareshown.

The LDST model is applied to study the seriesof the daily returnsof the Dax

30 stockindex andthe generatedforecastsarecomparedwith thoseobtainedfrom the

DTARCH model.
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1. Introduction

In recentyearsnonlinearmodellinghasreceivedincreasingattention
in financial time seriesanalysis. Theseseriesareaffectedby a consid-
erablenumberof sourcesof nonlinearitysuchasasymmetriesin the re-
turns,businesscycles,asymmetricbehaviour of the variability (usually
calledleverageeffect),volatility clustering,andsoon.

Thesewell knownfeaturesof financialdataimply dynamicbehaviours
which canbe well capturedusing regimesstructures,aspointedout in
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Priestley (1988).Someof themhavebeenshown in Tong(1990),Granger
andTer̈asvirta(1993)andrecentlysummarizedin Potter(1999)andFran-
sesandVanDijk (2000).

Tong(1990),in orderto overcomethetraditionaldistinctionbetween
modelsfor theconditionalmeanandmodelsfor theconditionalvariance,
suggeststo combinethem to accommodate,for examplein a financial
context, structuralchangesand leverageeffectsof the dataat the same
time.

In this context, Li and Li (1996), Liu, Li and Li (1997) propose
the DoubleThresholdAutoregressive ARCH (DTARCH) model,which
combinesthe Self-Exciting ThresholdAutoRegressive (SETAR) struc-
ture (Tong and Lim, 1980) with a thresholdARCH component. Lee
and Li (1998) introducethe Double SmoothTransitionmodel (DST),
wherethe conditionalmeanand the conditionalvarianceare modelled
using regimesstructureswherethe switch from one regime to another
is smooth. Lundbergh andTersvirta(1998) further generalizethe DST
structurewith the STAR-STGARCHmodelandproposeits application
to high frequency timeseries.

Thegenerationof forecastsfrom thesemodelsis oftenmoreinvolved
thancomputingforecastsfrom linearmodels.

In Niglio (2000)multi-stepaheadpoint forecastsfor the DTARCH
modelareinvestigated.

In the presentpaper, in order to extendthis investigationto a more
generalmodel,the generationof forecastsfrom the DST modelareex-
amined.In particular, theDTARCH andtheDST models,which have a
regimesstructureboth in conditionalmeanandconditionalvariance,are
briefly presentedin Section2, giving morerelevanceto the secondand
lessknown model.Theattentionis prevalentlyconfinedto their forecast
performancesandthoseof theDST modelareinvestigatedin Section3.
An applicationto realdatais shown in Section4 wheretheforecastability
of thetwomodelsarecomparedanddiscussed.Someconcludingremarks
aregivenin thefinal section.
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2. The examined models

TheDTARCH(��� � ��� � � � � � � ) modelproposedin Li andLi (1996)and
Liu, Li andLi (1997)is characterizedby thefollowing regimesstructure:

�	��

� ��� � ������ ��� � � ��� � �� ��� � � ����� � �	� �� "!$# � � �� � � � � ����%� &�� � � � � � �� � � � � ����� � � � �� !$# � � �(' �
(1))�� 

� * � � ����,+ ��� � � * � � �� ' �� � � ����� � ' � ��- !/. � � �� � *0� � ���� + &�� � � *0� � �� ' �� � � � � � ' � ��-1!/. � �

where ' �12435� 6 � ) � � , � � and � � , 7 
98 � : , aretheorderof theconditional
meanandvariancerespectively, ; and < arethethresholddelaies,

# �
and. �

( 7 
%8 � : ) arepartitionsof the real line = with
# � 
�� > � � � � > � ? , . � 
� < � � � � < � ? , > � is the thresholdvaluefor theconditionalmeanand < � is the

thresholdvalueof theconditionalvariance.Furthertheparameters
* � � ��%@6

and
*0� � �ACB 6 , for D 
E8 � :�� F F F � � � and 7 
G8 � : .

