CENTROPERLA FORMAZIONE IN ECONOMIA E POLITICA DELLO SVILUPPORURALE
UNIVERSITA DI NAPOLI FEDERICOII - DIPARTIMENTO DI SCIENZE STATISTICHE
UNIVERSITA DI SALERNO - DIPARTIMENTO DI SCIENZE ECONOMICHEE STATISTICHE

Quaderni di
STATISTICA

VOLUME 9 - 2007

LIGUORI EDITORE



Volume 9, anno 2007
ISSN 1594-3739 (edizione a stampa)

Registrazione al n. 5264 del 6/12/2001 presso il Tribunale di Napoli
ISBN-13 978 - 88 -207-4209-6

Direttore responsabile: Gennaro Piccolo

© 2007 by Liguori Editore
Tutti i diritti sono riservati
Prima edizione italiana Dicembre 2007

Finito di stampare in Italia nel mese di Dicembre 2007 da OGL - Napoli

Questa opera ¢ protetta dalla Legge sul diritto d’autore (Legge n. 633/1941).

Tutti i diritti, in particolare quelli relativi alla traduzione, alla citazione, alla riproduzione in qualsiasi forma,
all’uso delle illustrazioni, delle tabelle e del materiale software a corredo, alla trasmissione radiofonica o
televisiva, alla registrazione analogica o digitale, alla pubblicazione e diffusione attraverso la rete Internet sono
riservati, anche nel caso di utilizzo parziale.

La riproduzione di questa opera, anche se parziale o in copia digitale, ¢ ammessa solo ed esclusivamente nei
limiti stabiliti dalla Legge ed ¢ soggetta all’autorizzazione scritta dell’Editore. La violazione delle norme com-
porta le sanzioni previste dalla legge.

Il regolamento per 1’uso dei contenuti e dei servizi presenti sul sito della Casa Editrice Liguori ¢ disponibile al
seguente indirizzo: http://www.liguori.it/politiche_contatti/default.asp?c=legal

Lutilizzo in questa pubblicazione di denominazioni generiche, nomi commerciali e marchi registrati, anche se
non specificamente identificati, non implica che tali denominazioni o marchi non siano protetti dalle relative
leggi o regolamenti.

11 C.EE.P.S.R. si avvale per la stampa dei Quaderni di Statistica del contributo dell’Istituto Banco di Napoli -
Fondazione.

La carta utilizzata per la stampa di questo volume ¢ inalterabile, priva di acidi, a pH neutro, conforme alle
norme UNI EN Iso 9706 X, realizzata con materie prime fibrose vergini provenienti da piantagioni rinnovabili
e prodotti ausiliari assolutamente naturali, non inquinanti e totalmente biodegradabili.



Indice

R. ARBORETTI GIANCRISTOFARO, S. BONNINI, L. SALMASO,
A performance indicator for multivariate data ...............................

D. PICCOLO, A general approach for modelling individual choices ...

S. M. PAGNOTTA, The behavior of the sphericity test when data are
rank transformed ...

A. PALLINI, On variance reduction in some Bernstein-type approxi-
INALIOIIS 1.ttt ettt et e

A. NACCARATO, Full Information Least Orthogonal Distance Esti-
mator of structural parameters in simultaneous equation models .......

M. CORDUAS, Dissimilarity criteria for time series data mining ......

FORUM
S. PACILLO, Estimation of ARIMA models under non-normality .....

M. TANNARIO, A statistical approach for modelling Urban Audit
Perception SUIVEYS. . ..vveeiii i e e

31

49

63

87
107

149



Quaderni di Statistica
Vol. 9, 2007

Full Information Least Orthogonal Distance
Estimator of structural parameters in
simultaneous equation models

Alessia Naccarato
Dipartimento di Economia, Universita Roma Tre
E-mail: a.naccarato@uniroma3.it

Summary: An extension of Limited Information Least Orthogonal Distance Estimator
(LI LODE) for structural parameters of simultaneous equations models, to a Full
Information context, is presented. The proposed extension is based on characteristic

roots and vectors of a matrix deriving from the so called over-identifying restrictions.

