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Summary: For a non-singulaiGaussiardiscrete-timeseries the evaluationof the first

passagé¢ime probability distribution througha boundedime-varying boundaryis con-

sideredby usingorthantprobabilities. Sufficient conditionsare givenfor the existence
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ples,thefirst passagéime problemfor the discrete-timeversionsof thefractionalwhite
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1. Introduction

In the field of stochastiqorocessesspecialcarehasbeenput on the
discussiorof the so-calledfirst passagéime (FPT) problem. This con-
sistsin theevaluationof the probabilitydistribution of thetime whenfirst
the processnodelingthe systems dynamicsentersa preassignedritical
region or reachesomepreassignetboundaryfor the generalsettingsee
Redner(2001). Themainresultson FPT problemsaremainly focusedon
stochastiprocessesf diffusiontype,wherethe Markov propertyplaysa
leadingrolein handlingtherelatedtransitionprobabilitydensityfunction



(pdf), seeRicciardietal. (1999)for areview. However the knowledge
of the freetransitionpdf is often not sufficient to determinethe transient
functionsin thepresencef absorbingime dependenboundary So,apart
from few specialcasesno closedform of the FPT pdf areavailablein the
literatureand numericalalgorithmsor simulationproceduresave been
resortedn orderto getmoreinformationon the featuresof the FPT pdf.
Even for the diffusion processesomenumericalmethodsare available
in orderto estimatethe FPT pdf with boundariedaving differentshapes
(seefor exampleDi Nardoet al., 2001 and Giraudoet al., 2001). If in
additionthe Markov propertyis pulled down, the availableanalyticalre-
sultsonthe FPT pdf arescarseandhardto managédor practicalpurposes
so thatthe simulationproceduresrethe only beaterway (Di Nardo et
al., 2000).

Whenthetime is discrete,mary resultson FPT problemshave been
achieved concerningthe randomwalks or more generallythe Markov
chains(Redner 2001). Kedem(1980) has proposedan interestingap-
proachby clipping thetime seriesn abinaryonedependingnthecross-
ing or not somespecifiedconstantevel. The mainresultsarefocusedon
binary seriesdescribedy first-orderor second-ordestationaryMarkov
chainsin statisticalequilibrium. Howeverasin the caseof stochastigro-
cessesjf the Markov propertyis relaxed, the resultson FPT problems
becomepoorandfragmentary

The aim of this paperis to analysedthe FPT problemfor a non-
singular Gaussiandiscrete-timeseries. In Section2 the mathematical
backgroundor the FPT problemis first formulated. In particular it is
shoved how the FPT p robability distribution is strictly correlatedo the
so-calledorthantprobabilities: this connectionsuggests nev way for
the numericalevaluationof the orthantprobabilitiesthroughanhoc sim-
ulationprocedureln Section3 ashortreview is givenconcerninghenu-
mericalmethodsandthe Monte-Carloonesavailablein the literaturefor
the computationof suchorthantprobabilities. In Section4, asworking
exampleswe will analyseéhe FPT problemfor thediscrete-timeversions
of thefractionalGaussiamwhite noise(fGwn). Someconcludingremarks
aregivenin closing.



2. A first passagdime analysis

Definethe FPT randomvariable (r.v.) of a discrete-timeseriesX;
throughaboundarys; as

T = Itréklll{t : Xy > S}, (1)

whereP (X, < Sp) = 1. In thefollowing, supposeP (X, = zp) = 1 with
zo < Sp andin orderto simplify setzy = 0.

The aim of this sectionis to characterizéhe probability distribution
of T" when X; is a non-singularGaussiardiscrete-timeseriessuchthat
E[X,] = 0. Remarkthatthe hypothesison the zeromeanscould be re-
laxed.