Thismodelis basedontheideathatthevolatility of theseriesis notal-
waysaconstantmultipleof thesquaredpastdisturbances,asin theARCH
case(Engle,1982),but positiveandnegativeshocksaffectdifferentlythe
volatility andaswitchingstructurecanmodelthisasymmetricbehaviour.

A generalisationof model(1) is theDoubleSmoothTransition(DST)
model, introducedin Lee and Li (1998). It combinesa STAR struc-
ture(Ter̈asvirta,1994)with aSmoothTransitionARCH model(Hagerud,
1996)in orderto take into account,at thesametime, theasymmetriesin
thereturnsandin thevolatility of theseries.

Themaindifferencewith theDTARCHmodelis thattheswitchamong
the regimesis not steep. Its gradualtransition is empirically appreci-
atedin acontext characterisedby market inefficiencieswheretheregimes

3



switchbetweenpositiveandnegativereturnsandthedecayingandthein-
creaseof thevolatility is not abrupt.

TheDSTH I J K I L K M"J K MNL O modelis definedasfollows:

P	Q�RTS0U J VW,XZY [\] ^ J S0U J V] P�Q _ ] Xa`�bNX(c _�d U e f g h _�i V j _ J0kkml S U L VW X Y n\] ^ J S U L V] P Q _ ] o X(p Qq Q�RTr�U J VW,X9s�[\] ^ J r�U J V]Tp LQ _ ] Xa`�b1X(c _�t U e f g u _mv V j _ J0k (2)kwl r�U L VWZX s n\] ^ J r�U L V]Tp LQ _ ] o
wherep Q�xGy H z�K q�Q O , { and | arethedelayparameters, } and ~ arecalled
transitionparameters, � and � arethesmoothnessparameters, � Q _�� and� Q _�� arethe transitionvariablesof theconditionalmeanandconditional
variancerespectively. VanDijk, Ter̈asvirtaandFranses(2002)arguethat
the transitionvariablescannotbe restrictedto � Q ’s, even thoughin the
presentcontext this choiceappearsappropriate.Further, theselectionof� Q _�� , astransitionvariableof theconditionalvariance,insteadof p Q _�� (as
in equation(1)) doesnot impactson themodelbecause,ashighlightedin
Liu, Li, Li (1997)andLee andLi (1998), in real life situations,abrupt
changesin the observations � Q are often accompainedby thosein the
disturbancesp Q .

Thelogisticsmoothingfunctionin (2) giveriseto thesocalledLogis-
tic DST (LDST) model.

TheassumptionsontheLDST model,givenin LeeandLi (1998),are
thefollowings:

1. thetimeseries
P�Q

is secondorderstationaryandergodic;

2. all theparametersin thefirst regimeof theconditionalvarianceare
suchthat

r U J VW�� z , r U J V��� z , for � R b K �mK � � � K M"J . Furthergivenr � RGr�U J V��X r�U L V� , for � R b K �mK � � � K M ] and � R b K � , all the
r � mustbe

non-negative.
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3. let �0� �"�C� �	� ��� � �	� ��� � � � � � �	� ��� � � and ��� �"�C� � �� ��� � � �� ��� � � � � � � �� �m �� � ,
for ¡¢��£m� ¤ , then ¥w�1� � � ¦§� ¨ � �0� � © areassumedto be linearly inde-
pendentandthesameindependenceisassumedfor ¥w� � � � ª§� ¨ � � � � © ,
where¦	� ¨ � and ª	� ¨ � arethelogistic functions.

Someof theseconditionsarenecessaryto guaranteetheexistenceof
theestimatorsin model(2) whereasthegaussiandistributionof theerrors� � , is assumedin order to have maximumlikelihood estimatorsand to
deriveanLM linearity test(LeeandLi, 1998).

