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Summary: For a non-singularGaussiandiscrete-timeseries,theevaluationof thefirst

passagetime probabilitydistribution througha boundedtime-varyingboundaryis con-

sideredby usingorthantprobabilities.Sufficient conditionsaregivenfor theexistence

of finite meanandvarianceof thefirst passagetime randomvariable.Thecomputation

of orthantprobabilitiesis examinedregardto theexisting literature.As working exam-

ples,thefirst passagetimeproblemfor thediscrete-timeversionsof thefractionalwhite

noiseis considered.
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1. Introduction

In the field of stochasticprocesses,specialcarehasbeenput on the
discussionof the so-calledfirst passagetime (FPT) problem. This con-
sistsin theevaluationof theprobabilitydistributionof thetimewhenfirst
theprocessmodelingthesystem’sdynamicsentersa preassignedcritical
region or reachessomepreassignedboundary, for thegeneralsettingsee
Redner(2001).ThemainresultsonFPTproblemsaremainly focusedon
stochasticprocessesof diffusiontype,wheretheMarkov propertyplaysa
leadingrole in handlingtherelatedtransitionprobabilitydensityfunction
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(pdf), seeRicciardi et al. (1999)for a review. However the knowledge
of thefreetransitionpdf is oftennot sufficient to determinethetransient
functionsin thepresenceof absorbingtimedependentboundary. So,apart
from few specialcases,noclosedform of theFPTpdf areavailablein the
literatureandnumericalalgorithmsor simulationprocedureshave been
resortedin orderto getmoreinformationon thefeaturesof theFPTpdf.
Even for the diffusion processessomenumericalmethodsareavailable
in orderto estimatetheFPTpdf with boundarieshaving differentshapes
(seefor exampleDi Nardoet al., 2001andGiraudoet al., 2001). If in
additiontheMarkov propertyis pulleddown, theavailableanalyticalre-
sultson theFPTpdf arescarseandhardto managefor practicalpurposes
so that the simulationproceduresarethe only beatenway (Di Nardoet
al., 2000).

Whenthe time is discrete,many resultson FPTproblemshave been
achieved concerningthe randomwalks or more generallythe Markov
chains(Redner, 2001). Kedem(1980) hasproposedan interestingap-
proachby clippingthetimeseriesin abinaryonedependingonthecross-
ing or not somespecifiedconstantlevel. Themainresultsarefocusedon
binaryseriesdescribedby first-orderor second-orderstationaryMarkov
chainsin statisticalequilibrium.Howeverasin thecaseof stochasticpro-
cesses,if the Markov propertyis relaxed, the resultson FPT problems
becomepoorandfragmentary.

The aim of this paperis to analysedthe FPT problem for a non-
singularGaussiandiscrete-timeseries. In Section2 the mathematical
backgroundfor the FPT problemis first formulated. In particular, it is
showedhow theFPTp robability distribution is strictly correlatedto the
so-calledorthantprobabilities: this connectionsuggestsa new way for
thenumericalevaluationof theorthantprobabilitiesthroughanhocsim-
ulationprocedure.In Section3 ashortreview is givenconcerningthenu-
mericalmethodsandtheMonte-Carloonesavailablein theliteraturefor
the computationof suchorthantprobabilities. In Section4, asworking
examples,wewill analysetheFPTproblemfor thediscrete-timeversions
of thefractionalGaussianwhitenoise(fGwn). Someconcludingremarks
aregivenin closing.
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2. A first passagetimeanalysis

Define the FPT randomvariable (r.v.) of a discrete-timeseries
���

throughaboundary� � as������� 	� 
 ��� 
�� ����� � � ��� (1)

where��� ����� � � �����! In thefollowing,suppose��� �����#"$� ���%� with" �'& � � andin orderto simplify set
" � ��() 

