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Summary: In the presentpaper, tick-by-tick, or ultra-highfrequency dataareanalized.

An AutoregressiveConditionalDuration(ACD)-typeprocessfor thedurationsbetween

consecutive events,theFractionalIntegratedAutoregressiveConditionalDurationpro-

cess(Jasiak,1999), is reviewed anddiscussedin order to admit the presenceof long

memorypatterns.This process,asthe ACD, is basedon the assumptionthat the tem-

poral dependencein the durationsis capturedby the meanfunction. The long term

dependency is examinedon the Italian stockTiscali time seriesrecordedfrom
� � �

to� � � �
of May 2000.
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1. Introduction

Theanalysisof financialtimeseriestraditionallyconsidersweeklyor
daily data. However, in the recentyears,intra-daily datahave become
available and new methodologieshave beendeveloped. Besidesultra-
highfrequency regularlyspaceddata,irregularlyobserveddatahavebeen
used.In this scenario,thedatumis storedonly if thereis anoccurrence
of theeventoneis interestedto. Froma statisticalpoint of view, theoc-
currenceof theevent is theoutcomeof a randomvariable.This implies
thatthedurationsbetweenconsecutiveeventsarethemselvesrandomand
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canbedescribedthroughanACD-typestochasticprocess.Nevertheless,
thebasicformulationof theACD (AutoregressiveConditionalDuration)
process,proposedby Engle and Russel(1998), as well as several ex-
tentionslike the AsymmetricACD (BauwensandGiot, 1998),the Burr
ACD (GrammingandMaurer, 1999), the Logarithmic ACD (Bauwens
andGiot,1999),theAsymmetricLog-ACD (BauwensandGiot,2000and
DeLuca,2001)andtheSCD(StochasticConditionalDuration)(Bauwens
andVeredas,1999),don’t allow thepresenceof persistenceor longmem-
ory in therealdata.Empirically, theevidenceof long memoryin thedu-
rationsis revealedby a highly persistentpatternof the autocorrelations,
displayingan hyperbolicrateof decay. This featuremustbe taken into
accountwhena modelis buildedandused,for example,for forecasting
purposes.In this work the Fractional IntegratedAutoregressiveCondi-
tional Durationprocess(FIACD), firstly introducedby Jasiakin 1999,is
presentedandexamined.

Thepaperis organizedasfollow. In section2 theFIACD processis
reviewedanddiscussed.In section3 theresultsof simulationprocedures
areshown joinedwith theanalysisof theItalian stockTiscali time series
with asampleperiodfrom � � � to � � � � of May 2000,availablefrom Borsa
ItalianaSpa.Conclusionsarereportedin section4.

2. The FIACD process

Let � be the numberof eventsobserved at randomtimes 	 
 , �
���� � � � � � , and let ��
���	 
���	 
 ��� be the durationbetweenthe � ����� � -th
andthe � -th event. Themainassumptionof theACD classof modelsis
thatall thetemporaldependencein thedurationsis capturedby themean
function. The expected� -th duration,which is the conditionalmeanof
the � -th duration,is writtenasa functionof thepastdurations:� � ��
  ��
 ��� � ��
 �"! � � � � � �#� ����$#� ��
 ��� � ��
 �"! � � � � � �#� % &'� � (1)

where& is theparametervectorcharacterizing$ . TheACD classof mod-
els consistsof the parameterizationof theseexpecteddurationsandcan
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beexpressedas:(�)�*,+#) - ) .0/ - ) 13254 6 4 6 7'698:4 ; <>=:? - ) @�*�A (2)+ ) *CB'? ( ) D�E . ( ) D�F . 6 6 6 . ( E G H @
Equation(??) meansthat (�) given the pastare independentand iden-
tically distributedand I ? ( ) J ( ) D�E . ( ) D�F . 6 6 6 . ( E G H @K* I ? ( ) J + ) G H @ . In the
basicformulationof anACD(p,q)process(EngleandRussell,1998)the
conditionalexpecteddurationsareexpressedas+ ) *MLONQPRS T E�U S ( ) D S NWVRS T E�X S + ) D S *MLON U ? YZ@"( ) N X ? YZ@"+ ) .
whereLM[�\ , U ? YZ@�* U E YZN U F Y F N]6 6 6 N U P Y P , X ? YZ@�* X E YZN X F Y F N^6 6 6 NX V Y V , U S . X S`_ \ and a PS T E U S N a VS T E X S`b A in orderto guaranteethe
positivity of thedurationsandthestationarityof theprocessrespectively.
TheACD(p,q)processcanberewrittenasanARMA(max(p,q),q)process
in (�) asfollowing:c Aed X ? YZ@fd U ? YZ@ g ( ) *�LhN c A:d X ? YZ@ g i ) . (3)