In orderto evaluatethe probabilitydistribution of 7', first obsere that
P(T=k)=P(X; < 5,X2<S0,..., Xp1 < Sp—1, X, > Sk), (2)
anddueto thesettingson X, it is

1 1

where

DkZ{XE (IEl,IEQ,...,IEk) ERkI Z; <Si 1= 1,2,...,]{}—1, Tk > Sk}

and
Qr(x;0,%) = x"¥'x

with (£);; = E[X;X;] = pi; the variance-cwariancematrix. Equation
(2) couldberewrittenas

PT=0 = (ot (< 5) - P (0t (X< 1) 51
3)

Usually, therectangularegions
O = {XE (:El,:Eg,...,IEk) € RF: x; < S; 1= 1,2,...,k}
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arenamedorthantsregions:thatis why the probabilitiesappearingn (3)

P(S,3) = P(nh, {X;< S}

- /Okmexp{—%@k(x;o,m}dx (4)

whereS = (51, So, ..., Sy) for ary integer k, arenamedorthant proba-
bilities in theliterature.

Thentheproblemof characteriz€2) couldbebring backto theevalu-
ationof theorthantprobabilities(4) for amultivariatenormaldistribution.
Unlessk < 3 or 3 = I (Thisted,1988),no closed-formexpressionsare
known for P (S, ¥), sotheevaluationof (4) leadsto thenumericalmeth-
odsasit will beshowvn in detailsin thenext section.

Let usgive somepropertieon the orthantprobabilities(4). First, we
recallaresultdueto Placlett (1954)andlater statedoy Slepian(1962)in
amoregeneraform.

Theorem 1. (Plackett)

LetX = (X4, Xy, ..., X,) beamultivariatenormalr.v. with (Xx);; =
pi andY = (Y1,Y,...,Y;,) beamultivariatenormalr.v. with (Zy );; =
pg LetpX = pk =1,fori=1,2,...,n. prf]{ > p};, ,j=12,...,n
then

Pk(S,Ex) ZPk(S,Ey), k:1,2,...,7’L. (5)

Theprevioustheorenstateghat P (S, X) is afunctionstrictly increasing
of pi; € I;; 5y = {pi; : £ is positive definite}. Usingthis result,we claim
someboundson the orthantprobabilities(4).

Theorem 2.
For a non-singularGaussiardiscrete-timeseriesX; with zeio means
andp; = 1,7 € N andfor theboundarysS; set

= max p;; in = IiN p;5, Spax = Max Sy, Spin = min S;. (6
Pmax it pZ]yprmn it pz_y: max t>0 ty ~min >0 t ()

If Prncs penin € [0, 1) it i
By, (Smin7 pmin) < Pk(87 E) < By (Smaxa pmax) (7)
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whee P, (S, X) is givenin (4) and

Bu(s.0) = [ @ (M) o(:)dz, SER pe0,1) (8

; =7
with

¢<x>=%exp{—§}, o) = [* 6()dz seR (@)
Proof

Usingthe Placlettresult(5), it is
Pk(S7 Z) S Pk(S7 meax) S Pk(Sma)U meax)

whereX, . is the variance-cgariancematrix with 1 over the principal
diagonaland p,.x elsevhereandS,,.x is avectorwhosek components
areequalto Sy.x- The randomvectorwith normaldistribution function
N(0,%,...) is built with exchangeable.v.’sandso(Tong,1990)

Pk(Sma)u Epmax) = Bk(Sma)u pmax)

With By (Smax, Pmax) 9ivenin (8). This provesthe secondinequalityin
(7), thefirstinequalityfollowing by similar aguments.

Remark 1.
If prmae < 0 it is still possibleto find un upperboundfor (4) by using

againthe Placlettinequality(5)
Pi(S,Y) < Po(S,I) < Pe(Smax, I) = O (Sinax) (10)

where! is theidentity matrix, Sp.x is definedin (6) and®(z) is givenin

(9).

If the boundarys; is boundedfor k£ growing up the probability thatthe
processX; remainsunderthe boundarygoesto zero,thatis

kll)rgo P(S,%) = 0. (12)
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Indeed,if
Smax = I?iabx St < o0,

the asymptoticresult(11) follows taking the limit for £ to infinite in (7)
if Pmax > 0 0rin (10)if pmax < 0.

Thislastresultturnsto beusefulinto testingif theFPTr.v. is fair, that
is equialentto verify if P(T < oco) = 1.