The aim of this sectionis to characterizetheprobability distribution
of
�

when
� �

is a non-singularGaussiandiscrete-timeseriessuchthat*�+ ��� ,��-() 
Remarkthat the hypothesison the zeromeanscouldbe re-

laxed.
In orderto evaluatetheprobabilitydistributionof

���
first observethat��� ����./��� ��� �10 & � 0 � ��2 & � 2 �    � ��3 450 & � 3 450 � ��36� � 3 � � (2)

anddueto thesettingson
��� �

it is��� ���%./���%7 8$9 �� : ; � 3 < 2 = >?= 0 < 2�@ A)B�C$D �:5E 3 � F�G H � > � I�J F
whereK 3'� � FMLN� "O0 � "52 �    � "$3 ��PRQ 3 � "/S & � S�TU����� : �    � . D ���/"536� � 3 �
and E 3 � F�G H � > ��� F$V > 4/0 F
with � > � S W �-*�+ � S � W ,��-X S W the variance-covariancematrix. Equation
(2) couldberewrittenas��� ���%./���ZY � D ��� � 0�& � 0 � if

.��%��%[ \ 3 4/0S ]$0 � � SU& � S � ^ D �%[ \ 3S ]$0 � � SU& � S � ^�� if
.�_��� 

(3)
Usually, therectangularregions`63 � � FRLZ� " 0 � " 2 �    � " 3 ��PMQ 3 � " SU& � S TU���!� : �    � .5�
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arenamedorthantsregions:thatis why theprobabilitiesappearingin (3)a�b!c d�e f�gihja�k l bm n5o$p q mUr#s5m t uhwv x/y zc { |�g b } ~ � f � o } ~�� �)���$� z{5� b!c ��� �Oe f�g ���!� (4)

where
d���c s o e s ~ e � � � e s b g for any integer � e arenamedorthantproba-

bilities in theliterature.
Thentheproblemof characterize(2) couldbebringbackto theevalu-

ationof theorthantprobabilities(4) for amultivariatenormaldistribution.
Unless�R��� or

f%hN�
(Thisted,1988),no closed-formexpressionsare

known for
a b c d�e f�g e

sotheevaluationof (4) leadsto thenumericalmeth-
odsasit will beshown in detailsin thenext section.

Let usgivesomepropertieson theorthantprobabilities(4). First,we
recalla resultdueto Plackett (1954)andlaterstatedby Slepian(1962)in
amoregeneralform.

Theorem 1. (Plackett)
Let � �Zc q o e q ~ e � � � e q�� g � beamultivariatenormalr.v. with

c f��'g m � h� �m � and � �Zc � o e �5~ e � � � e � � g � beamultivariatenormalr.v. with
c f���g m � h� �m � � Let � �m m h � �m m h z e for � h z e {�e � � � e �U� If � �m ��� � �m � e � e ��h z e {)e � � � e �

then a b c d�e f � g � a b c d�e f � g e � h z e {�e � � � e �U� (5)

Theprevioustheoremstatesthat
aUb�c d�e f�g

is afunctionstrictly increasing
of � m �?  � ¡ m ¢ � £ h p � m �?¤ f is positivedefinitet � Usingthis result,we claim
someboundson theorthantprobabilities(4).

Theorem 2.
For a non-singularGaussiandiscrete-timeseriesq�¥ with zero means

and � m m h z e �  R¦ andfor theboundarys ¥ set�!§U¨ © h�ª�« �m ¬n)� � m � e �!§O­ ® h�ª�¯ °m ¬n�� � m � e s §U¨ © h�ª�« �¥ ±)² s ¥ e s §O­ ® h�ª�¯ °¥ ±/² s ¥ � (6)

If � §U¨ © e � §O­ ®  ´³ µ e z g it is¶6b�c s §O­ ® e � §O­ ® g � aUb�c d�e f�g � ¶6b�c s §U¨ © e � §U¨ © g (7)
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where ·�¸!¹ º�» ¼�½ is givenin (4) and¾ ¸ ¹ ¿U» À)½�Á%Â�ÃÄ Ã�Å ¸?Æ ¿ÈÇÊÉ À�ËÉ Ì'Í ÀRÎ1Ï ¹ Ë)½ Ð�Ë/»Ñ¿´ÒRÓÈ»5À�ÒÊÔ Õ/» Ì ½ (8)

with

Ï ¹ ÖO½�Á ÌÉ × ØÈÙ Ú)Û�Ü Í Ö5Ý×1Þ » Å ¹ Ö$½�Á Â�ßÄ Ã Ï ¹ Ë�½ Ð)Ë)»àÖRÒRÓÈá (9)