Theestimationof theparametersfollowsthemodellingcycleof Ter̈a-
svirta(1994):

1. selectanupperboundfor « � , ¡0�G£m� ¤ , observingtheAutocorrelation
function(ACF) andthePartial ACFplots;

2. estimatetheparameters¬ and­ suchthatthep-valuesof theLM test
for the conditionalmeanandconditionalvarianceareminimized
over thegrid values®°¯ and ±"¯ , with £	²
¬$²
®°¯ and £§²
­�²± ¯ ;

3. estimatethe parameters³�´ µ ¶� (for ¡	�Z£m� � � � � « µ and ·¸�Z£m� ¤ ), ¹�´ µ ¶�
(with ¡º��£m� � � � � » µ and ·5��£m� ¤ ), ¼ , ½ , ¾ and ¿ usingthe method
of maximumlikelihood,basedon theNewton-Raphsonalgorithm,
throughthefollowing steps:

a. giventhevectorsÀ µ �E� ³0´ µ ¶Á � ³0´ µ ¶� � � � � � ³ ´ µ ¶� Â � andÃ µ �
� ¹�´ µ ¶Á � ¹�´ µ ¶� �� � � � ¹ ´ µ ¶ wÂ � , estimatetheparametersÄwÀ µ � Ã µ Å , ·	�
£m� ¤ , afterfix-
ing ¼�� ½�� ¾ and ¿ temporarily;

b. using Æ/ÇÀ µ �1ÇÃ µwÈ in stepa.,estimate¾ and ¿ ;
c. basedon Æ ÇÀ µ �1ÇÃ µwÈ , Ç¾ and Ç¿ , estimatethesmoothnessparame-

ters ¼ and ½ ;
d. repeata. - c. until theconvergenceis reached.
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The estimatesobtainedthrougha. - d. areevaluatedin Lee andLi
(1998)usinga simulationstudy. The resultsshow that the specification
of thesmoothnessparameters(É and Ê ) haveminoreffectsontheestima-
tion of theotherparametersevenif thelargerare É and Ê moreaccurate
aretheestimationresultsbecauseeasieris the identificationof the tran-
sition point and the interceptsof the regimes. Obviously the estimates
of É and Ê mayaffect the forecastability of theLDST model. This per-
formancehasbeenevaluatedandsomeresultsaredescribedin the next
section.

3. The generation of point forecasts from the LDST model

The complex structureof the LDST modelmakesthe generationof
forecastsnotaneasytask.

In thepresentsectionpointforecastsaregeneratedfrommodel(2) and
thedistribution of thepredictorusedto generatethemhasbeenexplored
at differentleadtimesthroughaMonteCarlostudy.

It is known thatthebestpredictorof Ë	Ì Í�Î , in termof minimummean
squareerrors,is theexpectedvalueof Ë Ì Í�Î conditionedto the informa-
tionsgivenup to time Ï , ( Ð Ì ):ÑË Ì Ò Ó ÔÖÕa×§Ø Ë Ì Í�Î Ù Ð Ì Ú
with Ó the leadtimeand

ÑË Ì Ò Ó Ô thepredictedvalue.
In this context, the Ó stepsaheadpoint forecasts(with Ó§Û%Ü ) of the

LDST model,aregivenas:ÑË�Ì Ò Ó ÔÖÕaÝ0Þ ß àáaâ Î ã ßäå æ ß Ý0Þ ß à
å ÑË�Ì Ò Ówç¢è Ô âaé êä å æ Î Ý�Þ ß àå Ë	Ì Í�Î ã å â	ë Ü â(ì ã�í Þ�îï�ð Þ Î ã�ñ à ã�ò à ó ã ß�ôõ Ý Þ ö àá,â Î ã ßäå æ ß Ý Þ ö à

å ÑË Ì Ò ÓNç(è Ô âZé ÷ä å æ Î Ý Þ ö àå Ë Ì Í�Î ã å ø (3)
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ùú�û ü ý þÖÿ���� � ���� 	
� � � ��� � �� ùú�û ü ý�
�� þ �����
� � 	 � � ��� � ���� �û ��	 � � ��������� ��� �� !#" � 	 ��$ � ��% � & � �(')* � � � ��+� 	
� � � � � � �� ùú û ü ý�
�� þ �,��-
� � 	 � � � � � �� � �û ��	 � � ./ (4)

