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Summary|In thepresenpapertheforecasperformancesf thelLogistic DoubleSmooth
Transition(LDST) model(LeeandLi, 1998)areinvestigatecandcomparedo the Dou-
ble ThresholdARCH (DTARCH) model( Li andLi, 1996). After the presentatiorof
both models,the estimationprocedureof the LDST modelis illustratedandits point
predictorsareexplicitly given. Furtherin orderto presentheir empiricaldistributions,
theresultsof a Monte Carlostudyareshown.

The LDST modelis appliedto study the seriesof the daily returnsof the Dax
30 stockindex andthe generatedorecastsare comparedvith thoseobtainedfrom the
DTARCH model.
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1. Introduction

In recentyearsnonlinearmodellinghasrecevedincreasingattention
in financialtime seriesanalysis. Theseseriesare affectedby a consid-
erablenumberof sourcef nonlinearitysuchasasymmetriesn there-
turns, businesscycles, asymmetricbehaiour of the variability (usually
calledleverageeffect), volatility clustering,andsoon.

Thesewell known featuresf financialdataimply dynamicbehaiours
which canbe well capturedusing regimesstructuresas pointedout in
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Priestley (1988). Someof themhave beenshovnin Tong(1990),Granger
andTerasvirta(1993)andrecentlysummarizedn Potter(1999)andFran-
sesandVanDijk (2000).

Tong(1990),in orderto overcomethetraditionaldistinctionbetween
modelsfor the conditionalmeanandmodelsfor the conditionalvariance,
suggestdo combinethemto accommodatefor examplein a financial
contet, structuralchangesand leverageeffects of the dataat the same
time.

In this context, Li andLi (1996), Liu, Li andLi (1997) propose
the Double ThresholdAutoregressve ARCH (DTARCH) model,which
combinesthe Self-Exciting ThresholdAutoRegressve (SETAR) struc-
ture (Tong and Lim, 1980) with a thresholdARCH component. Lee
and Li (1998) introducethe Double Smooth Transition model (DST),
wherethe conditionalmeanand the conditional varianceare modelled
using regimes structureswherethe switch from one regime to another
is smooth. Lundbegh and Tersvirta(1998) further generalizeéhe DST
structurewith the STAR-STGARCH modeland proposeits application
to high frequeng time series.

Thegeneratiorof forecastgrom thesemodelsis oftenmoreinvolved
thancomputingforecastsrom linearmodels.

In Niglio (2000) multi-stepaheadpoint forecastsfor the DTARCH
modelareinvestigated.

In the presentpaper in orderto extendthis investigationto a more
generalmodel, the generatiorof forecastdrom the DST modelare ex-
amined.In particular the DTARCH andthe DST models,which have a
regimesstructurebothin conditionalmeanandconditionalvariance are
briefly presentedn Section2, giving morerelevanceto the secondand
lessknown model. The attentionis prevalently confinedto their forecast
performancesndthoseof the DST modelareinvestigatedn Section3.
An applicationto realdatais shavn in Sectiord wheretheforecastbility
of thetwo modelsarecomparednddiscussedSomeconcludingremarks
aregivenin thefinal section.



2. The examined models

The DTARCH(py, p2, g1, g2) modelproposedn Li andLi (1996)and
Liu, Li andLi (1997)is characterizethy thefollowing regimesstructure:
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wheree, ~ N(0, hy), p; andg;, @ = 1,2, arethe orderof the conditional
meanandvariancerespectiely, d ands arethethresholddelaies,R; and
Si (i = 1,2) arepartitionsof therealline R with R; = (r;_1,73], S; =
(si—1, si], m; is the thresholdvaluefor the conditionalmeanands; is the
thresholdvalueof theconditionalvariance.Furthertheparameter&((f) >
0 andagi) >0,forj=1,2,...,q;andi = 1, 2.

Thismodelis basedntheideathatthevolatility of theseriess notal-
waysaconstantnultiple of thesquaregastdisturbancesasin the ARCH
case(Engle,1982),but positive andnegative shocksaffect differentlythe
volatility anda switchingstructurecanmodelthis asymmetridoehaiour.