Keywords: Simultaneous equations models, Orthogonal distance, Principal com-
ponents.

1. Introduction

This paper is aimed at presenting an extension of Least Orthogonal
Distance Estimator (LODE) of structural form parameters in
simultaneous equation models. The LODE procedure was originally
developed by Pieraccini (1988) in a Limited Information (LI) context
and was based on characteristic roots and vectors of a particular
variance-covariance matrix. In this article, LODE procedure is
generalized to the case of full information (FI) in order to obtain
simultaneous estimators for structural parameters of the complete
system.

After reviewing the notation, stressing some basic ideas about the
estimation problems and the identification conditions, limited
information LODE is presented together with its extension to the full
information context. Since the FI procedure needs the variance-
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covariance matrix of disturbances, a way to obtain a consistent
estimator of it is presented. Finally, the consistency of the proposed
estimator is shown and some concluding remarks are discussed.

2. Simultaneous equations models

Making use of standard notations, the structural form of a
simultaneous equations model can be defined as follows:

YT+XB+U=0 (1)

n,mm,m nk k,m n,m

where Y is the nxm matrix of endogenous variables and T is the
corresponding mxm matrix of structural parameters, X is the nxk
matrix of exogenous variables and B is the kxm matrix of their
structural parameters. Finally U is the nxm matrix of disturbances for
which standard hypotheses are supposed to hold:

E (vec U ) =0 o)
E(vch(vch)T )= Q®1
where
Glz O-lm
ﬂggl - : 5
e o!

1s the variance-covariance matrix of the structural form disturbances U,
which is supposed to be constant for all observations.
Furthermore it is assumed that:
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PlimLUU = 0

n—o N

Plim%XTU =0 (3)
plimix X =3 .

n—wo P k,k

Under non singularity condition for I' the reduced form of the
equations is derived as:

Y = XTI+ V (4)
where:
m=-Br
A (5)

The last equation in (5) represents the matrix of disturbances of
reduced form, for which it is possible to write:

E(V)=0 ©)
EWv)=n(r")Qr.
Post-multiplying by T’ the first equation in (5) we obtain:
Imr =- (7)

k,mm,m k,m

which represents the relation between reduced and structural form
parameters.

Since (7) is a system of k equations with mx(m+k) unknowns,
exclusion constrains are introduced in order to find the solution with
respect to I' and B in terms of IT.
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If — as it usually happens — each equation does not include all the
endogenous and exogenous variables, it is possible to consider the
following partition of the overall matrix of endogenous variables with
respect to i-th structural form equation:

Y=Y : 7Y,
1i 2i

n,m
n,m; n,my;

where the first m;; columns refer to the endogenous variables included
in i-th equation and the last m,; columns refer to those excluded. In the
same way the vectors of I'’s in i-th equation can be reordered as:

where the first m,, elements of I; refer to endogenous variables

included in the i-th equation. Notice that defining the vector I; no
normalization rule has yet been introduced.
Similarly, let us consider the partition:

where X, and X, are the sub-matrices corresponding to the

exogenous variables, included in and excluded from, the i-th equation.
Accordingly let us define
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where the first k;; parameters are related to the exogenous variables
included in the i-th equation.
Therefore the i-th structural equation can be expressed as:

Y+ XyBi +U; =0.

According to each equation of the system a different ordering of
variables has to be performed.

3. Condition for identification

Usually rank conditions for identification of a simultaneous equation
system, as well as order conditions, are obtained after applying the
normalization rule: in our case, this doesn’t happen so that we have to
redefine the identifiability condition.