Proof
UsingthePlackett result(5), it is·�¸!¹ º�» ¼�½�â#·�¸!¹ º�» ¼�ã ä�å æ ½�â#·�¸!¹ º$çUè é!» ¼�ã ä�å æ ½

where ¼ ã ä�å æ is the variance-covariancematrix with Ì over the principal
diagonaland À çUè é elsewhereand º çUè é is a vectorwhose ê components
areequalto ¿ çUè é á The randomvectorwith normaldistribution functionë ¹ ìO» ¼�ã ä�å æ ½ is built with exchangeabler.v.’sandso(Tong,1990)· ¸ ¹ º çUè é » ¼ ã ä�å æ ½�Á ¾ ¸ ¹ ¿ çUè é » À çUè é ½
with

¾ ¸ ¹ ¿ çUè é » À çUè é ½ given in (8). This provesthe secondinequality in
(7), thefirst inequalityfollowing by similar arguments.

Remark 1.
If À!í�î ß â�Õ it is still possibleto find un upperboundfor (4) by using

againthePlackett inequality(5)·�¸!¹ º�» ¼�½�â�·U¸!¹ º�» ï/½�â#·�¸!¹ º$çUè é » ï)½�Á Å ¸ ¹ ¿5çUè é ½ (10)

whereï is theidentity matrix, ¿ çUè é is definedin (6) and Å ¹ ÖO½ is givenin
(9).

If theboundary¿5ð is bounded,for ê growing up theprobability that the
processñ�ð remainsundertheboundarygoesto zero,thatisò ó ô¸ õ Ã · ¸ ¹ º�» ¼�½�Á�Õ)á (11)
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Indeed,if ö5÷Uø ù'ú#û�ü!ýþ ÿ�� ö þ������
theasymptoticresult(11) follows taking the limit for � to infinite in (7)
if � ÷Uø ù
	�� or in (10) if � ÷Uø ù
��� 


This lastresultturnsto beusefulinto testingif theFPTr.v. is fair, that
is equivalentto verify if ��� � ����� ú�� 

Theorem 3. If theboundary

ö þ is bounded,thentheFPTr.v. is fair.
Proof

Indeed,by (2) and(3), it is��� � � � � ú���� ��� � � � ����� �!" #�$&% � " ' � � � � ��� � � " � � � ��� (ú���� � � � � � ��� 

Then,taking the limit as � going to infinite andrecalling(11), it results��� � ����� ú)� 

About theFPTmean,let statethefollowing proposition.

Proposition 1. If theboundary
ö þ is bounded,then* % � ( ú�� �,+!� # � � � � � � ��� 
 (12)

Proof
It is * % � ( ú���� �-� � � � ���.�/+!� #0$ � % � � ' � � � � ��� � � � � � � ��� (

andbeingfor (7) or (10) 1 2 û� 3�+ �4� � � � � ��� ú�� �
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equation(12) follows.

Proposition 2. If theboundary506 is bounded,then798 :�; <&=�>@?,ABC D0E F GIH ?�>IJ K C F L�M N J O (13)

Proof
Beingfor (7) or (10) P Q RC S A H ; K C F L�M N J-=�T M

it is 798 :�; <U=�>�VWK E F L�M N J�?,ABC D ; H ;.8 K C X0E F L�M N J.VWK C F L�M N J <=�>�?/ABC D&E 8 F H ?�> J ;-V H ; < K C F L�M N J
by whichequation(13) follows.

It is interestingto evaluatesomeboundsfor
798 :�<

, if thereexist. Indeed,if798 :�<�Y�Z
for some[ 6 M it is possibleto evaluatenumericallytheseriesin

(12) with a determinedtolerance.Theboundsfor theFPTmeandepend
on thestructureof thevariance-covariancematrix N�M asit will beshown
in thefollowing.