Theorem 3. If theboundarys; is boundedthenthe FPTr.v. is fair.
Proof
Indeed by (2) and(3), it is

P(T<k) = 1-P(S,%) Xk: P;i_i(S,%) — P;i(S,%)]
= 1— F(S,Y). ~
Then,takingthe limit ask goingto infinite andrecalling(11), it results
P(T < o0) =1.
Aboutthe FPT mean let statethefollowing proposition.

Proposition 1. If theboundarys; is boundedthen

ET] =1+ i Pi(S,Y). (12)
k=1
Proof
It is
ET]=1-P(S,%) + i k[Py-1(S,%) — P(S, X)]
k=2
andbeingfor (7) or (10)

klggo kPy(S,%) =0,



equation(12) follows.

Proposition 2. If theboundarysS; is boundedthen

E[T* =1+ ?:1(21@ + 1) P(S, X). (13)
Proof
Beingfor (7) or (10)
kli_)rgo k’P(S, %) = 0,
it is
E[T?] = 1-P/(S,%)+ f: E*[Py_1(S,%) — Pi(S, %))

k=2

= 1+ Y [(k+1)* = E’]P(S, %)
k=1
by which equation(13) follows.

It is interestingo evaluatesomebounddor E[T'), if thereexist. Indeed if
E[T] < oo for someX,, it is possibleto evaluatenumericallythe seriesn
(12) with a determinedolerance.The boundsfor the FPT meandepend
on the structureof the variance-coariancematrix ., asit will be shovn
in thefollowing.

If pmax < 0thenE[T] < oo, beingfrom (10)

1

Sl T

(14)
whereSmax andpmax aredefinedin (6) and®(x) is givenin (9). By (13),
itis
9 1+ ®(Smax)
<
R T TE) 2

sothatVar[T] < oc.



If pmin > 0 @Ndpmax < 1 from (7)itis

A(Smin; pmin) < E[T] < A(Smax; Pmax) (15)
where
A(S, p) = /_o:o a(z, S, p)dz, a(z,S,p) = ¢5(,Zj_ 2% (16)
- ()

with S € R, p € [0,1). Remarkthat A(S, p) € RU {oc}. Indeed|f p €
[0,0.5), thefunctiona(z, S, p) hasfinite valueslim, ,. a(z,S, p) = 0
andso A(S, p) < oo. However the numericalevaluationof (16) could
producesomeproblemsf S istoogreater Onthecontraryif p € [0.5, 1),
itislim, ,.a(z, S, p) = oo likewisep(z)/(1 — ®(z)) sothattheintegral
in (16) is infinite.

3. The numerical evaluationof the FPT probability distribution

The problemof approximatinghe orthantprobabilities(4) for amul-
tivariate normal distribution hasa rich history (for a review seeTong,
1990) not only within numericalanalysisbut also owing to its mani-
fold applicationsas symmetricorder statistics(Horn, 1982), as inves-
tigation on the numberof peaksin a stationaryGaussianprocess(Ku
and Seneta1994), asfluctuationof sumsof r.v.’s (Nesch,1993). Most
earliestresultsconcernasymptoticexpansionf the multivariatenormal
densityfunction so that (4) could be expressasinfinite seriesandthen
to approximate. This methodhasbeenusedespeciallyfor £ = 2 and
k = 3 (cf. for exampleGupta,1963andmorerecentlyVasicek,1998)
althoughmore competitve algorithmshave beenrecentlyproposedsee
Genz,2001andreferencesherein). A completelydifferentapproacho
the evaluationof (4) is the Placlett’s formula (Placlett, 1954)consisting
in a dimension-reductioformula basedon an hoc conditioning. Other
methoddie in available numericalintegrationsoftware,as Monte-Carlo
methodsor subregion adaptve numericalmethods However, theinfinite
integrationlimits needto be carefully handledeitherby usingsometype
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of transformationgnto a finite region (seefor exampleGenz,1992and
1993andreferencesherein)eitherusingselectecutoff values.

