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Summary In the presentpaper tick-by-tick, or ultra-highfrequengy dataareanalized.
An Autoregressie ConditionalDuration(ACD)-typeprocesdor the durationsbetween
consecutre events,the FractionallntegratedAutoregressve ConditionalDurationpro-

cess(Jasiak,1999), is reviewed and discussedn orderto admit the presenceof long

memorypatterns.This processasthe ACD, is basedon the assumptiorthat the tem-

poral dependencén the durationsis capturedby the meanfunction. The long term

dependeng is examinedon the Italian stock Tiscali time seriesrecordedfrom 5 to

15" of May 2000.
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1. Introduction

Theanalysisof financialtime seriegraditionally consideraveekly or
daily data. However, in the recentyears,intra-daily datahave become
available and new methodologiehave beendeveloped. Besidesultra-
highfrequeng regularly spacedlata,irregularly obserneddatahave been
used.In this scenariothe datumis storedonly if thereis anoccurrence
of the eventoneis interestedo. From a statisticalpoint of view, the oc-
currenceof the eventis the outcomeof arandomvariable. This implies
thatthedurationsbetweerconsecutie eventsarethemselesrandomand
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canbedescribedhroughan ACD-typestochastiqprocess Nevertheless,
the basicformulationof the ACD (Autoregressve ConditionalDuration)
process,proposedby Engle and Russel(1998), as well as several ex-
tentionslike the AsymmetricACD (Bauwensand Giot, 1998),the Burr
ACD (Grammingand Maurer 1999), the Logarithmic ACD (Bauwens
andGiot, 1999),theAsymmetricLog-ACD (BauwensandGiot, 2000and
Deluca,2001)andtheSCD(StochasticConditionalDuration)(Bauwens
andVeredas1999),don't allow thepresencef persistencer longmem-
ory in therealdata.Empirically, the evidenceof long memoryin the du-
rationsis revealedby a highly persistenpatternof the autocorrelations,
displayingan hyperbolicrate of decay This featuremustbe taken into
accountwhena modelis builded andused,for example,for forecasting
purposes.In this work the Fractional Integrated AutoregressiveCondi-
tional Duration procesgFIACD), firstly introducedby Jasiakin 1999, is
presenteéndexamined.

The paperis organizedasfollow. In section2 the FIACD processs
reviewedanddiscussedin section3 theresultsof simulationprocedures
areshawvn joinedwith the analysisof the Italian stock Tiscali time series
with asampleperiodfrom 5% to 15" of May 2000,availablefrom Borsa
ItalianaSpa.Conclusionsarereportedn section4.

2. The FIACD process

Let n be the numberof eventsobsened at randomtimest;, i =
1,...,n, andlet z; = t; — t;_; bethe durationbetweenthe (i — 1)-th
andthe :-th event. The mainassumptiorof the ACD classof modelsis
thatall thetemporaldependenca thedurationss capturedoy themean
function. The expected:-th duration,which is the conditionalmeanof
the:-th duration,is written asa function of the pastdurations:

E(xi|xi—17 T PR 7x1) = g(xi—h Ti—9y...,%1; 0)7 (1)

where@ is the parametevectorcharacterizing. The ACD classof mod-
els consistsof the parameterizatioof theseexpecteddurationsand can
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beexpressedas:

i = g(Tim1, Ticg, ..., 21;0)

Equation(??) meansthat z; given the pastare independentind iden-
tically distributedand f (z;|z;—1, Zi—2,...,21;0) = f(z;|¢:;80). In the
basicformulationof an ACD(p,q) procesgEngleandRussell,1998)the
conditionalexpecteddurationsareexpresseds

¥4 q
Yi=w+ Y T+ Y Bivij =w+ (L) z; + B(L) o,

=1 =1

wherew > 0, (L) = ey L+ L?+. . .40, LP, B(L) = B L+ oL +. . +

BeL?, aj, B; > 0 andd>l_ o + X7_, B; < 1 in orderto guaranteehe

positvity of thedurationsandthe stationarityof the processespectiely.

The ACD(p,q)processanberewrittenasanARMA(max(p,q),q)process
in z; asfollowing:

[1—B(L) — e(L)]wi = w+[1 — B(L)] i, 3)

wherev; = xz; — 1; is a martingaledifferencesequence.This model
takesinto accountonly the shortdependencén the expecteddurations
andimposesan exponentialdeclinepatternin the autocorrelatiorfunc-
tion. In orderto allow alongerdependencehe; mustbe expressedn
adifferentmanner

Onepossiblespecificationof 1; is given by the moreflexible Frac-
tional Integrated AutoregressiveConditional Duration procesgFIACD)
(Jasiak,1999). Let us considerthe ARMA rapresentatior{??) for the
ACD processapplyingthefractionaldifferencingoperator(1 — L)?, with
0 < d < 1, to thedurationsz; oneobtainsthe following expressiorfor
theFIACD(p,d,g)process:

[1-¢(L)](1 - L)z = w + [1 = B(L)]u;, (4)

where,again,v; = z; — 1; is a martingaledifferencesequencdy con-
struction, 8(L) = BiL + BoL® + ... + BpLP, ¢(L) = ¢1L + ¢oL? +
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...+ ¢,L? andall therootsof 1 — 3(L) andl — ¢(L) lie outsidetheunit
circle. From(??), substitutingr; — 1; for v;, analternatve representation
of FIACD(p,d,q)is derived:

=B = w+[1—B(L)—[1 - (D)1 - L)
= w+A(D)z;, (5)

whereA(L) = A\ L+ M L? + \3L3 + . . . is apolynomialof infinite order
w>0and0 <d <1 If0<d< 1/2, theFIACD is along memory
processvith anhyperbolicrateof decayin the autocorrelatiorfunction.