where i ) *j( ) d5+ ) is a martingaledifferencesequence.This model
takes into accountonly the shortdependencein the expecteddurations
andimposesan exponentialdeclinepatternin the autocorrelationfunc-
tion. In orderto allow a longerdependence,the +#) mustbeexpressedin
adifferentmanner.

Onepossiblespecificationof + ) is given by the moreflexible Frac-
tional IntegratedAutoregressiveConditionalDuration process(FIACD)
(Jasiak,1999). Let us considerthe ARMA rapresentation(??) for the
ACD process,applyingthefractionaldifferencingoperator? A#d`YZ@ k , with\mlonOlpA , to thedurations(�) oneobtainsthe following expressionfor
theFIACD(p,d,q)process:c AedMqf? YZ@ g ? Aed
YZ@ k (�)#*�LhN c A:d X ? YZ@ g i ) . (4)

where,again, i ):*o(�)#d�+f) is a martingaledifferencesequenceby con-
struction, X ? YZ@K* X E YMN X F Y F N�6 6 6�N X P Y P , qf? YZ@K*jq'E YMN�q�F Y F N
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r r r sut�v w v andall therootsof xZyOzZ{ wZ| and xZy t { wZ| lie outsidetheunit
circle. From(??), substituting}�~�ym�f~ for � ~ , analternativerepresentation
of FIACD(p,d,q)is derived:� x:y
z�{ wZ| � � ~��C� s � x:y
z�{ wZ| y � x:y t { wZ| � { x:y wZ| � � } ~�C� s
� { wZ| } ~ � (5)

where� { wZ| ���'� w`s ��� w � s ��� w � sur r r is apolynomialof infinite order,����� and �O���u� x . If �O���O� x ��� , the FIACD is a long memory
processwith anhyperbolicrateof decayin theautocorrelationfunction.

In order to guaranteethe positivity of the expecteddurations� ~ all
thecoefficientsin (??) mustbeequalor biggerthanzero,i.e. z ~��5� for� � x � � � r r r � � and ���m�p� for � � x � � � r r r It is interestingto observe
that for ���9� , the FIACD processis led back to an ACD; for ��� x
one obtainsan integratedprocess. For �����o� x the expansionof{ x^y wZ| � evaluatedin w � x is equalto zero, and the sum of all the
coefficientsis equalto 1; this meansthat thefirst unconditionalmoment
of thedurationis infinite andtheFIACD processis notweaklystationary.
Nevertheless,following thepathoutlinedby BougerolandPicard(1992)
for the IGARCH processes,one shows that the FIACD(p,d,q)classof
processesis strictly stationary1 andergodicfor �^���`� x (Jasiak,1999).

A particularspecificationof sucha processis theFIACD(1,d,1)pro-
cess.In this caseit is easyto derive theparametersof the � { wZ| polyno-
mial asfunctionof theparametersz , t and � .

Let �'� � { y�x | � � � � � � �   � � � �   ¡ ¡ ¡ � � � � ¢ �  � £ � , bethetermsof theexpansionof{ xey wZ| � , it is possibleto write:� � � t y
z s ���W���:� t � � � � yu� � � � � � ¤�� r r r r (6)

Theconstraintson theparametersz and t whichguaranteethepositivity
of thedurationsarethefollowing:�^� z � t^s ��� t � x:y �� r

1Dueto thedefinitionof strictly stationaryprocess, i.e. a processwhoseprobability
structureis invariantundertime shift, a strictly stationaryprocessmay not be weakly
stationarybecauseit maynot havefinite first andsecondordermoments,asin this case
(Rosenblatt,1985,pag13).
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Moreover, because¥K¦§ ¨�©�ª §¬«®­ , oneshows that the sumof the coeffi-
cientsof theprocessis equalto one2, no matterthespecificvaluesof ¯ ,°