In the specialcaseS = 0 the problemof interesthasbeento find
expressionof (4) in termsof the correlationcoeficients. In this case,
solutionsare availablein closedformsfor £ = 2 andk = 3 while for
k > 4 integral representationareobtainedin somespecialcases.Some
analyticaldecomposition®f (4) into a combinationof several multiple
integralsof low orderaregivenin Sun(1988),seereferenceshereinfor
differentkind of decompositiorformulae. A n-dimensionalrecursion
formulais found in Zhongrenand Kedem(1999) by meansof a linear
transformatiorfollowedby a polarcoordinategransformation.

At lastothermethodsapproximating4) dependnthestructureof X :
for examplewhen: hasa tridiagonalform or otherfactorial structures
with a small numberof factors(for similar mattersseeTong, 1990and
Thisted,1988).

At themomentwith upto £ = 10, thereareavailabledifferentmeth-
odsby which orthantprobabilitiescanbe robustly andreliably computed
at low to moderateaccuray levels. High accurag or high dimension
problemscanrequirelong computatiortimesandit is still not clearwhat
is the bestmethodfor this type of problem.

This is why, in the following, threemethodsare proposedvhosere-
sultsandcomparisonsredisplayedn the next section.

3.1The NAG software library

The NAG software library (available at http://www.nag.co.uk/)in-
cludesthe soubroutineGO1HBF written in FORTRAN 77 in order to
evaluate(4) for £ < 10.

The adwvantageof this routineis the chanceto establishthe relative
accuray tol of thecomputatioron entry.

Theprobabilitydistribution (4) is evaluatedasthe productof the con-
ditioned probability of X, X,,..., X,,_» given X,,_; and X,, andthe
maminal bivariatenormaldistributionof X,,_; and.X,,. Thebivariatenor-
mal probabilityis evaluatedby theroutineGO1HAFbasedn the method



describedy Divgi (1979).For theleft overintegral of n — 2 dimensiona
numericaladaptve quadratures usedandin caseof someinfinite limits
the cut-off point regionis givenby ®(~Y[tol /(10n)], where®(-1 is the
inverseunivariatenormaldistribution function.

3.2The Geweke-Hajivassiliou-Keanesimulator

The Geweke-Hajvassiliou-keang(GHK) simulatoris a Monte-Carlo
method first proposedoy Geweke (1989). It is basedon samplingfrom
recursve truncatedhormalr.v.’s aftera Choleskitransformationln are-
view paper Hajivassiliouetal. (1996)analysethe propertieof anumber
of availablesimulatorsof (4) andfind thatthe GHK oneperformsall other
methoddy keepinga goodbalancebetweeraccurag andcomputational
costs.

Theideais the following. Let {Y;};cn beasequencef i.i.d. r.v's
with standarchormaldistribution. Setthe events

S Z] 1 C]Z }

CZZ

AZ'Z{—OO<Y;'<

with ¢;; elementf the lower triangularCholesly decompositiorof the
variance-cgariancematrix 3. Then

Pk(S, E) = P(AI)P(A2|A1) e P(Ak|A1, AQ, PR 7Ak—1)

andits estimationcouldbewritten as

ZP (A1) P(Azlyin) - - P(Ak|Y1,0 Yorns - - 3 Yk—1,n)

17)
where{y;,} aredravn sequentiallyfrom independenstandarchormal
distributionstruncatedrom the eventsA,.

At http://econ.Ise.ac.uk/stafassilis/the routine for computing(17)
upto k = 20 is availablein FORTRAN 77 andin GAUSS.

It hasbeenprovedthatthe estimatorP (S, X) is consistenin N; for
agivenN its accurayg declineswith k, while increasesvith IV for ary k.
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3.2The Genztransformation

Genz(1993)proposes sequencef threetransformationsn orderto
transformthe originalintegral (4) into anintegral over anunit hypercube

Pk(S,Z)=el/ole2/01.../olek/01dw, (18)

with dw = (dwy, . . ., dwy),

{ Si — 352 ;Y (wye;)

Cii

€i=q)

}7 i:1727"'7k7

wherec;; arethe elementsof the lower triangularCholesk decomposi-
tion of thevariance-ceariancematrixy, ®(z) is givenin (9) and®(—1 (z)
is its inverse. The overall transformatiorforcesan orderingon the inte-
grationvariablesw; thatmakestheevaluationof (18) moresuitablefor the
subrgion adaptve proceduresuggestedn Berntsen,Espelidand Genz
(1991).