With respect to the i-th structural equation of the system, relation (7)
can be written as:

I, T, =—B,
ki my mlill ki 1 (8 )
o . . a
HiZ Fli = 0 *
ky;sl
ki my; my; 1 2i>
or
i
Hll Ikl,- Flil
ki my; mpsl 0 8
m, o |B, ®

kypomy K2k || kg,

where I1}, refers to the i-th equation RF parameters of endogenous and
exogenous variables included, while IIj, refers to the endogenous
included and exogenous excluded ones.
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Defining the matrix IT. in the following way:

i
Hll Ikl,-
i kyj,m
H* — | ku iu ,
kymyj+ky; le 0
kyomy  F2ichi

the rank condition for solving the system (8a) takes the following form.

Condition I — System (8a) admits a unique solution — up to a
proportionality constant — if the rank:

A )=m, +k, -1 9)
the proof follows directly from the Rouche-Capelli theorem.
Condition 2 — r{T1%)=my; + k; —1 if and only if
()= myy —1. (10)

Proof — Let us consider the four blocks partitioned matrix IT.:

ka — Hil [kli .
IT}, 0

Remembering that:
I"(Hi)ﬁ F(Hil P Ikli)—i_r(HiZ > O)’

and noticing that the first block including the identity matrix has always
full rank:

r(Hil’ Ikli): kli



Full Information LODE 93

then condition (9) holds if and only if
r(Hiz ): m, —1.

If equation (10) holds the system (8a) admits a unique non trivial
solution up to a proportionality constant. In this case the structural
parameters are said to be identified.

If

AT )< m, +k, —1, (11)

the structural parameters are said to be under-identified and system (8a)
admits no solution.
When the reduced form parameters IT are substituted with their

OLS estimates IT, the system (8a) becomes:

I T,+B, =&,
i i 1i

kypamy my, 1 kgl ksl (12)
i —

le Fli _82:'

kajomy;myg, 1 kil

so that in both equations an error component occurs because of the use
of the estimates I1 instead of the true IT values: then rank conditions
cannot be verified. The rank of ITi, cannot therefore be used as an

identification criterion and we need to define the so-called “order
conditions” which are related to the number of the equations and
unknowns in the system (8a) and are a direct consequence of rank
conditions.

Condition 3 — If rank condition (9) is satisfied, the matrix I1. has to
be of order greater or equal to my; + k;; —1, that is:

k>2k,+m, -1
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1.e.:
kZi 2 m, -1

and the number of excluded exogenous variables has to be greater than
or equal to the number of included endogenous variables minus one,
which is the formulation generally used for order conditions.

Exact identification will occurs when:

kli =m; - 1,
while under identification occurs when:
k,<m,—1.

In the first case there is a unique solution while in the second one
there is no solution.

4. Limited information and full information LODE

LODE estimator is — in its original formulation — a limited
information method, i.e. an estimator of structural parameters, equation
by equation (Pieraccini, 1988). Since it is well known that FI estimators
are asymptotically more efficient than LI (Goldberger, 1964, pp. 346-
356, Judge et al., 1985), it is worthwhile to generalize LODE method to
a full information context.

Let’s now first consider the case of LI LODE.

Defining:
R kIIu ]kl, Fli fli
i LMy i1 i1
I Ii — 1},\ my R 5[ — i"slz . 55 — li ,
komy;+ky; l l . O my;+ky;,1 1i k,1 ‘92,'

kyjski; kil ki1
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equation (12) can be written as:
1.6 =¢ (13)
where it can be shown that:

=(x"x)'x'U. (14)
1

&
k,

To have uncorrelated residuals it is possible to make a transformation
which leads to the following expression of the variance of i-th equation
disturbances:

ST (X" X)s, (15)

Limited information LODE is given by the vector &; which
minimizes the quadratic form (15) and it is then given by the
eigenvector associated to the smallest eigenvalue of the matrix

1 (X7 X
If we make the following position:

I, =1 =(X"X) XY,
|-t

it can be easily shown that (15) reduces to:

XX XX,

ﬁiT (XTX) lili — )?i,m]i,\ . ml;‘:kli —
my+ky ko kk k my+ky; AXLXH; AXv]’-AXVU
Ky mj [STST:

(15a)

T 7 v\ 7 T
Yx(xX'x)'xy, v'x,
_ my;, my; my;, ky;