A generalisatioof model(1) is the DoubleSmoothTransition(DST)
model, introducedin Lee and Li (1998). It combinesa STAR struc-
ture(Terasvirta,1994)with a SmoothTransitionARCH model(Hagerud,
1996)in orderto take into accountatthe sametime, the asymmetriesn
thereturnsandin thevolatility of theseries.

Themaindifferencewith theDTARCH modelis thattheswitchamong
the regimesis not steep. Its gradualtransitionis empirically appreci-
atedin acontext characterisedy marketinefficiencieswheretheregimes



switchbetweerpositve andnegative returnsandthe decayingandthein-
creaseof thevolatility is notabrupt.
TheDST(z1, 22, w1, we) modelis definedasfollows:
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wheree; ~ N(0, h;), d andb arethedelayparametes, ¢ andr arecalled
transitionparametes, v andx arethe smoothnesparametes, z;_4 and
x;_p arethetransitionvariablesof the conditionalmeanandconditional
variancerespectrely. VanDijk, TerasvirtaandFranseg2002)arguethat
the transitionvariablescannotbe restrictedto z,’s, even thoughin the
presentontet this choiceappearsappropriate Further the selectionof
xs_p, astransitionvariableof the conditionalvariance jnsteadof ¢;_, (as
in equation(1)) doesnotimpactson the modelbecauseashighlightedin
Liu, Li, Li (1997)andLeeandLi (1998),in reallife situations,abrupt
changesn the obsenationsz; are often accompainedy thosein the
disturbances;.

Thelogistic smoothingunctionin (2) giveriseto thesocalledLogis-
tic DST (LDST) model.

TheassumptionentheLDST model,givenin LeeandLi (1998),are
thefollowings:

1. thetime seriesX; is secondorderstationaryandergodic;
2. all theparametere thefirst regime of the conditionalvarianceare
suchthat¢” > 0, &Y > 0, for j = 1,2,...,w. Furthergiven

§ = EJ(I) +¢&® forj=1,2,..,w; andi = 1,2, all the¢; mustbe
non-ngative.



3. letZy = (X1, Xe9, ooy X p,) and Wy, = (6?_1,6?_2,...,6?_%),
fori = 1,2, then{Zy;, F(-)Z2} areassumedo be linearly inde-
pendenandthesamandependencis assumedor {Wi;, G(-)Wa },
whereF'(-) andG(+) arethelogistic functions.

Someof theseconditionsarenecessaryo guaranteehe existenceof
theestimatorsn model(2) whereashegaussiardistribution of theerrors
€:, IS assumedn orderto have maximumlik elihood estimatorsand to
derveanLM linearity test(LeeandLi, 1998).

Theestimationof theparameterfollowsthemodellingcycle of Tera-
svirta(1994):

1. selecanupperboundfor z;, ¢ = 1, 2, observingheAutocorrelation
function (ACF) andthe Partial ACF plots;

2. estimateheparameterd andb suchthatthep-valuesof theLM test
for the conditionalmeanand conditionalvarianceare minimized
overthegrid valuesD,,, andB,,,with1 < d < D,, andl < b <
B,

3. estimatethe parameterﬁz.(j) (fori = 1,...,2; andj = 1,2), 55”
(withi = 1,...,w; andj = 1,2), v, s, ¢ andr usingthe method
of maximumlik elihood,basedon the Newton-Raphsoralgorithm,
throughthefollowing steps:

a. giventhevectorsd’ = (8, 817, ..., BY) andg’ = (¢, &,

o ED), estimataheparameter;{ﬁj,gj},j = 1,2, afterfix-
ing v, K, c andr temporarily;

b. using{[-}j, é’} in stepa., estimate: andr;
c. basedn {[-}7 Ny } ¢ and7, estimatethe smoothnesparame-

tersy andx;
d. repeata. - c. until thecorvergences reached.