At http://lwww.sci.wsu.edu/mathdiculty/genz/hmepagehe routine
for computing(18) up to £ = 100 is availablein FORTRAN 77 and
in GAUSS. It returnsthe estimatedabsoluteerror, with 99% confidence
level. Someterminationstatusparametersnform aboutan atypic com-
pletion.

4. Working example:the discrete-timéractional Gaussianwhite noise

Recenstudieshare shovn how thefractionalBrownianmotion(fBm)
andthefractionalGaussiawhite noise(fGwn) areusefulin characteriz-
ing subsuréceheterogeneitiem additionto geophysicatime series.But
the first employmentof the fGwn waswithin the hydrologictime series,
dueto thepresencef long-rangedependenca thedataat bottomof the
famousphenomenomow calledthe Hursteffect. Differentmodelshave
beenproposedn theliteratureaimingto the descriptionof the statistical
featuresexhibited by the hydrologictime series:

11



i) Mandelbrotand Van Ness(1968) definethe discrete-timeversionof
thefGwn

Wi (k) = ABg(k) = Bg(k) — By(k—1), k=1,2,...

where{Bg(t),t > 0, H € (0,1]} is thefBm, aswell asthewhite
Gaussiamoisewasconstructedn orderto give somemeaningto
the concepif derivative of the Brownian motion;

i) Hosking(1981)constructshe ARFIMA (fractionalautorgressvein-
tegratedmoving average)modelsby applying traditional ARMA
modelsto thefractionaldifferencesf the data.

ThefGwn of MandelbrotandVanNessis incapableof fitting short-range
dependencpatternsn mary hydrologicalrecords.Insteadthe ARFIMA
modelsare potentially powerful tool for modelingstationaryhydrologi-
cal records,sincethe fractional differencingallows to model the long-
memory effects while the ARMA part provides the right flexibility in
modelingthe short-memorypattern.

Within thehydrologictime seriestheanalysisof extremevaluescould
beveryusefulin predictingsomeexceptionakircumstance&@soverflovs
or floods): the classicalapproachwould provide the study of the maxi-
mum of the seriesover a fixedtime interval, assumingheindependence
of the maximaover contiguousintervals and so losing largely informa-
tion. An alternatingapproactconsistan theanalysisof the crossingof a
prefixedlevel andtakesinto accountthe correlationstructureunderlying
theseries.

Let us point out that the numberof level crossinghasmary other
applicationsdifferentfrom the forecastingof extremevaluesor period-
icity in hydrologictime series.For examplethezerocrossingproblemis
strictly relatedto the estimationof the spectraldensityfrom a giventime
series. This becausdrequentaxis-crossingolows up high frequencies
while fewer axis-crossingshifts this emphasigowardslow frequencies.
Kedemand Slud (1981) proposesa goodnesf fit testfor time series
modelsasapplicationof higherorderzero-crossings.
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4.1 The Mandelbrotand Wallis fractional white noise

ThefBm By (t) belongsto the classof self-similarprocessesharac-
terizedby distributionsinvariantto a scale-changéor a review of self-
similar processeseeCarbon,1991). Let us recallthatthe fBm hassta-
tionary, but non independenincrementsgxceptfor H = 0.5, andit is
the only Gaussiarself-similar processwith stationaryincrements. The
FPTproblemfor thefBm processhasbeenrecentlyanalyzedy Michna,
(1999).