where 021 � û ��	 3 4 û 51ÿ76 , for
ý28 � , ù9 û ü ý:
�;�þ¢ÿ 9 û ��	 ��$ and

ù9 û ü ý:
�< þºÿ9 û ��	 ��= if ý?>�; and
ý?>�<

, respectively.
Theforecastsgeneratedfrom theLDST modelhaverelevantfeatures,

someof which arein commonwith theDTARCH model.Whenthelead
time

ý
is greaterthanthe thresholddelaies,the thresholdvaluesarees-

timatedand the predictionperformancedependsstrongly on the accu-
racy of theseestimates.Further, the LDST forecastsdistributionsshow
asymmetricbehaviour and,in somecases,multimodalitywhich is more
evident as the smoothingparameter@ grows (in this casethe rise of @
impliestheconvergenceof model(2) to model(1)) andasthedifference3 A � � �� 3 
 3 A � � �� 3 in (3) increases,highlightinga dependenceof theforecast
distributionshapeupontheregimesintercepts.

To show thisdependence,onethousandseriesof length500(obtained
afterdroppingthefirst 100observationsin orderto limit thedependence
of theresultsontheinitial values)havebeengeneratedfrom thefollowing
model:9 û�ÿB
?6�C 6(D � 6�C � 6 9 û � � � 6�C � D 9 û � � ��������� �(E F !#" G � & � � 'ü 6�C HI6?
�6�C H J 9 û � � � 6�C � 6 9 û � � þ ��� û

(5)ú�û�ÿ�6�C � 6 � 6�C � D � �û � � � 6�C 6�D � �û � � ��������� � � F !#" G � & � � 'K 6�C H(L � 6�C M�H � �û � � � 6�C � 6 � �û � � N
with � û�O�P5ü 6�Q ú�û þ , R ÿ�6 and S ÿ�6 andwherethesimulationhasbeen
repeatedfor two differentvaluesof thesmoothingparameter@ ÿ � and
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T�UWV XIX . Theparametersin (5) have beenchosenin orderto guarentee
an equalpartition of the Y[Z s betweenthe two regimeswhich rise whenT�U�V X(X , asconsequenceof theapproximationof thelogistic functionto
anindicatorfunction.

Assumingtheparametersknown, the forecasts \Y Z ] ^ _ and \` Z ] ^ _ have
beengeneratedfor eachseriesat four differentsteplengths,̂[a�b VIc dIe in
bothcasesandwith forecasthorizon f Uhgji�d .

The forecastdistributions of model (2) with T7UkV and TlUkV X(X ,
estimatedfollowing Silverman(1986),areshown in Figure1 andFigure
2 respectively.
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Figure 1: Predictor densitiesof the LDST modelwith TpUqV at four
differentleadtimeŝ UrV(c s(c t�c d

As expected,thevolatility andtheasymmetryof theforecastsincrease
asthe leadtime grows. It is interestingto notethat themain resultsob-
tainedin thesimulationstudyis that,for smallvaluesof T , thenumberof
modesof the \Y[Z ] ^ _ distribution doesnot dependfrom the interceptval-
ues. In particular, the marked multimodaldistribution of the DTARCH
predictorsasthedifferencebeetwenu vxwy u and u v{zy u increasesin (1) (Amen-
dolaandNiglio, 2001),is not recognisedin theLDST modelwhen T is
small andso in this model the interceptsdo not impact the distribution
shape.The main consequenceof this result is on the forecastaccuracy
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Figure2: Predictor densitiesof the LDSTmodelwith |B}�~ �(� at four
differentleadtimes�:}r~(� �(� ��� �
andon theconstructionof theforecastregionswhich areeasierto obtain
in theunimodalcase(Hyndman,1995).

The multimodality of the LDST multi-stepforecastsbecomesmore
noticeableas | grows (Figure 2) due to the convergenceof the LDST
modelto theDTARCH model.

This is true when ��� � ����}���� � �� but when ��� � �� }k��� � �� an unimodal
distribution is given for the LDST modelwith no dependencefrom the
valuesassignedto the | parameter.