XY, Yy [T
i1 1“0 my kg, my

kymy; ki kg
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where the meaning of the symbol 4, will become clear in few lines.
Then (15) becomes:

STAS (16)

so that LODE estimator &; is defined in terms of the eigenvalues and
eigenvectors of matrix 4;;.
Let us now consider the extension of LODE method to FI context.
Relations between reduced and structural form parameters for the
whole system of equation are given by:

m oA S
IT. 0 0 i
Koy +h k,myy+kpy ko Ky myy+kyy g 81
A 2 5
0 m. - 0 >
Kk vk komyp ki || mothiay | = | 2 (17)
A m
0 0 O b 0, g,
| otk kit komyp+hyy || MmtRim |

or in a more compact form, using a self evident notation:

A

I1,6 = £ (17a)

m/f,s‘Y’l

where the number s of colums of matrix IT- is defined as

3

s=$0m, +k,).

1

i

From equation (14) applied to the vector ¢, the variance-covariance
matrix of the error component is:

Elee")= = =00l x| (18)

mk , mk m,m
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As in the case of LI to obtain uncorrelated errors it is possible to
make a transformation leading to the following expression:

ww =7 (e (x X)) 1.5 =5 (@' ©(X X)Ls  (19)

LS S, mk mk ,mk mk,SS’]

which represents the trace of Q matrix.

Full Information LODE is obtained by minimizing the quadratic
form (19) i. e. by considering the eigenvector associated with the
smallest eigenvalue of the matrix:

A=T1 Q" ®(x X)), (20)

S, S
To find the vector § which minimizes (19) is then equivalent to

minimize the trace of Q matrix.
The explicit form of 4 matrix is:

XX - (XX - (X |

0

= o (XX - TEoi(xfE o T on(xT X

o (XX - o - 2 o XX |

where o/ are the element of the matrix Q.
The block-diagonal elements of SAS are of the form (15a) — now it is

clear the reason for using the proposed notation — whereas the extra-
diagonal block elements are:

' X"XI 1m'x'x,
A, =o' " et 21)
‘ XIIXHII Xli le

myj,ny my;, ky
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Taking into account the definition of IT; and I/ the extra-diagonal
block elements of 4 can be written as in (15a):
S.S

Yx(xTx)' X'y, vlx,

ii my; ok
Ai/ — (7[‘/ mle”’l/ '"1; 1j . (22)
XY, XTX,

J 1 J
kyismy ks ki

The eigenvector associated with the smallest eigenvalue of matrix
SAS will then minimize the quadratic form (19), i.e. the trace of the

variance-covariance matrix of structural form disturbances.

Full Information LODE is obtained multiplying the eigenvector
associated to the smallest eigenvalue of matrix 4 through m constants
defined as the reciprocal of the elements corresponding to the

endogenous variables at right hand sides in each SF equation.
If a is the smallest eigenvalue of SAS and P, is the associated

eigenvector, then:
5=CP, (23)

where C is the block diagonal matrix defined as follows:

C= g (24)

cm my+ky

and

c,=—— (25)
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with p, being the eigenvector’s element corresponding to the
endogenous variable y, at left hand side in i-th structural form

equation.

It has to be noticed that FI LODE could have computational
advantages with respect to FIML which, in non standard problems,
converges slowly to solutions or may achieve a local maximum instead
of the absolute one.

5. Estimation of variance-covariance matrix Q)

Equation (19), which defines explicitly the quadratic form to be
minimized, is a function of disturbances variance-covariance matrix Q
which is unknown. Then it is necessary to estimate it.

As usual it is possible to go through a two stage procedure: in the
first stage to estimate the SF parameters through LI LODE and use them

to compute U i. e. the matrix of disturbances of SF:
U=-VT
where ¥ is the matrix of residuals of OLS estimators of RF equations.