If \I].^ _
` T then
798 :�<�Y�Z

, beingfrom (10)798 :�< ` >>�Vba F 5 ].^ _ J (14)

where 50].^ _ and \I].^ _ aredefinedin (6) and
a F c J is givenin (9). By (13),

it is 798 :
; < ` >�?ba F 5 ].^ _ J8 >�Vba F 50].^ _ J < ;
sothat dfehg 8 :�<�Y�Z�O
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If iIj�k l
m�n and iIj.o p
q)r from (7) it issut v j�k lIw iIj�k l x@y�z9{ |�}�y s~t v j.o pIw iIj.o p x (15)

wheres~t v w i4x-�)�~�� ��� t � w v w i4x � � w � t � w v w i4x@� � t � xr��b��� v��b� i �� r��Wi�� w (16)

with
vW��� w0i � { n�w r x � Remarkthat

s~t v w i4x �������I��� � Indeed,if i �{ n�w n4� �Ix w the function � t � w v w i4x hasfinite values,� � �~� ��� � � t � w v w i4x���nandso
s~t v w i4x�q � � However the numericalevaluationof (16) could

producesomeproblemsif
v

is toogreater. Onthecontrary, if i � { n�� �4w r x w
it is � � � � � � � t � w v w i4x-� � likewise � t � x   t r-��� t � x x sothattheintegral
in (16) is infinite.

3. Thenumerical evaluationof theFPT probabilitydistribution

Theproblemof approximatingtheorthantprobabilities(4) for amul-
tivariatenormal distribution hasa rich history (for a review seeTong,
1990) not only within numericalanalysisbut also owing to its mani-
fold applicationsas symmetricorder statistics(Horn, 1982), as inves-
tigation on the numberof peaksin a stationaryGaussianprocess(Ku
andSeneta,1994),asfluctuationof sumsof r.v.’s (Nesch,1993). Most
earliestresultsconcernasymptoticexpansionsof themultivariatenormal
densityfunction so that (4) could be expressas infinite seriesandthen
to approximate.This methodhasbeenusedespeciallyfor ¡)�/¢ and¡W�¤£ (cf. for exampleGupta,1963andmorerecentlyVasicek,1998)
althoughmorecompetitive algorithmshave beenrecentlyproposed(see
Genz,2001andreferencestherein). A completelydifferentapproachto
theevaluationof (4) is thePlackett’s formula(Plackett, 1954)consisting
in a dimension-reductionformula basedon an hoc conditioning. Other
methodslie in availablenumericalintegrationsoftware,asMonte-Carlo
methodsor subregion adaptivenumericalmethods.However, theinfinite
integrationlimits needto becarefullyhandledeitherby usingsometype
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of transformationsinto a finite region (seefor exampleGenz,1992and
1993andreferencestherein)eitherusingselectedcutoff values.

In the specialcase ¥§¦/¨ the problemof interesthasbeento find
expressionsof (4) in termsof the correlationcoefficients. In this case,
solutionsareavailable in closedforms for ©bª¬« and ©bª¬­ while for©�®�¯ integral representationsareobtainedin somespecialcases.Some
analyticaldecompositionsof (4) into a combinationof several multiple
integralsof low orderaregivenin Sun(1988),seereferencesthereinfor
different kind of decompositionformulae. A ° -dimensionalrecursion
formula is found in ZhongrenandKedem(1999)by meansof a linear
transformationfollowedby apolarcoordinatestransformation.

At lastothermethodsapproximating(4) dependonthestructureof ±�²
for examplewhen ± hasa tridiagonalform or other factorialstructures
with a small numberof factors(for similar mattersseeTong, 1990and
Thisted,1988).

At themoment,with up to ©~ª�³ ´ , thereareavailabledifferentmeth-
odsby whichorthantprobabilitiescanberobustlyandreliablycomputed
at low to moderateaccuracy levels. High accuracy or high dimension
problemscanrequirelongcomputationtimesandit is still not clearwhat
is thebestmethodfor this typeof problem.

This is why, in the following, threemethodsareproposedwhosere-
sultsandcomparisonsaredisplayedin thenext section.

3.1The NAG software library

The NAG software library (available at http://www.nag.co.uk/)in-
cludesthe soubroutineG01HBF written in FORTRAN 77 in order to
evaluate(4) for ©9µ)³ ´ .

The advantageof this routine is the chanceto establishthe relative
accuracy ¶ · ¸ of thecomputationon entry.