The estimatesobtainedthrougha. - d. areevaluatedin Lee andLi
(1998)usinga simulationstudy The resultsshawv thatthe specification
of thesmoothnesparametergy andx) have minor effectsontheestima-
tion of the otherparametergvenif thelargerarey and« moreaccurate
arethe estimationresultsbecausesasieris the identificationof the tran-
sition point and the interceptsof the regimes. Obviously the estimates
of v andx may affect the forecastability of the LDST model. This per
formancehasbeenevaluatedand someresultsare describedn the next
section.

3. The generation of point forecasts from the LDST model

The comple structureof the LDST model makesthe generatiorof
forecastsiotaneasytask.

In thepresensectionpointforecastaregeneratedrom model(2) and
thedistribution of the predictorusedto generatehemhasbeenexplored
atdifferentleadtimesthrougha Monte Carlostudy

It is known thatthe bestpredictorof X;.,, in termof minimummean
squareerrors,is the expectedvalueof X;,, conditionedto the informa-
tionsgivenuptotimet, (1;):

Xt(g) = E[Xt+e|ft]

with ¢ theleadtimeand X, (¢) the predictedvalue.
In this context, the £ stepsaheadpoint forecastqwith ¢ > 1) of the
LDST model,aregivenas:
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whereE[e,4|I,] = 0,for £ > 1, X,(£ — d) = Xyy0_q and X, (£ — b) =
X if £ < dandf < b, respectiely.

Theforecastgeneratedrom the LDST modelhave relevantfeatures,
someof which arein commonwith the DTARCH model. Whenthelead
time £ is greaterthanthe thresholddelaies,the thresholdvaluesare es-
timated and the prediction performancedependsstrongly on the accu-
racy of theseestimates.Further the LDST forecastdistributions shov
asymmetridbehaiour and,in somecasesmultimodality which is more
evident as the smoothingparametery grows (in this casethe rise of
impliesthe corvergenceof model(2) to model(1)) andasthe difference
|,6(()1)| - |,6(()2)| in (3) increaseshighlighting a dependencef the forecast
distribution shapeuponthe regimesintercepts.

To shaw thisdependencenethousanderiesof length500(obtained
afterdroppingthefirst 100 obsenationsin orderto limit thedependence

of theresultsontheinitial valueshave beengeneratedrom thefollowing
model:

X, = —0.05 4 0.10X,_, + 015X, 5+ {147 X1} 7"
(0.20 — 0.24X;_, +0.10X,_5) + ¢,

(5)
By = 0.10 + 0.15€2_, + 0.05€2_, + {1+ ¢ Xe-t} 7

(0.27+0.32¢7_, +0.10¢; ;)

with e, ~ N(0, h;), 7 = 0 andc = 0 andwherethe simulationhasbeen
repeatedor two differentvaluesof the smoothingparametery = 1 and



v = 100. The parameteré (5) have beenchosenn orderto guarentee
an equalpartition of the X;s betweenthe two regimeswhich rise when
~v = 100, asconsequencef the approximatiorof the logistic functionto
anindicatorfunction.

Assumingthe parameter&nown, the forecastsX,(¢) andh,(¢) have
beengeneratedor eachseriesat four differentsteplengths, € [1,4] in
bothcasesandwith forecasthorizonH =t + 4.

The forecastdistributions of model (2) with v = 1 andy = 100,
estimatedollowing Silverman(1986),areshowvn in Figurel andFigure
2 respectiely.

1 step ahead 2 steps ahead

00 05 10 15 20 25 30

00 05 10 15 20 25 30

3 steps ahead 4 steps ahead

Figure 1. Predictor densitiesof the LDST modelwith v = 1 at four
differentleadtimes?/ = 1,2, 3,4

As expectedihevolatility andtheasymmetryof theforecastsncrease
astheleadtime grows. It is interestingto notethatthe mainresultsob-
tainedin thesimulationstudyis that,for smallvaluesof v, the numberof
modesof the X,(¢) distribution doesnot dependfrom the interceptval-
ues. In particular the marked multimodal distribution of the DTARCH
predictorsasthedifferencebeetwer¢g| and|#3| increasen (1) (Amen-
dolaandNiglio, 2001),is not recognisedn the LDST modelwhen-y is
smallandso in this modelthe interceptsdo not impactthe distribution
shape. The main consequencef this resultis on the forecastaccurag
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Figure 2: Predictor densitiesof the LDST modelwith v = 100 at four
differentleadtimes?/ = 1,2, 3,4

andonthe constructionof theforecastregionswhich areeasierto obtain
in theunimodalcase(Hyndman,1995).