0.8 0.8
0.6 (@) 0.6 (b)
0.4 0.4
0.2 0.2
0 0
r r
02 5 10 15 20 02 5 10 15 20
0.8 0.8
06 © 06 )
0.4 ¥ 0.4
0 ¥ 0 S
02 5 10 15 20 02 5 10 15 20

Figure 1. Plots of vy, (k) for H = 0.1,0.2,0.3,0.4 in (a) (bottomto top)
andfor H = 0.6,0.7,0.8,0.9 in (c) (bottomto top). Plotsof v4r(k) for d =
—0.1,—-0.2,-0.3,—-0.4 in (b) (bottomto top) and for d = 0.1,0.2,0.3,0.4 in
(d) (bottomto top).
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Thediscrete-timeseriessGwn {Wx (k) }ren is Gaussianstationarywith
zeromeansandcorrelationfunction

1
Ty (k) = 5 {1+ 177 =267 + |k — 117}

(19)

Plotsof vy, (k) for differentchoicesof H areshavedin Figurel(a)-(c),
by whichit is clearasthe parametei characterizethebehaiour of the

fGwn: if H € (0,0.5), ther.v.sWg(k) have serialnegative correlations
which decayrapidly andsumto zero: sucha time seriesoften exhibits

samplepathswherehigh andlow valuestendto consecutiely alternate,
a propertyknown as anti-persistentjf H = 0.5, ther.v.s Wy(k) are
incorrelatedandthey representhe discreteversionof the classicawhite

noise;if H € (0.5,1) ther.v's Wg (k) displaya long-memorybehaior

sincetheir positive serialcorrelationslowly decays.

Table 1. Evaluationsof the FPT probability distribution

NAG

GHK

GENZ

O©CoO~NOOUPM~WDNPRIS

0.15865525393145
0.14989126135558
0.12753774115347
0.10570037013750
0.08723073212814
0.07059797284662
0.05723317160520
0.04810866191877
0.03697333839287
0.03073240061826

70.15865525393145
50.14724793054893
D0.13046607044576
50.10505357015083
20.08500771165334
D0.07155293556527
D0.05861886525376
30.04879005140570
10.03749287198022
50.03099714462159
0.02323092440550
0.02007788181807
0.01638975126182
0.01289963626435
0.01039002715250
0.00830258504303
0.00673509709919

0.00540142673256

70.15865525393145
50.14989126218083
10.12751835991106
50.10573618526065
00.08669579397386
20.07087221435378
10.05781989842826
50.04671985469692
10.03805781879701
80.03078730269904
30.02466119382244
00.02003710589744
20.01616899702979
50.01293455880150
90.01053668347107
70.00841073808661
80.00673055566480
20.00549725257724

O OT O WO N VO PP OrsS O 0 N0 N NN N
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Being vw, (0) = 1 andyw, (k) < 1 for ary integer k, the variance-
covariancematrix Xy, is positive definite: the fGwn Wy (k) is non-
singularandits FPTr.v. througha boundedboundaryis fair. The FPT
meanis finite. Indeed,if H € (0,0.5) it iS ppax = maxy vy, (k) < 0 s0
that (14) holds. If H € [0.5,1), being pin = mingsqyw, (k) = 0 and
Pmax = 22H-1 — 1> 0itis

1

— < ET|<A
1 _ @(Smm) < [ ] < (Smaxapmax)

with A(Snax, Pmax) IN (16), the inequality being strictly dueto the de-
creasingof (19).

In Table 1, evaluationsof the FPT probability distribution by using
the NAG routinewith tol = 0.01, the GHK simulatorwith N = 500 and
the Genztrasformatiorwith H = 0.2 andS = 1 aredisplayed:obsene
thatthe valuesobtainedfrom the NAG routineandthe Genzmethodare
comparablewhile for thoseobtainedfrom the GHK simulatorit is nec-
essanyto increaseV in orderto have abetteraccurag.

