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Summary: In thispaperwefocusontestsof hypothesesfor theparameterof amodelfor

ranks.In particular, weconsiderthesituationof rankings� itemsandweareinterested

in testingthe existenceof an indifferencefeeling towardsa given item. Both a likeli-

hoodratio testanda Wald testaredeveloped,andtheir performancesin finite samples

arecomparedthrougha simulationstudy. Thesetwo asymptotictestsarealsoapplied

on arealdataset,originatedfrom a marketingsurvey on theconsumptionof olive-oil.
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1. Introduction

Severalmethodsexist for thestatisticalanalysisof thepreferencedata
expressedasranksof � items(Marden,1995;Taplin,1997),but noneof
themis basedon anexplicit probabilisticmodelof theranksthemselves.

In this paperwe review a statisticalmodelwe proposedfor theranks
(D’Elia, 1999,2000),andwe investigatesomeinferentialissuesaboutits
parameter, whichcouldbeconsideredasa liking measure for agivenitem
(D’Elia, 2001b).

In particular, we focusthe discussionon two asymptotictests(like-
lihood ratio andWald tests),in orderto developa tool for assessingthe
presenceof anindifferencefeelingtowarda givenitem.
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The paperis organisedasfollows. In section2 we briefly introduce
the probabilisticmodelandwe derive someinferential resultsaboutits
parameter;thenwe proposea generalizedlinearmodel(GLM) for ranks
data.In section3 we developboththe likelihoodratio testandtheWald
testfor theparameter, while in section4 we comparetheperformanceof
the two asymptotictestsin finite samples,runninga Monte Carlo sim-
ulation study. Section5 is devotedto the resultsof a survey aboutthe
Italian consumerspreferencestowardsdifferentkind of olive-oils.A dis-
cussionconcerningfurther developmentsandpossibleextensionsof the
basicmodelendsthepaper.

2. A statisticalmodelfor ranks

In this sectionwe briefly discuss:i) the probabilisticmodel for the
ranks,ii ) someinferentialresults,andiii ) thecorrespondingGLM frame-
work.

2.1The probabilisticmodel

Let
��� � � � � � ��� � � � � � �
	

be a set of � items (car or food brands,po-
litical parties,professions,colours,etc.) and let � � � � � � � � � � � � � � � 	 be the
correspondingobservedranks.Besides,let usassumethat � ���� means
thebest,while � �� � meanstheworstin theraters’opinion.

If we considera singleitem at a time, say
�

(droppingout the index�
), thenthe correspondingobserved rank � canbe thoughtasof the re-

alizationof a particular1 InverseHypergeometricrandomvariable(r.v.):����������� � � ��� , ���! , whoseprobabilitymassfunctionis:" � � �� ��� $# � � � %� �& ' �(� �*)$� � ' + �-, ' + �. / � � � )10�)2�4310 � � + � � � �5 � � � � � � �
where& '  , ' + �. / � � � )60 � �� � )7� � 8 9 � � ) ��� 8 , � �5 � � � � � � , andwhose

1The peculiarityof “our” InverseHypergeometricr.v. with respectto the standard
one(Wilks, 1963; Guenther, 1975) is that we allow for a continuousparameterspace:�;7< =�> ?�@�=*A7B C

, while in thecurrentliteraturetheprobabilisticmodelis relatedto
a parameterD ;�B E F G G G E which is discrete.
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expectationandvariance,respectively, result:H4I JLK�MONQP$RS�T R I NUP1V KXWZY
[]\ I JLK^M I NQP S K _ R I S P$R K I NQP$R K` S4T I NQP1V K R a _ ` V T I NQP$b K R a c
Since R M%d \ I J�M S K , andmoreover

H4I JLK
e S
when R e S , whileH4I JLK7e N when R egf , we canconsiderthe parameterR asa liking

measure for theitem h .
Then,makinginferenceon R meansto understandhow muchthepop-

ulationdoesprefertheconsidereditem.