The multimodality of the LDST multi-stepforecastsbecomesnore
noticeableas~ grows (Figure 2) dueto the corvergenceof the LDST
modelto the DTARCH model.

This is true when 8§ # 8% but when 8" = A2 an unimodal
distribution is givenfor the LDST modelwith no dependencéom the
valuesassignedo they parameter

To highlight this result the distributions of the forecastsgenerated
from threedifferentmodelsareshavn in Appendixwith £ = 4 andy =1
(frame(a)) andy = 100 (frame(b)).

In all threecaseghe unimodality of Xt(ﬁ) is presered. In particu-
lar, modell, obtainedfixing the meaninterceptsin (5) to zero,showns a
symmetricunimodaldistribution whereasn model2 andmodel3 amore
pronouncedisymmetryis highlighted.

4. An application to the German Dax 30 stock index



TheLDST modeldescribedn Section2 hasbeenappliedto the Ger
manstockmarket index, Dax 30, usingdaily obsenationsfrom the 2nd
of Januaryl996to the 31 of Decembef000,for atotal of 13040bsena-
tions.

Themodelhasbeenestimatednthereturnsi;, givenasthefirst dif-
ferenceof thelogarithmof thedaily closingindex, R, = InX; — InX,_1,
whereaghe ex-postforecastshave beengeneratedor the monthof Jan-
uary 2001which counts23 working days.

In orderto evaluatethe predictionperformanceof the LDST model,
its forecastarecomparedvith thoseobtainedrrom the DTARCH model
estimatedn the samedataset.

Theestimationof the DTARCH parametersrreobtainedmaximizing
thelikelihoodfunction explicitly givenin Liu etal. (1997)whereaghe
specificatiorandestimationof the LDST modelfollow the stepsin Sec-
tion 2.

Theupperboundof z; andw; is fixed from the autocorrelatiorfunc-
tions of thereturnsandof the squaredeturnsrespectrely. Thelinearity
LM testwith LDST alternatve hasbeenusedand,following Lee andLi
(1998),it hasbeenseparatedor the conditionalmeanandvariance

Givena significancelevel o = 0.05, linearity is widely rejectedfor
the meanandthe variancewhenthe delaiesared = 5 andb = 1 and
the correspondingvaluesof the LM statisticsare LM,; = 43.14 and
LMy = 42.18, respectiely.

The remainingparametersyhosestartingvaluesare obtainedsep-
aratelyfor the conditionalmeanparameterdirst (Terasvirta, 1994)fol-
lowed by the conditionalvarianceparametergHagerud,1996),are esti-
matedthroughtheiterative procedureshavn in Section2 wheresteps3.a
- 3.darerepeatedintil the corvergenceis reached.

Usingtheseestimate23 ex-postforecastaregeneratedor themonth
of January2001. The predictionshave beenobtainedusing5 different
leadtimes/ = 1,2, 3,4, 5 in orderto have multi-periodforecastgyener
atedthroughdifferentstep-lengths.

Thegeneratedorecastsfor the conditionalmeanandthe conditional
variance,are comparedwith thoseobtainedfrom the DTARCH model.
The comparisorof the conditionalmeanpredictionshasbeenperformed
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usingtheMeanAbsoluteError (MAE) whereasfollowing Bollersles, En-

gleandNelson(1994),theforecast®of theconditionalvariancehave been
evaluatedthroughthe HMSE (Heteroslkdasticityadjustedmeansquare
error)asymmetriandex (Bollerslev, Ghysels1996):

HMSE = XT: leg“ 1]2
TtZl ]/:Lt-l-e

in orderto avoid theuseof symmetricdndexes(suchusthe RMSE)which
areoftenmeaningles the evaluationof theforecastvolatility.