and ± .
In generalthe durations²�³ arenot independentlydistributedbut the

joint likelihoodfunctioncanalwaysbewrittenastheproductof thecon-
ditionaldensityfunctionsandthelog-likelihood3:´ µ ¶f· ²#¸ «W¹º³ ¨�»"¼ ½:¾ µ ² ³ ¿ À#³ Á » · ¶ ¸ Â
where À ³ Á » containsall the pastinformation,accordingto the assump-
tion (??). Thedensityfunction ¾ is chosenfrom aparametricfamily, like
Exponentialor Weibull, leadingto a fully parametricdurationmodeland
theparametersareestimatedby maximumlikelihood.Thelog-likelihood
functionbecomes,in thecaseof anExponentialdistributionwith param-
eter Ã «�­ , ´ µ ¶f· ²'¸ «�ÄÅ¹º³ ¨'»"¼ ½ Àf³ ÄÆ¹º³ ¨'» ²�³À#³
whereasin thecaseof a Weibull distribution with parameterÇ�ÈoÉ andÊ «�­ Ë�Ì µ ­ZÍ�­�Ë Ç#¸´ µ ¶f· ²'¸ «Î¹º³ ¨'» Ï ¼ ½ZÐ Ç²�³ Ñ Í Ç ¼ ½ZÐ ²�³ Ì µ ­eÍ�­ Ë Ç#¸À ³ÒÑ Ä Ð ²�³ Ì µ ­ZÍ�­�Ë Ç#¸À ³ÒÑfÓ�Ô'Õ
3. Application to simulated and real durations

In this sectionresultsobtainedfrom simulationproceduresfor a FI-
ACD(1,d,1)processarereported.Moreover, thetradingtimesof theItal-
ian stockTiscali, recordedfrom Ö × Ø through ­ Ö × Ø of May 2000,areana-
lyzed.

2Ù]Ú ¥KÛÜ Ý�Þ�ß Ü:à Ù]ÚKá3â^Ù�ÚKã�Ú ¥¬ÛÜ Ý�ä"ß Ü3à á:ÚKã�Ú ¥¬ÛÜ Ý�ä å á�æ Ü ç"Þ â^æ Ü è�àá ¥¬ÛÜ Ý�é æ Ü â ¥¬ÛÜ Ý�é æ Ü ÚKê à ê ë
3This log-likelihoodfunctiondoesnotdiffer from theoneof theACD modelsexcept

for a differentspecificationof ì�í . For a wide simulationstudyof theACD estimation
process,seeZuccolotto(2001).
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Table1. Descriptivestatisticsfromthesimulationof a FIACD(1,d,1)
modelî ï ð ñ

a) mean 0.0089 0.628 0.23 0.406
median 0.0087 0.629 0.228 0.407
std. 0.002 0.0341 0.0205 0.0313
MSE 0.000004 0.0012 0.0005 0.0010

b) mean 0.0094 0.4988 0.2449 0.2658
median 0.0090 0.5087 0.2507 0.2670
std. 0.0035 0.0777 0.0590 0.0297
MSE 0.00001 0.0060 0.0035 0.0009

The generationandestimationof a time seriesfrom a FIACD pro-
cessinvolve theapproximationof thepolynomialof infinite order ò3ó ôZõ
in (??); in this paperthe chosentruncationpoint ö of the expansionofó ÷ZøuôZõ ù is setequalto 1000.Moreover theestimationsteprequirescon-
ditioning of themodelon pre-samplevaluesof thedurationsso that the
sampleis augmentedby a ö x1 vector of durationsall set equal to the
unconditionalsamplemean.

Table1 reportssomedescriptivestatisticsrelatedto theestimatedpa-
rametersof 500timeseriesof length10000generatedby two exponential
FIACD(1,d,1)processeswith thefollowing setsof parameters:

a) î
ú�û"ü û�û�ý�þ , ïhú�û�ü ÿ�� , ðKú�û�ü ��� , ñ^ú�û"ü þ ÷
b) î
ú�û"ü û�û�ý�� , ïhú�û"ü � ÷ , ð¬ú�û"ü ��� , ñ^ú�û"ü ��� .

In Figure1a,onecanseetheplot of asimulatedtimeseriesusingthefirst
setof coefficients,joinedwith its autocorrelationplot (Figure1b).

The Berndt, Hall, Hall and Hausmann(BHHH) algorithm (Berndt,
Hall, Hall andHausmann,1974)with numericalderivativesis usedin the
estimationprocedure.This algorithmhadno troubleconverging for the
sampleandtheresultsappearedrobustto initial valuesimposed.