2.2The estimationof R
For agiventheitem h , let r=(\ i W \ _ W c c c W \ j )k betheobservedranksthat

a sampleof l ratershave assignedto it. Fromthepreviousprobabilistic
modelfor

J
, thelog-likelihoodfunctionresults:m I R W n K�o l m p q I R K T I r j P l K m p q I S P�R K P js t u i^v I \ t K w x y is z u i m p q I N$P${(P S4T { R K W

where
r j M�| jt u i \ t and

v I \ t K}MQ~ S W�\ t�� S Wf W elsewherec
It is worth noticingthattheamountof informationprovidedby r (the

observedrank)is thesamethattheonegivenby theobservedfrequencies
of \ =1, ..., \ =N , that is l i W c c c W l-� , respectively, where

| �w u i l w M l .Thus,for inferentialpurposes,we canusealike thefollowing expression
for thelog-likelihoodfunction:m I R]� l i W c c c W l-� KXo l m p q I R K T I r j P l K m p q I S P$R K P l � y is w u i}� w I R K I S P$� I \ K K W
where � w I R K�M m p q I N�P \ P S
T \ R K , and � I \ K�M | w � u i I l � � l K , \ MS W V W c c c W N , is the empirical distribution function of the observed ranks.
Of course,

r j M | jt u i \ t M | �w u i \Xl w .
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If we let � � �]� ��� � � � � � �-���}��� �� � � � � � � ��� � � � ��� � , where� � � ���^���L�]� �����X� � �
�%��� � � � �  ��
thenthemaximumlikelihoodestimator¡-¢ for � is thesolutionof:£ � ���}�U¤ � � �]� � � � � � � � � � �¤ � � �¥ � � � � � �]¦� � ���� � � ��� ��§]�
where ¨ © ª « ¬ ¨ ª « ¬  �¯® ° ± ² ³ ¨ ª « ¬  ´® ¬ is theratio of two polynomialsin � . It is easyto
show that thesolutionsof

£ � ���
�U§ arethe rootsof an �  ¶µ�� � -degree
polynomialin � .

Moreover, it canbeshown (D’Elia, 2001b)that
£ � ���}��§ hasalways

asinglerealroot in theadmissibleinterval � §(� � · .
An importantfeatureof this model is that, while an explicit expres-

sion for ¡ ¢ canbe derived only in specificcases,we areable to obtain
theasymptoticexpressionfor thevarianceof themaximumlikelihoodes-
timator ¡-¢ . Thus,we canexploit this resultfor constructingasymptotic
confidenceintervalsandfor developinga Wald testfor theparameter� .

Indeed,theobservedfrequencies��� � � � � � �-� arerealizationsof aMulti-
nomialr.v. � ¸ � � � � � � ¸ � �}¹�º�¸»� ��� ¼^� , where¼��!� � � � ��� � �(½ � ��� � � � � � � � � ��� � ¦ .
Thus,wehave¾1¿ µ ¤ ½ � � ���¤ � ½ÁÀ �%µ �¥ � � � � ¦ ¦� � ��� � � � ����µ2Â � ¦� � ��� Ã ½Â � � � ��� Ã ½ ¾ � ¸ � �}��� �¥ � � � Â � ¦� � ��� Ã ½� � � ��� �
since

¾ � ¸ � �}�2�]� � � ��� and � �� � � � ¦ ¦� � ���}��§ . Finally, it follows that:Ä]Å �(� ¡-¢]�}Æ ��%Ç �¥ � � � Â � ¦� � ��� Ã ½� � � ���¶È�É � �
Thequantity � �� � � ³ ¨ © ª « ¬  ´ Ê¨ ª « ¬  canbeeasilyobtainedby meansof anal-

gorithm which exploits a recursive relationfor computing� � � ��� , aswe
show in theAppendix.
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2.3The GLM framework

In orderto studyhow preferences,andthenranks,changewith covari-
atesvaluesrepresentingthemaincharacteristicsof theraters,it is useful
to exploit our modelin aGLM framework (D’Elia, 1999).