Theprobabilitydistribution(4) is evaluatedastheproductof thecon-
ditioned probability of ¹9º » ¹9¼ » ½ ½ ½ » ¹~¾I¿4¼ given ¹~¾I¿�º and ¹�¾ and the
marginalbivariatenormaldistributionof ¹ ¾I¿�º and¹ ¾ ½ Thebivariatenor-
malprobabilityis evaluatedby theroutineG01HAFbasedonthemethod

9



describedby Divgi (1979).For theleft overintegralof À�Á�Â dimension,a
numericaladaptive quadratureis usedandin caseof someinfinite limits
thecut-off point region is givenby Ã�Ä Å0Æ Ç È É Ê Ë Ì4Í Î ÏIÀ�Ð Ñ Ò where Ã�Ä Å0Æ Ç is the
inverseunivariatenormaldistribution function.

3.2The Geweke-Hajivassiliou-Keanesimulator

TheGeweke-Hajivassiliou-Keane(GHK) simulatoris a Monte-Carlo
method,first proposedby Geweke (1989). It is basedon samplingfrom
recursive truncatednormalr.v.’s aftera Choleskitransformation.In a re-
view paper, Hajivassiliouetal. (1996)analysethepropertiesof anumber
of availablesimulatorsof (4) andfind thattheGHK oneperformsall other
methodsby keepingagoodbalancebetweenaccuracy andcomputational
costs.

The ideais the following. Let Ó Ô0Õ Ö Õ × Ø be a sequenceof i.i.d. r.v.’s
with standardnormaldistribution. SettheeventsÙ Õ�Ú§Û ÁfÜÞÝ�Ô Õ Ýàß Õ Ábá Õ Å0Æâ ã Æ�ä â Õ Ô âä Õ Õ å
with ä Õ â elementsof the lower triangularCholesky decompositionof the
variance-covariancematrix æ�ç Thenè.é Í ê�Ò æ�Ð Ú è Í Ù Æ Ð è Í Ù
ë ì Ù Æ Ð&í í í è Í Ù é ì Ù Æ Ò Ù
ë Ò ç ç ç Ò Ù é Å�Æ Ð
andits estimationcouldbewrittenasîè�é Í ê�Ò æ�Ð Ú Îïñðòó ã Æ è Í Ù Æ Ð è Í Ù
ë ì ô Æ õ ó Ð0í í í è Í Ù é ì ô Æ õ ó4ö ôIë õ ó4ö ç ç ç ö ô é Å0Æ õ ó Ð(17)
where Ó ô Õ õ ó Ö aredrawn sequentiallyfrom independentstandardnormal
distributionstruncatedfrom theevents

Ù Õ ç
At http://econ.lse.ac.uk/staff/vassilis/the routinefor computing(17)

up to ÷ Ú Â Ï is availablein FORTRAN 77 andin GAUSS.
It hasbeenprovedthat theestimator

îè é Í ê�Ò æ�Ð is consistentin
ï ö for

agiven
ï

its accuracy declineswith ÷0Ò while increaseswith
ï

for any ÷0ç
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3.2The Genztransformation

Genz(1993)proposesasequenceof threetransformationsin orderto
transformtheoriginal integral (4) into anintegraloveranunit hypercubeø�ùIú û�ü ý�þ-ÿ�� ��� �� � ��� ��	� � � � �� � ù�� ���

� ü (18)

with 

��� ú 
�� � ü � � � ü 
�� ù þ ü� ��ÿ������ ����� � � �� � �! � � �#" � � $ ú � � � � þ � � % ü'&�ÿ)(Iü *4ü + + + ü ,0ü
where

 � � arethe elementsof the lower triangularCholesky decomposi-
tionof thevariance-covariancematrix

ý�ü �
ú -�þ
is givenin (9) and

�#" � � $ ú -�þ
is its inverse.Theoverall transformationforcesanorderingon the inte-
grationvariables� � thatmakestheevaluationof (18)moresuitablefor the
subregion adaptive proceduresuggestedin Berntsen,EspelidandGenz
(1991).

At http://www.sci.wsu.edu/math/faculty/genz/homepagethe routine
for computing(18) up to

,�ÿ.( /
/
is available in FORTRAN 77 and

in GAUSS.It returnsthe estimatedabsoluteerror, with 0�0�1 confidence
level. Someterminationstatusparametersinform aboutan atypic com-
pletion.