In orderto guarantedhe positiity of the expecteddurationsy; all
the coeficientsin (??) mustbe equalor biggerthanzero,i.e. 5; > 0 for
1 =1,2,...,pand); > 0for k = 1,2,... It is interestingto obsene
thatfor d = 0, the FIACD processs led backto an ACD; ford = 1
one obtainsan integratedprocess. For 0 < d < 1 the expansionof
(1 — L)? evaluatedin L = 1 is equalto zero, andthe sumof all the
coeficientsis equalto 1; this meanghatthe first unconditionalmoment
of thedurationis infinite andthe FIACD processs notweaklystationary
Neverthelessfollowing the pathoutlinedby BougerolandPicard(1992)
for the IGARCH processespne shaws that the FIACD(p,d,q) classof
processess strictly stationary* andergodicfor 0 < d < 1 (Jasiak1999).

A particularspecificationof sucha processs the FIACD(1,d,1)pro-
cess.In this caseit is easyto derive the parametersf the A(L) polyno-
mial asfunctionof the parameterg, ¢ andd.

Letry = (—1)F [4=D0E=2).-(d=k+1)] ‘hathetermsof theexpansiorof

k!
(1 — L)4, it is possibleto write:

M=¢—F+d, M=¢ma—mm k=23,.... (6)

Theconstraintonthe parameterg and¢ which guaranteg¢he positivity
of thedurationsarethefollowing:

1 —
0<B<é+d, p<io 0

'Dueto the definition of strictly stationaryprocessi.e. a processvhoseprobability
structureis invariantundertime shift, a strictly stationaryprocessmnay not be weakly
stationarybecausdt maynot have finite first andsecondrdermomentsasin this case
(Rosenblatt1985,pagl3).
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Moreover, because_ ;> , m; = 1, oneshaws thatthe sumof the coefi-
cientsof the procesds equalto one?, no matterthe specificvaluesof d,
B ande.

In generalthe durationsz; arenot independenthydistributed but the
joint likelihoodfunction canalwaysbe written asthe productof the con-
ditional densityfunctionsandthelog-likelihooc?:

1(0;z) = znzln f(#ili-1;0),
i=1

where;_; containsall the pastinformation, accordingto the assump-
tion (??). Thedensityfunction f is choserfrom a parametridamily, like
Exponentialor Weihull, leadingto afully parametricdurationmodeland
theparameterareestimatedy maximumlik elihood. Thelog-likelihood
functionbecomesin the caseof an Exponentiadistribution with param-
eterA =1, . .

1(0;2) = —> Ing),; — i

i=1 i=1 ¥

whereasn the caseof a Weihull distribution with parametery > 0 and
d=1/T(1+1/y)

1(0;z) = Zz:{]n(%) . ,Yln(mir(lz/ji- 1/7)) B (xif(ldji— 1/7))7}.

3. Application to simulated and real durations

In this sectionresultsobtainedfrom simulationproceduregor a FI-
ACD(1,d,1)processarereported.Moreover, thetradingtimesof theItal-
ian stock Tiscali, recordedrom 5 through15®* of May 2000, areana-
lyzed.

B+y e =B+ —B+d+ Yo d = +d+ Y poy(dmp_1 —mp) =
DD b0 Tk — Do Tk +1=1.
3Thislog-likelihoodfunctiondoesnotdiffer from the oneof the ACD modelsexcept

for a differentspecificationof ;. For a wide simulationstudyof the ACD estimation
processseeZuccolotto(2001).
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Table 1. Descriptivestatisticsfromthe simulationof a FIACD(1,d,1)

model
w J5; ) d
a) mean 0.0089 | 0.628 | 0.23 | 0.406
median| 0.0087 | 0.629 | 0.228 | 0.407
std. 0.002 | 0.0341| 0.0205| 0.0313
MSE 0.000004| 0.0012| 0.0005| 0.0010
b) mean 0.0094 | 0.4988| 0.2449| 0.2658
median| 0.0090 | 0.5087| 0.2507| 0.2670
std. 0.0035 | 0.0777| 0.0590| 0.0297
MSE 0.00001 | 0.0060| 0.0035| 0.0009

The generationand estimationof a time seriesfrom a FIACD pro-
cessinvolve the approximationof the polynomialof infinite orderA(L)
in (??); in this paperthe chosentruncationpoint £ of the expansionof
(1 — L)% is setequalto 1000.Moreover the estimationsteprequirescon-
ditioning of the modelon pre-sampleraluesof the durationsso thatthe
sampleis augmenteddy a kx1 vector of durationsall setequalto the
unconditionalsamplemean.