Let Ë be thedesignmatrix ( Ì»Í2Î Ï6Ð�ÑXÒ ), wherethe first columnisÓ�Ô Î Ñ�Õ ÑXÕ Ö Ö Ö Õ Ñ Ò × and Ø(Ù Ú Û is theobservedvalueof the Ü -th covariatein theÝ
-th unit ( Ü Ô�Þ Õ Ö Ö Ö Õ Ï�Ð�ÑXß Ý}Ô Ñ�Õ Þ Õ Ö Ö Ö Õ Ì ), andlet à Ô Î à-á Õ àãâ Õ Ö Ö Ö Õ à]ä Ò × be

thevectorof unknown covariatescoefficients.
Since åLæ]Î ç Ô Ñ Ò Ôéè , then êâ ë ê are the oddsof ( ç Ô Ñ ) versus

( ç¯ìÔ Ñ ), andwe let èLÔ ÑÑ�Ð$í ë(îãï Ô í î�ïÑ4Ð$í îãï Õ
sothatfor Ë7à!ð$Î ñ�ò�Õ ò2Ò , è ð$ó ô(Õ Ñ õ asit is properfor aprobability.

After asimplealgebra,it follows thatö Î ç
Ò Ô Ñ4Ð ÷ ñ2ÑÑ�Ð�Î ÷ ñ2ÑXÒ í î�ï Õ
pointingout that theexpectedrankchangesinverselywith respectto the
predictorvalue Ë7à .

Exploiting the previous relations,the log-likelihoodfunction for the
GLM is:ø Î à}ß ù�Õ Ë7Ò Ô ñûúü Ù ý â%þ ÿü � ý â ø � � ó Î ÷ ñ2Ñ Ò í � � ÿ ï Ð ÷ ñ��Xõ]Ð ø � � Î ÷ Ò�Ð�� ×Ù à^Õ
thatcanbenumericallyoptimizedin orderto getthemaximumlikelihood
estimatesof the à ’s.

3. Two asymptotictests

In thestatisticalanalysisof preferencesdatait is often interestingto
checkif thepopulationfeelsindifferencetowardagivenitem. For exam-
ple, in a marketingsettingsuchfinding would meanthata greatereffort
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mustbedonein orderto increasetheevaluationin theconsumersand/or
customersof thefixeditem 	 .

Formally, usingthemodelshown in theprevioussection,thisis equiv-
alent,for a givenitem 	 , to testthat 
����� � . It mustbenoticedthat if
����� � thentheprobabilitymassfunctionresults:����� � � ��� � ��� � �� � � �    � � �
thatis thediscreteRectangulardistribution,whereall theranks(1,2,...,� )
haveequalprobability, and ! � ��� � � �#"� � � � .

In thefollowing,wedeveloptwo asymptotictestsfor thenull hypoth-
esis$�%'&�
��� ��� versus$)(*&�
,+�� ��� .

3.1The likelihoodratio test

Let - .0/ and - 1�2 bethemaximumof thelog-likelihoodfunctionunder$ % andthe maximumof the log-likelihoodin 3 , respectively. The test
statisticresults(D’Elia, 2001b):4 ��5 � 6�� � 4 � � - .0/ 4 - 172 � �4 �78:9; < = (?> � � < �A@ B C (; D = ( - E FHG � 4JI*4 *" I K 9� 4JI*4 L" I ����M ""ON 9 - E F G  4 �� � 4�K 9 M "QP�- E F G �  4�K 9 �K 9 � � 4  � M)R
or consideringthe observed frequencies( P ( �    � PTS � U and the empirical
distribution function V 9 � ��� , � �� �    � � ,4 ��5 � WX� �4 � P 8 S C (; @ = ( �  4 V 9 � ��� � Y�Z @ � K 9 � 4 Z @ � �� � � [ ""]\� 9 - E F G  4 �� � 4�K 9 M "Q- E F G �  4�K 9 �K 9 � � 4  � M^R
whereK 9 is theML estimatorof 
 and \� 9 �ON 9 � P is therankaverage.
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It is well known, on the basisof the Wilks theorem,that the critical
regionof size _ for rejecting̀�a results:b*a c _Xd?e�f g�hTi7j�k7c gXdLl�monp q r�s .