4. Working example:thediscrete-timefractional Gaussianwhitenoise

Recentstudieshaveshownhow thefractionalBrownianmotion(fBm)
andthefractionalGaussianwhite noise(fGwn) areusefulin characteriz-
ing subsurfaceheterogeneitiesin additionto geophysicaltimeseries.But
thefirst employmentof thefGwn waswithin thehydrologictime series,
dueto thepresenceof long-rangedependencein thedataatbottomof the
famousphenomenonnow calledtheHursteffect. Dif ferentmodelshave
beenproposedin theliteratureaimingto thedescriptionof thestatistical
featuresexhibitedby thehydrologictimeseries:
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i) MandelbrotandVan Ness(1968)definethe discrete-timeversionof
thefGwn24365 7!8:9�;=<6365 7!8:9><6365 7!8@?	<6365 7A?>B 8 CD7=9)B�C E�C F F F
where G <6365 H 8 C HJI)K�C LNM�5 K�C B O P is thefBm, aswell asthewhite
Gaussiannoisewasconstructedin orderto give somemeaningto
theconceptof derivativeof theBrownianmotion;

ii) Hosking(1981)constructstheARFIMA (fractionalautoregressivein-
tegratedmoving average)modelsby applying traditional ARMA
modelsto thefractionaldifferencesof thedata.

ThefGwn of MandelbrotandVanNessis incapableof fitting short-range
dependencepatternsin many hydrologicalrecords.Instead,theARFIMA
modelsarepotentiallypowerful tool for modelingstationaryhydrologi-
cal records,sincethe fractionaldifferencingallows to model the long-
memoryeffects while the ARMA part provides the right flexibility in
modelingtheshort-memorypattern.

Within thehydrologictimeseries,theanalysisof extremevaluescould
beveryusefulin predictingsomeexceptionalcircumstances(asoverflows
or floods): the classicalapproachwould provide the studyof the maxi-
mumof theseriesover a fixedtime interval, assumingtheindependence
of the maximaover contiguousintervals andso losing largely informa-
tion. An alternatingapproachconsistsin theanalysisof thecrossingof a
prefixedlevel andtakesinto accountthecorrelationstructureunderlying
theseries.

Let us point out that the numberof level crossinghasmany other
applications,differentfrom the forecastingof extremevaluesor period-
icity in hydrologictimeseries.For example,thezerocrossingproblemis
strictly relatedto theestimationof thespectraldensityfrom a giventime
series. This becausefrequentaxis-crossingblows up high frequencies
while fewer axis-crossingshifts this emphasistowardslow frequencies.
Kedemand Slud (1981) proposesa goodnessof fit test for time series
modelsasapplicationof higherorderzero-crossings.
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4.1The MandelbrotandWallis fractional whitenoise

ThefBm Q6R6S T U belongsto theclassof self-similarprocessescharac-
terizedby distributionsinvariantto a scale-change(for a review of self-
similar processesseeCarbon,1991). Let us recall that the fBm hassta-
tionary, but non independentincrements,exceptfor VXWZY�[ \�] andit is
the only Gaussianself-similarprocesswith stationaryincrements.The
FPTproblemfor thefBm processhasbeenrecentlyanalyzedby Michna,
(1999).
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Figure 1. Plots of ^�_:`ba c�d for eXfZg�h i j g
h k
j g�h l�j g
h m in (a) (bottomto top)
and for enf)g
h o
j g�h p
j g
h q
j g�h r in (c) (bottomto top). Plots of ^
s!t@a c�d for uvfw g�h i j w g�h k�j w g�h l�j w g�h m in (b) (bottomto top) and for uxf)g�h i j g
h k
j g�h l�j g
h m in
(d) (bottomto top).
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Thediscrete-timeseriesfGwn y
z4{6| }!~ � � � � is Gaussian,stationary, with
zeromeansandcorrelationfunction���b� | }!~b� ����A��� }J� � � � {�� � � } � � { � � } � � � � {6�#� (19)

Plotsof � � � | }!~ for differentchoicesof � areshowedin Figure1(a)-(c),
by which it is clearastheparameter� characterizesthebehaviour of the
fGwn: if �N�>| �!� � � � ~ � ther.v.’s z4{�| }!~ have serialnegativecorrelations
which decayrapidly andsumto zero: sucha time seriesoften exhibits
samplepathswherehigh andlow valuestendto consecutively alternate,
a propertyknown as anti-persistent;if �D�N� � � � the r.v.’s z { | }!~ are
incorrelatedandthey representthediscreteversionof theclassicalwhite
noise;if ���)| � � � � � ~ the r.v.’s z4{6| }!~ displaya long-memorybehavior
sincetheirpositiveserialcorrelationslowly decays.