To highlight this result the distributions of the forecastsgenerated
from threedifferentmodelsareshown in Appendixwith �:}�� and|�}r~
(frame(a)) and |�}r~ �I� (frame(b)).

In all threecasesthe unimodalityof ���� � � � is preserved. In particu-
lar, model1, obtainedfixing themeaninterceptsin (5) to zero,shows a
symmetricunimodaldistributionwhereasin model2 andmodel3 amore
pronouncedasymmetryis highlighted.

4. An application to the German Dax 30 stock index
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TheLDST modeldescribedin Section2 hasbeenappliedto theGer-
manstockmarket index, Dax 30, usingdaily observationsfrom the2nd
of January1996to the31of December2000,for a totalof 1304observa-
tions.

Themodelhasbeenestimatedonthereturns�:� , givenasthefirst dif-
ferenceof thelogarithmof thedaily closingindex, � �j��� �{������� �{��� �{� ,
whereastheex-postforecastshave beengeneratedfor themonthof Jan-
uary2001whichcounts23 workingdays.

In orderto evaluatethepredictionperformanceof theLDST model,
its forecastsarecomparedwith thoseobtainedfrom theDTARCH model
estimatedon thesamedataset.

Theestimationof theDTARCH parametersareobtainedmaximizing
the likelihoodfunctionexplicitly given in Liu et al. (1997)whereasthe
specificationandestimationof theLDST modelfollow thestepsin Sec-
tion 2.

Theupperboundof   ¡ and ¢�¡ is fixedfrom theautocorrelationfunc-
tionsof thereturnsandof thesquaredreturnsrespectively. Thelinearity
LM testwith LDST alternative hasbeenusedand,following LeeandLi
(1998),it hasbeenseparatedfor theconditionalmeanandvariance

Given a significancelevel £ �p¤�¥ ¤(¦ , linearity is widely rejectedfor
the meanand the variancewhen the delaiesare § ��¦ and ¨ �+© and
the correspondingvaluesof the LM statisticsare ª�«­¬ �k®I¯�¥ © ® andª�«­° ��®�±(¥ © ² , respectively.

The remainingparameters,whosestartingvaluesare obtainedsep-
aratelyfor the conditionalmeanparametersfirst (Ter̈asvirta,1994) fol-
lowedby theconditionalvarianceparameters(Hagerud,1996),areesti-
matedthroughtheiterativeprocedureshown in Section2 wheresteps3.a
- 3.darerepeateduntil theconvergenceis reached.

Usingtheseestimates23ex-postforecastsaregeneratedfor themonth
of January2001. The predictionshave beenobtainedusing5 different
leadtimes ³ �W©I´ ±�´ ¯�´ ®�´ ¦ in orderto have multi-periodforecastsgener-
atedthroughdifferentstep-lengths.

Thegeneratedforecasts,for theconditionalmeanandtheconditional
variance,arecomparedwith thoseobtainedfrom the DTARCH model.
Thecomparisonof theconditionalmeanpredictionshasbeenperformed

10



usingtheMeanAbsoluteError(MAE) whereas,followingBollerslev, En-
gleandNelson(1994),theforecastsof theconditionalvariancehavebeen
evaluatedthroughthe HMSE (Heteroskedasticityadjustedmeansquare
error)asymmetricindex (Bollerslev, Ghysels,1996):µ·¶B¸�¹�ºk»¼q½¾¿ ÀxÁ ÂIÃ Ä¿ Å�ÆÇÈ ¿ Å�Æ:É » Ê Ä
in orderto avoid theuseof symmetricindexes(suchustheRMSE)which
areoftenmeaninglessin theevaluationof theforecastvolatility.