As far asconcernsthe power function, consideringalternativesthat

are local, that is sequences:f t uAsJe]t a7vxwy u v�z�{ py uT| , suchthat t u
convergesto t a e~} ��� , as �Q��� , it canbeshown (Cox andHinkley,
1974,p. 318)that i�j k7c gXd asymptoticallyconvergesto a non-centralmonp
distribution,with non-centralityparameter� u eO�0� c t a d c t u iQt a d n , where�0� c t a d?eJ� {X�A� � � � � �� � � |X� � �T� � .

Moreover, i7j�k7c gXd canbe approximatedby f�� v c � u�d p � n s n , where������c ��� } d is a standardNormal r.v. Consequently, the asymptotic
power functioncanbeobtained:� c t u d?��j7iJ�7c � r � n i�� p � nu doiJ�7c � r � n v � p � nu d �
where � r � n is suchthat �7c � r � n d7e�}7i�_X��j , and �7c ��d is thedistribution
functionof �O����c �A� }�d .

Sincein our case� u eO�Xc t u i�} ���,d n0�O ¡ � p?¢ £ ¤ ¥ � � � � ¦ �£ ¥ � � � � , thepower func-
tion results:� c t u dX��j'iJ�:§¨ © � r � n iOc t u i�} ���,d�ª �  « ¡ � p f ¬�¡ c t a d s n¬ ¡ c t a d�® p � n�¯ °± vi��²§¨ © � r � n v c t u i�} ���,d�ª �  « ¡ � p f ¬�¡ c t a d s n¬ ¡ c t a d~® p � n�¯ °±�³

Obviously, all theabove resultsarestill valid for any simplehypoth-
esis `�a7e�t)e�t a , but letting t a7e�} ��� seemsto usthemostinteresting
casefor realapplications.

3.2The Wald test

TheWaldtesthasaneasierstructurethanthepreviouslikelihoodratio
test. Indeed,this is dueto the fact that we wereableto obtainan exact
expressionfor the Fisher’s informationof the parametert , asshown in
section2.
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Then,in orderto test ´�µ�¶0·)¸#· µ�¸�¹�º » versuś̂ ¼7¶T·�½¸�¹�º » , the
Wald statistic ¾¿¸#À Á0Â7ÃQ· µ Ä Å Æ0Ç À ÁTÂAÄ becomes¾�À È�ÄX¸OÆXÀ Á Â Ã�¹�º »HÄ Å7ÉJÊË Ì Í ¼7Î Ï�ÐÌ À ÁTÂAÄ Ñ ÅÏ Ì À Á0Â�ÄÓÒ�Ô

Assumingtheusualregularity conditions,under ´ µ , ¾�À È�ÄJÕÖØ× Å¼ , so
that the critical region of size Ù for rejecting ´ µ results: Ú µ À Ù?Ä�¸ Î ÈÛ¶¾�À È�Ä?Ü × Å ¼ Ý Þ Ñ .

As far asconcernstheasymptoticpower of theWald test,againcon-
sideringalternatives that are local, that is sequencesÎ · Â�Ñ suchthat · Â
convergesto · µ)¸Ó¹ º�» , andthe fact that Ç À Á0Â�Ä Ö Ç À · µ Ä , as Æ Öàß , it
canbeshown (Lehmann,1999,p.160)thatá À · Â Ä?â�ã'ÃJä É0å Þ æ Å Ã#ç ÆXÀ · Â ÃQ· µ Äè Ç À · µ Ä Ò ÃJä Ééå Þ æ Å?ê ç ÆXÀ · Â ÃQ· µ Äè Ç À · µ Ä Ò Ô

Then,substituting· µ)¸Ó¹�º » and Ç À · µ Ä�¸Óë ÊÌ Í ¼?ì í î ï ð ñ ò ó ô õí ï ð ñ ò ó we get the
sameasymptoticexpressionobtainedfor thepower functionof thelikeli-
hoodratio test.

Of course,the asymptoticequivalencebetweenthe likelihood ratio
testandtheWald testis a well known result(seefor example:Lehmann,
1999,pp. 530-531),but their performancesin finite samplemaybequite
different,andshouldbe investigatedby meansof simulationstudies,as
wedo in thenext section.