Table1. Evaluationsof theFPTprobabilitydistribution} NAG GHK GENZ
1 0.1586552539314570.1586552539314570.158655253931457
2 0.1498912613555850.1472479305489360.149891262180832
3 0.1275377411534790.1304660704457610.127518359911067
4 0.1057003701375050.1050535701508350.105736185260652
5 0.0872307321281420.0850077116533400.086695793973868
6 0.0705979728466200.0715529355652720.070872214353787
7 0.0572331716052090.0586188652537610.057819898428268
8 0.0481086619187730.0487900514057050.046719854696929
9 0.0369733383928740.0374928719802210.038057818797014
10 0.0307324006182660.0309971446215980.030787302699045
11 0.0232309244055030.024661193822441
12 0.0200778818180700.020037105897441
13 0.0163897512618220.016168997029792
14 0.0128996362643560.012934558801507
15 0.0103900271525090.010536683471073
16 0.0083025850430370.008410738086619
17 0.0067350970991980.006730555664805
18 0.0054014267325620.005497252577249
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Being ���b�b� ���4�.  and �!�:�b� ¡!��¢£  for any integer ¡�¤ the variance-
covariancematrix ¥b�b� is positive definite: the fGwn ¦4§�� ¡!� is non-
singularandits FPT r.v. througha boundedboundaryis fair. The FPT
meanis finite. Indeed,if ¨ª©�� �!¤ ��« ¬
� it is ­
®@¯ °J��±³²
´�µ�� � �:� ¡!��¶�� so
that (14) holds. If ¨�©)· ��« ¬�¤  
� ¤ being ­
®�¸ ¹º�»±³¼ ½!µ ¾!¿�� � �b� ¡!�J�»� and­ ®@¯ ° ��À
Á §:Â!ÃÅÄ  JÆ>� it is   Ä�Ç � È�®�¸ ¹ � ¢>Éº· Ê�Ë�¢>ÌA� È�®@¯ ° ¤ ­
®@¯ ° �
with Ì=� È�®@¯ °
¤ ­
®@¯ ° � in (16), the inequality beingstrictly due to the de-
creasingof (19).

In Table1, evaluationsof the FPT probability distribution by using
theNAG routinewith Í Î
ÏÅ����« ��  , theGHK simulatorwith Ðn�)¬
�
� and
theGenztrasformationwith ¨ª�Ñ��« À and È>�»  aredisplayed:observe
that thevaluesobtainedfrom theNAG routineandtheGenzmethodare
comparable,while for thoseobtainedfrom theGHK simulatorit is nec-
essaryto increaseÐ in orderto havea betteraccuracy.

4.2The ARFIMA � �!¤ Ò!¤ ��� model

TheARFIMA � ��¤ Ò�¤ ��� time seriesis a differentdiscrete-timeversion
of the fGwn, built by using a symbolic generalizationof the first dif-
ferenceoperator Ó.�N  Ä�Ô ¤ where Ô is the backward-shift operatorÔJÕ³Ö � Õ=Ö Â!Ã (Hosking,1981). Sucha generalizationis the fractional
differenceoperatorÓ=×��)�   Ä	Ô � ×#��ØÙµ Ú�¿bÛ Ò¡�Ü � Ä6Ô � µ «
Recallingthat a sequenceof standardGaussiani.i.d.r.v.’s Ý Þ µ
ß is a dis-
creteversionof theGaussianwhitenoise,thediscrete-timeversionof the
fGwn is constructedtakingthe �   à�À Ä ¨4� th fractionaldifferenceof Ý Þ�µ ß ¤
thatis Õ Ö ��Ó Ã á Á Â!§ Þ Ö « SettingÒ³��¨ Ä   à�À�¤ theARFIMA � �!¤ Ò!¤ ��� time
seriessatisfies Ó × Õ=Ö �>Þ Ö «
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When â.ãÑä å�æ ç
è æ it is é�ãÑä ê�å!ë ì�æ å�ë ì
è æ andit could be provedthat the
ARFIMA ä å!æ é!æ å�è processis Gaussian,stationarywith zero meansand
correlationfunctioní!î�ï ä ð!è:ñ é�ä é6ò>ç è�ó ó ó ä é6ò�ð=ê�ç
èä ç�ê	é�è ä ô�ê	é!è�ó ó ó ä ðAê	é!è ë (20)