Further, it is conceivablethatmany investorswill not attributeequal
importanceto bothoverandunderpredictionof volatility of similarmag-
nitude. In this context, Brailsford and Faff (1996), proposean index
which penalizesunderprediction(U) moreheavily thatover prediction.
It is calledMeanMixedError, MME(U):¶B¶�¹2Ë ÌÎÍ�º�»¼ ÂjÏ¾¿ À{ÁjÐ ÇÈ ¿ É È ¿ Ð ÑÓÒ¾¿ À{Á{Ô Ð ÇÈ ¿ É È ¿ Ð Ê
whereÕ is thenumberof over-predictionsand

Ì
is thenumberof under-

predictions.
The resultssummarizedin Table1, show that the conditionalmean

DTARCH forecastsoutperformthoseobtainedfrom the LDST in terms
of MAE even if theperformanceof the lattermodelis superiorthanthe
formerin theconditionalvarianceprediction.

Wong e Li (2000)give an explanationto similar resultssayingthat
if the volatility of the seriesis high, bimodalpredictors,suchus those
obtainedfrom theDTARCH model,cangivemoreaccurateforecastsfor
the returnsbecausethechanceof sharpincreaseor decreasein the level
of theseriesis higherthanthechanceof amoderateincreaseor decrease.

Table1 shows that theconditionalmeanforecastperformanceof the
DTARCH modelimproves,with respectto theLDST model,as Ö grows
but oppositeresultsareobtainedfor thepredictionof thevolatility where
theLDST outperformstheDTARCH modelat all leadtimes.

Fromafinancialpointof view, whereoperatorsareofteninterestedin
market volatility, theresultsobtainedfrom theLDST modelareremark-
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Table1: Indexesto evaluatethe forecastperformanceof the LDSTand
DTARCHmodels

LDST forecasts
leadtime MAE HMSE MME(U) ×ÙØ Ú(Û�Ü

1 step 0.01422 0.71796 0.05748
2 steps 0.01087 0.70971 0.05771
3 steps 0.01275 0.74097 0.06083
4 steps 0.01008 0.77678 0.06355
5 steps 0.01450 0.78520 0.06559

DTARCH forecasts
leadtime MAE HMSE MME(U) ×ÙØ Ú(Û�Ü

1 step 0.00733 1.97304 0.37459
2 steps 0.00759 1.76677 0.38957
3 steps 0.00694 1.31422 0.28229
4 steps 0.00626 0.83649 0.18401
5 steps 0.00585 1.29545 0.20008

able.Furthertheaccuracy of ÝÞ[ß à á â canbeimprovedusingotherforecast-
ing proceduressuchasMonte Carlo forecasts(GrangerandTer̈asvirta,
1993)which arewidely employedin nonlinearcontext.

5. Concluding remarks

The point forecastsof the LDST modelhave beenexplored. After
thepresentationof themodel,which canbeconsidereda generalization
of theDTARCH model,theLDST point predictorhasbeengivenandits
distributionhasbeenshown throughasimulationstudy. It hashighlighted
relevantfeaturesof theLDST predictorswhichcanimpactontheforecast
accuracy.

The LDST forecastshave beencomparedto the DTARCH forecasts
throughan applicationto the Germanstock market index, Dax 30, at
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differentlead-times.
The forecastperformanceof theconditionalmeanandvariance,has

beenevaluateddifferently.
TheLDST modelhasshown asignificantforecastgainfor thecondi-

tional variancewhich is not recognisedin theconditionalmeancase.
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Appendix

TableA.1: Conditionalmeancoefficientsof 3 LDSTsimulatedmodelsã{ä å{æ çBè�é(ê�ä ë�éíì�é�î(ï ð�ñ�è�é(ê�ä ë�éòjó ô õö òjó ô õô ò�ó ô õ÷ òjó ÷ õö ò�ó ÷ õô òjó ÷ õ÷
model1 0 0.1 0.15 0 -0.24 0.1
model2 0.25 0.1 -0.45 0.2 -0.57 0.1
model3 0 0.1 -0.45 0 -0.57 0.1
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FigureA.1: øù[ú û ü�ý distributionfromModel1 at þ�ÿ�� (a), þ�ÿ�� ��� (b)
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FigureA.2: øù[ú û ü�ý distributionfromModel2 at þ�ÿ�� (a), þ�ÿ�� ��� (b)
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FigureA.3: øù ú û ü�ý distributionfromModel3 at þ�ÿ�� (a), þ�ÿ�� ��� (b)
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