4.2 The ARFIMA (0, d, 0) model

The ARFIMA(0, d, 0) time seriesis a differentdiscrete-timeversion
of the fGwn, built by using a symbolic generalizatiorof the first dif-
ferenceoperatorV = 1 — B, where B is the backward-shift operator
BX; = X;_; (Hosking,1981). Sucha generalizations the fractional
differenceoperator

vi--n =3 ({ )t

k=0

Recallingthat a sequencef standardGaussian.i.d.r.v’s {a;} is a dis-
creteversionof the Gaussiamwhite noise the discrete-timesersionof the
fGwn s constructedakingthe (1/2 — H)th fractionaldifferenceof {a;},
thatis X, = V'/2~fq,. Settingd = H — 1/2, the ARFIMA(0, d, 0) time
seriessatisfies

V¢X, = a,.
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WhenH € (0,1),itisd € (—0.5,0.5), andit could be provedthatthe
ARFIMA(0, d,0) processis Gaussianstationarywith zero meansand
correlationfunction

dd+1)---(d+k—1)
marlk) = e =) (h—d) (20)

As before,if d € (0,0.5), the ARFIMA (0, d,0) modeldisplaysa long-
memorybehaior sinceits positive serial correlationdecayshyperboli-
cally to zero,seeFigure1(d); if d = 0, this modelis againthe discrete
versionof the Gaussiarwhite noise;if d € (—0.5,0) themodelhasney-

ative serialcorrelationwhich decaysapidly, sothereis a shortmemory
andananti-persistenbehaiour, seeFigurel1(b). Following the samear

gumentgyivenin theprevioussubsectionthe ARFIMA (0, d, 0) processs

non-singulamwith the FPT probability distribution given by (3) andfinite

FPTmean.

It is naturalto comparethe two time seriesthat describea discrete-
time versionof the fGwn: the ARFIMA (0, d, 0) processaandthe Wy (k)
one. Evenif thestructureof therelatedcorrelationfunctionsis different,
they becomesimilarto £24- for large k. In otherwordsthetwo discrete-
time versionsof thefGwn "looks-like” similar.

This similarity is reflectedalsowithin the FPT probability distribu-
tion. In Figure2, plotsof the FPT probabilitydistribution arereportedor
the ARFIMA (0, d, 0) modelandfor the {Wy (k) } time series.TheFigure
2(a)is relatedto the ARFIMA (0, 0.2, 0) thatcorrespondso { W 7(k)} in
Figure2(c): thetwo plotsarevery similar. In particular it is P(T4r <
50) = 0.9942 whereasP(Ty < 50) = 0.9924, having setwith T4r
the FPTr.v. for the ARFIMA modelandwith Ty, the FPTr.v. for the
{Wnu(k)} series. The estimated=PT meanis about8.3551 in the first
caseand8.7717 in the secondone. If the boundaryis moved away, the
FPT probability distribution decreasegcompareFigure 2(a) and Figure
2(d)). Theshortmemorybehaior of the ARFIMA (0, d, 0) modelreflects
uponthe Figure2(b) whered = —0.2: beingP(Tar < 50) = 0.9999 the
FPT occursbeforerespecto the cased = 0.2 aswell asthe estimated
FPTmean5.6811 is less.So,asd increasesthe FPT occurslater.
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Figure 2. Plots of the FPT probability distributions for the ARFIMA(0, d, 0)
modelwithd = 0.2 and S = 1 in (a), withd = —0.2 andS = 1 in (b), with
d = 0.2 andS = 2 in (d) andfor the {Wy(k)} timeserieswith H = 0.7 and
S =1in(c).

5. Conclusionsand further dewelopments

In the presenipaper it hasbeenshownn the existentrelationbetween
theorthantprobabilitiesandthe FPT problemfor anon-singulaGaussian
discrete-timeseriessothatit will be possibleto studyhow the geometry
of the absorbingboundaryinfluencesthe shapeof the FPT probability
distribution. Applicationsin the forecastingof extremevaluesfor the
ARFIMA modelsor in the detectionand estimationof discretespectral
componentsvould be objectof furtherinvestigationsWhatis more,the
underlinedrelation betweenthe orthantprobabilitiesandthe FPT prob-
lem suggesta new Monte-Carlomethodin orderto estimatethe orthant
probabilitiesdifferentlyfrom thesimulatorsdescribedn Section3: away
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thatwill becoveredin ashortwhile. Indeedjf theFPTr.v. isfair, it would
be convenientto simulatethe samplepathsof the processto recordtheir
first crossingnstantsandthento estimatg(4) by its relative frequeng.
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