As before,if é�ãÑä å!æ å�ë ì
è æ the ARFIMA ä å!æ é!æ å�è modeldisplaysa long-
memorybehavior sinceits positive serial correlationdecayshyperboli-
cally to zero,seeFigure1(d); if é�ñ»å!æ this modelis againthe discrete
versionof theGaussianwhite noise;if évã�ä ê6å�ë ì�æ å�è themodelhasneg-
ative serialcorrelationwhich decaysrapidly, so thereis a shortmemory
andananti-persistentbehaviour, seeFigure1(b). Following thesamear-
gumentsgivenin theprevioussubsection,theARFIMA ä å!æ é!æ å�è processis
non-singularwith theFPTprobabilitydistributiongivenby (3) andfinite
FPTmean.

It is naturalto comparethe two time seriesthat describea discrete-
time versionof the fGwn: theARFIMA ä å!æ é!æ å�è processandthe õ4ö6ä ð!è
one.Evenif thestructureof therelatedcorrelationfunctionsis different,
they becomesimilar to ð�÷ ø ù!ú for large ð�ë In otherwordsthetwo discrete-
timeversionsof thefGwn ”looks-like” similar.

This similarity is reflectedalsowithin the FPT probability distribu-
tion. In Figure2, plotsof theFPTprobabilitydistributionarereportedfor
theARFIMA ä å�æ é�æ å�è modelandfor the û
õ4ö6ä ð!è ü timeseries.TheFigure
2(a)is relatedto theARFIMA ä å!æ å�ë ô�æ å�è thatcorrespondsto û
õ4ý þ ÿ ä ð!è ü in
Figure2(c): the two plotsarevery similar. In particular, it is �³ä � î�ï �ì å�èxñNå�ë ������ô whereas�³ä ��� � ì å�èxñNå�ë ����ô �!æ having set with �

î!ï
the FPT r.v. for the ARFIMA modelandwith ��� the FPT r.v. for theû
õ4ö�ä ð!è ü series. The estimatedFPT meanis about 	�ë 
�ì�ì�ç in the first
caseand 	�ë ����ç � in the secondone. If the boundaryis movedaway, the
FPT probability distribution decreases(compareFigure2(a) andFigure
2(d)). Theshortmemorybehavior of theARFIMA ä å�æ é�æ å�è modelreflects
upontheFigure2(b)whereé=ñ)ê�å!ë ô : being �ºä � î!ï � ì
å�è:ñ�å�ë ������� the
FPT occursbeforerespectto the caseé�ñ�å!ë ô aswell asthe estimated
FPTmeanì�ë ��	�ç�ç is less.So,as é increases,theFPToccurslater.
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Figure 2. Plots of the FPT probability distributions for the ARFIMA
 ��� ��� ���
modelwith ������� � and ����� in (a), with ��������� � and ����� in (b), with
������� � and ����� in (d) and for the  !�"#
 $%� & timeserieswith '(�)��� * and
�+�,� in (c).

5. Conclusionsand further developments

In thepresentpaper, it hasbeenshown theexistentrelationbetween
theorthantprobabilitiesandtheFPTproblemfor anon-singularGaussian
discrete-timeseriessothat it will bepossibleto studyhow thegeometry
of the absorbingboundaryinfluencesthe shapeof the FPT probability
distribution. Applications in the forecastingof extremevaluesfor the
ARFIMA modelsor in the detectionandestimationof discretespectral
componentswould beobjectof further investigations.What is more,the
underlinedrelationbetweenthe orthantprobabilitiesandthe FPT prob-
lem suggestsa new Monte-Carlomethodin orderto estimatetheorthant
probabilitiesdifferentlyfrom thesimulatorsdescribedin Section3: away
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thatwill becoveredin ashortwhile. Indeed,if theFPTr.v. is fair, it would
beconvenientto simulatethesamplepathsof theprocess,to recordtheir
first crossinginstantsandthento estimate(4) by its relative frequency.
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