Table1 reportssomedescriptve statisticsrelatedto the estimateca-
rameterf 500time seriesof length10000generatedby two exponential
FIACD(1,d,1)processewiith thefollowing setsof parameters:

a)w = 0.0084, 3 =0.63,» =0.22,d = 0.41

b) w = 0.0087, 8 = 0.51, ¢ = 0.25,d = 0.27.

In Figurela,onecanseetheplot of asimulatedime seriesusingthefirst
setof coeficients,joinedwith its autocorrelatiorplot (Figure1b).

The Berndt, Hall, Hall and HausmannBHHH) algorithm (Berndt,
Hall, Hall andHausmann1974)with numericalderivativesis usedin the
estimationprocedure.This algorithmhadno trouble cornverging for the
sampleandtheresultsappearedobustto initial valuesimposed.

One can concludethat constrainednaximumlik elihood estimation
providesgoodestimatorof the parametersf a FIACD(1,d,1)model.

Thelastpartof this sectionis left to the analysisof thetradingtimes
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Figura 1. a) Simulated~IACD time seriesplot b) Autocorrelationplot

of theltalian stockTiscali, availablefrom BorsaltalianaSpa.Thesample
periodgoesfrom 5t through15%* of May 2000. Durationsbetweersuc-
cessve changesn pricesare examined,removing all the null durations
dueto multipletradingatthesameime. Moreoverit hasto bepointedout
thatall the tradesbefore9:30am, correspondingo the market opening,
hasbeendiscardedThefinal numberof availabledurationsis 12997.In
Figure2athe plot of thesedurationsis dravn. The minimum durationis
1 secondthemaximum329secondsi.e. 5 minutesand29 secondsThe
averagedurationbetweensuccessie changesn pricesis 15.5 seconds
with standardieviation 20.76.

The autocorrelatiorplot of the durations(Figure 2b) displaysan hy-
perbolicdecaywhich suggestshe possiblepresencef long memoryin
thedurations.For thisreasoran ExponentialFIACD(1,d,1)modelis ap-
pliedto theseries.

The estimatedparametersvith their standarderrorsare reportedin
Table2.

Theestimatedgarametet! is almostequalto 1, suggesting stronger
persistencéhanthe onedueto along memoryprocesslin orderto eval-
uatethe goodnes®f fit of the model,the standardizedesidualsdefined
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Figura 2. a) Tiscali time series(May 57-15") b) Tiscali duration
Autocorrelationplot ¢) ResidualsAutocorrelation plot

by
G=2  i=19,...

Yi

mustbe analyzed. Underthe hypothesisof correctspecificationof the
model, the residualsé; shouldbei.i.d. with meanand varianceequal
to 1. Figure2c) shaws the autocorrelatiorplot of the residualsandthe
Ljung-Box testappliedto ¢; andé? for 20 and50 lagsgivesthe statistics
LB,,(20)=20.44,LB2(20) = 18.80 (critical value=31.41)and LB, (50)
= 47.69,LB2(50) = 37.15(critical value=67.50yespectiely. Onecan
concludethattheresidualsareuncorrelatedThemeanandstandarderror
of theresidualsare0.98and1.07respectiely.

Giventhatthe varianceof ¢; is slightly biggerthanone,onecanas-
sumethe moregeneralWeibull distribution. Underthe assumptiorof a
Weibull distributionwith parameters = 1/T'(1 +1/+) andv > 0 for the
durationsthe estimation®f the parametersf the Weibull FIACD(1,d,1)
arereportedin Table2. Although the null hypothesisof v = 1, which
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Table2. TheExponentiaFIACD(1,d,1)andWeibull FIACD(1,d,1)
estimatedor Tiscali; standad errors are reportedin parenthesis.

w B ¢ d gl
EFIACD | 0.0237 | 0.9503 | -0.0393| 0.9896 -
(0.0062)| (0.0052)| (0.0110)| (0.0149)| -
WFIACD | 0.0239 | 0.9503 | -0.0395| 0.9898 | 1.0157
(0.0063)| (0.0059)| (0.0183)| (0.0230)| (0.0069)

drivesbackthe modelto the ExponenciaFIACD, is rejectedgiventhat
the valuesof the estimatedcoeficientsarealmostthe samefor the EFI-

ACD andthe WFIACD models,one can concludethat the exponential
distributionis a sufficiently goodapproximatiorof the distribution of the
durations.

4. Conclusions

The paperpresentandanalyzeghe FIACD classof modelsfor high
frequeny durationdatawith highly persistenpatternin the autocorrela-
tion function. A longmemoryfeatures presentf thefractionalparameter
d liesbetweerD and0.5. Theapplicationof themodelto the Italian stock
Tiscali providesaninterestingresult. Althoughit is not possibleto claim
thattheTiscalidurationtime serieshasbeengeneratedby alongmemory
process{dﬁscali ~ 1), thegoodnes®f fit to thedataof the FIACD(1,d,1)
modelshows thatthis modelis a goodonein the caseof highestpersis-
tencetoo.
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