One can concludethat constrainedmaximumlikelihood estimation
providesgoodestimatorsof theparametersof a FIACD(1,d,1)model.

Thelastpartof this sectionis left to theanalysisof thetradingtimes
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Figura 1. a) SimulatedFIACD timeseriesplot b) Autocorrelationplot

of theItalianstockTiscali,availablefrom BorsaItalianaSpa.Thesample
periodgoesfrom � � � through 	�� � � of May 2000.Durationsbetweensuc-
cessive changesin pricesareexamined,removing all the null durations
dueto multipletradingatthesametime. Moreoverit hasto bepointedout
thatall the tradesbefore9:30am,correspondingto themarket opening,
hasbeendiscarded.Thefinal numberof availabledurationsis 12997.In
Figure2atheplot of thesedurationsis drawn. Theminimumdurationis
1 second,themaximum329seconds,i.e. 5 minutesand29 seconds.The
averagedurationbetweensuccessive changesin pricesis 15.5 seconds
with standarddeviation 20.76.

Theautocorrelationplot of thedurations(Figure2b) displaysanhy-
perbolicdecaywhich suggeststhepossiblepresenceof long memoryin
thedurations.For this reasonanExponentialFIACD(1,d,1)modelis ap-
plied to theseries.

The estimatedparameterswith their standarderrorsare reportedin
Table2.

Theestimatedparameter
 is almostequalto 1, suggestingastronger
persistencethantheonedueto a long memoryprocess.In orderto eval-
uatethegoodnessof fit of themodel,thestandardizedresiduals,defined
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Figura 2. a) Tiscali timeseries(May5� � -15� � ) b) Tiscali duration
Autocorrelationplot c) ResidualsAutocorrelationplot

by 
� ����� �
� � ��� ��� � ��� � � �
mustbe analyzed.Under the hypothesisof correctspecificationof the
model, the residuals


� � shouldbe i.i.d. with meanand varianceequal
to 1. Figure2c) shows the autocorrelationplot of the residualsandthe
Ljung-Box testappliedto


� � and


� �� for 20 and50 lagsgivesthestatistics
LB ��  (20)=20.44,LB �� ! (20) = 18.80 (critical value=31.41)and LB ��  (50)
= 47.69,LB �� ! (50) = 37.15(critical value=67.50)respectively. Onecan
concludethattheresidualsareuncorrelated.Themeanandstandarderror
of theresidualsare0.98and1.07respectively.

Given that the varianceof


� � is slightly biggerthanone,onecanas-
sumethe moregeneralWeibull distribution. Underthe assumptionof a
Weibull distributionwith parameters" ����# $&% �(')��# *�+ and*-,/. for the
durations,theestimationsof theparametersof theWeibull FIACD(1,d,1)
arereportedin Table2. Although the null hypothesisof *0�1� , which
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Table2. TheExponentialFIACD(1,d,1)andWeibull FIACD(1,d,1)
estimatesfor Tiscali; standard errorsare reportedin parenthesis.

2 3 4 5 6
EFIACD 0.0237 0.9503 -0.0393 0.9896 -

(0.0062) (0.0052) (0.0110) (0.0149) -
WFIACD 0.0239 0.9503 -0.0395 0.9898 1.0157

(0.0063) (0.0059) (0.0183) (0.0230) (0.0069)

drivesbackthemodelto theExponencialFIACD, is rejected,giventhat
thevaluesof theestimatedcoefficientsarealmostthesamefor theEFI-
ACD and the WFIACD models,onecanconcludethat the exponential
distribution is asufficiently goodapproximationof thedistributionof the
durations.

4. Conclusions

ThepaperpresentsandanalyzestheFIACD classof modelsfor high
frequency durationdatawith highly persistentpatternin theautocorrela-
tion function.A longmemoryfeatureispresentif thefractionalparameter5 liesbetween0 and0.5.Theapplicationof themodelto theItalianstock
Tiscali providesaninterestingresult.Althoughit is notpossibleto claim
thattheTiscalidurationtimeserieshasbeengeneratedby a longmemory
process( 75�8�9 : ; < = 9�>�? ), thegoodnessof fit to thedataof theFIACD(1,d,1)
modelshows that this modelis a goodonein thecaseof highestpersis-
tencetoo.

Acknowledgments: I wish to thankG. De Luca,M. SandriandP. Zuccolottofor
usefulcommentsandsuggestions.
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