Further it is concevablethat mary investorswill not attribute equal
importanceo bothoverandunderpredictionof volatility of similar mag-
nitude. In this contet, Brailsford and Faff (1996), proposean index
which penalizesunderprediction(U) moreheaily thatover prediction.
It is calledMeanMixedError, MME(U):

1 o U —
MME(U) = lz |he — he| + > V| he — ht|]
t=1 t=1

whereO is thenumberof over-predictionsandU is thenumberof under
predictions.

The resultssummarizedn Table 1, shawv thatthe conditionalmean
DTARCH forecastsoutperformthoseobtainedfrom the LDST in terms
of MAE evenif the performanceof the latter modelis superiorthanthe
formerin the conditionalvarianceprediction.

Wong e Li (2000) give an explanationto similar resultssayingthat
if the volatility of the seriesis high, bimodal predictors,suchus those
obtainedirom the DTARCH model,cangive moreaccuratdorecastgor
the returnsbecausehe chanceof sharpincreaseor decreasén thelevel
of theserieds higherthanthe chanceof amoderatencreaseor decrease.

Table 1 shavs thatthe conditionalmeanforecastperformanceof the
DTARCH modelimproves,with respecto the LDST model,as/ grows
but oppositeresultsareobtainedor the predictionof the volatility where
the LDST outperformghe DTARCH modelatall leadtimes.

Fromafinancialpoint of view, whereoperatorareofteninterestedn
market volatility, the resultsobtainedfrom the LDST modelareremark-
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Table1: Indexesto evaluatethe forecastperformanceof the LDSTand
DTARCHmodels

L DST forecasts
leadtime MAE HMSE MME(U)x10~2
lstep 0.01422 0.71796 0.05748
2steps 0.01087 0.70971 0.05771
3steps 0.01275 0.74097 0.06083
4steps 0.01008 0.77678 0.06355
5steps 0.01450 0.78520 0.06559

DTARCH forecasts
leadtime MAE HMSE MME(U)x10~2
lstep 0.00733 1.97304 0.37459
2steps 0.00759 1.76677 0.38957
3steps 0.00694 1.31422 0.28229
4steps 0.00626 0.83649 0.18401
5steps 0.00585 1.29545 0.20008

able.Furthertheaccurag of X, (£) canbeimprovedusingotherforecast-
ing proceduresuchas Monte Carlo forecastyGrangerand Terasvirta,
1993)which arewidely employedin nonlinearcontext.

5. Concluding remarks

The point forecastsof the LDST model have beenexplored. After
the presentatiorof the model,which canbe considereda generalization
of the DTARCH model,the LDST point predictorhasbeengivenandits
distribution hasbeenshavn througha simulationstudy It hashighlighted
relevantfeaturef theLDST predictorsvhich canimpactontheforecast
accurag.

The LDST forecastshave beencomparedo the DTARCH forecasts
throughan applicationto the Germanstock market index, Dax 30, at
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differentlead-times.

The forecastperformanceof the conditionalmeanandvariance has
beenevaluateddifferently.

The LDST modelhasshowvn a significantforecasigainfor the condi-
tional variancewhichis notrecognisedn the conditionalmeancase.

AdknowledgmentsT his paperis partially supportecby MURST 2000”"Mo-
delli stocastice metodidi simulazioneperl’analisi di dati dipendenti”.
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Appendix

TableA.1: Conditionalmeancoeficientsof 3 LDSTsimulatedmodels

First Regime Second Regime
R S S S S %
modell| O 01 015 0 -0.24 0.1
model2 | 0.25 0.1 -0.45| 0.2 -0.57 0.1
model3| 0 0.1 -045 0 -057 0.1

v=1 y=100

FigureA.1: X,(4) distributionfromModell aty = 1 (a),y = 100 (b)

v=1 y=100

Ty P by o P

FigureA.2: X,(4) distributionfromModel2 aty = 1 (a),y = 100 (b)

v=1 y=100
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FigureA.3: X,(4) distributionfromModel3 aty = 1 (a),y = 100 (b)
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