4. A comparisonof the testsin finite samples

In thissectionwepresenttheresultsweobtainedfrom aMonteCarlo
simulationstudy, thatwasperformedin orderto comparethepowersof
the likelihoodratio andof theWald testsfor thehypothesiś�µ�¶T·^¸#· µ
versuś)¼*¶�·,½¸O· µ , in finite samples.
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Figure1. Powerfunctionsof thelikelihoodratio test
andWald testfor differentsamplesizes.
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Thesimulationstudywassoplanned:ö we generated2 5000samplesof size ÷JøÓù ú , from an û�üÛý)þ ÿ�� ���
r.v. with � ø�� ;ö for a given �#ø	��
 �Aú , we let ÿ �,ø��
 � and,varying the valueofÿ���� ��
 ù�� ��
 � � , we computedtheempiricalpowersof thelikelihood
ratioandof theWald testswith respectto eachalternativevalue;ö thepreviousstepswererepeatedfor thecasesof ÷Qø���� and ÷Qøú � , respectively.

Theplotsof thepower functionsfor boththetests,for ÷Hø�ù ú�� ����� ú � ,
areshown in Figure1, with afixedbaselineat ��ø���
 ��ú .

Sincethe alternative hypothesisis bidirectional, thereis not a uni-
formly mostpowerful (UMP) test: indeed,asit canbenoticed,whatever
thesamplesize,theWald testis morepowerful for ÿ�����
 �'þ ø�ÿ � � , while
the likelihoodratio testis morepowerful for ÿ�����
 �'þ ø#ÿ � � . Of course,
theseresultswereconfirmedalsofor differentvaluesof ÿ � , in othersim-
ulationtrials.

Anyway, for increasingvaluesof ÷ , the two empiricalpower func-
tions becomecloserandcloser, asit wasexpectedsincethey shouldbe
asymptoticallyequivalent.

Moreover, being both the testsconsistent,when ÷Óø¿ú � their the
power functionsincreasesteeplyto 1 in correspondenceof moderatede-
parturesfrom thevalue ÿ � =0.3.

5. Preferencesin the Italian olive-oil market

Oneof themaingoal for thefirms operatingin thefood market is to
understandwhich aspectsof a producttheconsumersconsidermoreim-
portant,andthenwhatkind of productthey do prefer. In particular, such
aknowledgecanhelpthefirmsin decidingtheirmarketingstrategies,and
in thedevelopmentof moreefficientproductvalorizationpolicies.

2A descriptionof the algorithm for generatingpseudo-randomnumbersfrom an� ���
r.v. is givenby D’Elia (2001b).
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In the Italian food market a productthat more thanothersseemsto
representthe “madein Italy style” is the extra-vergin olive-oil. For this
reason,during theselast yearsa greatattentionhasbeendevotedto the
knowledgeof the preferencesof consumerstowardsdifferent kinds of
olive-oils.

In thissectionweillustratesomeresultsfrom asurvey ontheolive-oil
consumers.A pilote studywasconductedduring autumn2000(D’Elia,
2001b),while a greatersurvey wasperformedduring spring2001. The
resultswediscussherereferonly to thelatter.

Thesurvey wasconductedon 300consumers,thatwereinterviewed
in Milan, RomeandNaples(100 from eachcity). Eachconsumerwas
askedto makea rankingof 5 differentkindsof olive-oil andweassumed
thatrank= 1 meansthebest,andrank= 5 meanstheworst.No tieswere
allowedin orderto notencouragelazybehavioursof theraters.

Themainfeaturesof olive-oilsconsideredwerethefollowing: A: goodtaste, B: highnourishingvalues, C: famousbrand D: quality certification, E: known geographicalorigin.

In Table1, theestimatesof the parameter! , with thecorresponding
standarderrors,are shown on the whole sampleof consumersand for
eachcity separately.

As it canbenoticedonthewholesample,all theconsumersgivegreat
importanceto the “good taste”( "!$#&%')(�* + #,�-�#/.�0 1�2�2 ), while they
seemnot at all interestedin the circumstancethat the producthasgot a
quality certification( "!)#�.�0 ,�,�, ).