Then an estimate of the variance-covariance matrix is obtained as:

o 0 o 0
0 0
Q=] o0 e 0 U0 o 1 0
: .0 D .0
0 0 gmfm_ |0 0 gm*”z_
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where:

1

g = .
n—m, _kli

In the second stage structural parameters estimates are obtained

introducing Q in equation (19). Then Full Information LODE is
proportional to the eigenvector associated to the smallest eigenvalue of :

A=1U(0" ® (x" X)),

from which they can be obtained as in (23).

6. Consistency of Full Information LODE

In this section we show that FI LODE consistently estimates
structural form parameters. This results generalizes a previous result
derived for LI LODE by Perna (1988).

To this end, let us assume conditions (2) and (3) and — in addition —
that the exogenous variables matrix X is non random and has full rank:

nk

rkX):k.

n,k
Under these conditions the following Lemma is true.

Lemma: The eigenvector associated to the smallest eigenvalue of the
matrix M7(Q~ ®(X7 X)), is proportional to & according to m
constants of proportionality.

Proof: If the T1 matrix is known then, it is

Q"X X)M.5=0
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If & is the smallest eigenvalue of matrix 7 (Q~ ® (X7 X)), then it

hastobe a =0.
If ¥, is the associated eigenvector, it is possible to write

Y (Q ® (X X)W, =0 (26)
and setting;
MY, =z
(26) becomes:
Q7 ®(XTX))z=0 27)

where the matrix (Q" ®(X X )) is positive definite, since Q is the

variance-covariance matrix of disturbances, and the matrix X is
supposed to have full rank. Then condition (27) is true if and only if
z=0,1.e. if and only if:

I1,¥Y, =0. (28)
It follows that ¥, has to be proportional to § - since & is the vector

of parameters for which (26) is true. Then the following relation has to
be verified:

¥, ==
s S,8 5.1
that is:
==2Y
s, S, S,f‘

where the matrix = is:
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1

U 14ky,

[1]
Il

d mjy+k iy
L ém My +kp |
The vector § will then be:
I ] lIlatl
Uk Mt
= égi 1 . \Pm’
s mj+k iy . mj+k;p,1
" My +Ki Tam
L —L M1+l

1 . .
where & =—, and y, 1is the element corresponding to the
Voi

endogenous variable at left hand side of the structural equation with
respect to which the normalization rule has to be performed and ¥, be

the vector of ¥, corresponding to i-th equation.

Theorem: Full Information LODE consistently estimates structural
form parameters.

A

Proof: 1t is well known that OLS estimator of RF parameters I1 are
consistent, so that:

plimIT7 Q'@ X XN, =TT"(Q" ® X" X)I.. (29)

n—o
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Furthermore, since the eigenvalues of a matrix are differentiable
functions of its elements (Kato, 1982) it follows that:

plima=a=0

n—owo

and

plim P =¥, (30)

n—w

Because of the previous Lemma the vector of SF parameters & is
proportional to the eigenvector ¥, , so that it will be

plim §=6 (31)

n—>0

which proves the Theorem.
Because of this Theorem it follows that also the proposed estimation
of Q will give raise to consistent estimators.

7. Conclusions

In current literature there are two approaches to the study of
estimator’s statistical properties. The first one is aimed at finding small
sample exact distribution of estimators while the other one is to
compare estimator’s through simulation experiments.

Several contributions belongs to the first research line (Basmann,
1961; Sargan, 1976; Kunitomo et al., 1983; Morimune, 1983, 2001).
However, general results have not yet been achieved, because of the
very specific models that have been considered. As it is well known the
main problem is the non linear relationship among structural and
reduced form parameters.

In the second case, it is known that the results of an experiment are
influenced by the simulation hypoteses. Modifying these assumptions
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and considering a large number of experiments it is possible to drow
some general conclusion.

For LI LODE, simulation experiments have shown that the method
has good performance with respect to other LI estimators (Perna, 1989;
Cau, 1990; Sbrana, 2001; Zurlo, 2006). A complete report of this
Montecarlo study will be the object of a next contribution together with
the results of a simulation experiment on FI LODE.
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