Thesefeelingsareconfirmedalsoconsideringthethreesamplessep-
aretely, but it emergesthat the Northerncitizens(Milan) have the same
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preferencesbetweenolive-oilsC andD, that is famousbrandandqual-
ity certification,while the Southernconsumers(Naples)give more im-
portanceto the reputationof the brandthanto the presenceof a quality
certificate.

Table1. Preferenceparameterestimates

Olive-oil A B C D E34
0.577 0.225 0.199 0.111 0.1365�6 7�6 0.023 0.013 0.012 0.008 0.009

Milan34
0.566 0.221 0.143 0.137 0.1565�6 7�6 0.040 0.023 0.017 0.016 0.179

Rome34
0.521 0.248 0.210 0.129 0.1085�6 7�6 0.039 0.025 0.022 0.016 0.014

Naples34
0.659 0.211 0.262 0.074 0.1495�6 7�6 0.041 0.021 0.026 0.011 0.166

We have, then,investigatethepresenceof anindifferencefeelingfor
thedifferentkindsof olive-oil,by meansof thelikelihoodratiotest( 8:9�; )
andof theWald test(W) developedin theprevioussections.Theresults
areshown in Table2.

Sincethesamplesizeis quitebig ( <�=?>�@�@ for thewholesampleand<A=�B @�@ for eachcity), boththetestsleadto sameconclusionsaboutthe
hypothesisof indifferencealmostin everycase.

In particular, in thewholesamplewe cannotrejectthehypothesisof
indifferencefor theolive-oil C (famousbrand),while for theolive-oil B
(highnourishing)thetwo testgivesslightdifferentconclusions:rejecting
indifferenceby likelihoodratio test(p-value=0.045)andnot rejectingby
Wald (p-value=0.060). We observe the sameresultsalsofor Rome: in-
deed,consumersof Romefeel indifferencefor theolive-oil C, while for
the olive-oil B the hypothesisof indifferenceis rejectedusing the like-
lihood ratio test(p-value=0.040),but it is not on the basisof Wald test
(p-value=0.056).
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Theseresultsconfirm,at leastfor thesedatasets,whatwe noticedin
thesimulationstudy(Section4): that is, the likelihoodratio testis more
powerful thanthe Wald test for valuesof CEDFC GIH J/K�L MAJN�O�P , in our
case):indeed,in thewholesampleandin Romesubsamplewe have QC�JK�L M�M�P and QC)J�K�L M�R�S , respectively (Table1).

Finally, with respectto both the consumersof Milan andof Naples,
the hypothesisof indifferenceis not rejectedfor the olive-oil B (high
nourishing)andthetwo testsagreein all thecases.

Table2. Testof indifference
Olive-oil A B C D ET M�U 320.999 4.015 0.014 79.916 37.194V TXW�Y�Z []\ ^�_�`badc e 0.045 0.906 ^?_�`babf g ^�_�`ba]gh

269.308 3.530 0.014 112.711 44.239V TXW�Y�Z []\ ^�_�` adi j 0.060 0.906 ^?_�` a]e i ^�_�` a]f f
MilanT M�U 103.689 0.899 8.897 11.790 5.260V TXW�Y�Z []\ ^�_�` a]e k 0.343 0.003 0.0006 0.022h

85.066 0.808 11.127 14.066 5.910V TXW�Y�Z []\ ^�_�`ba]e j 0.369 0.0008 0.0002 0.015
RomeT M�U 86.372 4.197 0.199 15.621 29.457V TXW�Y�Z []\ ^�_�` a]e j 0.040 0.655 ^�_�` a]l ^�_�` a]mh

69.002 3.663 0.187 19.606 42.029V TXW�Y�Z []\ ^�_�` abf c 0.056 0.665 ^�_�` abi ^�_�` a]f f
NaplesT M�U 136.798 0.277 6.381 65.703 7.968V TXW�Y�Z []\ ^�_�` abn f 0.598 0.012 ^?_�` abf i 0.005h

129.496 0.220 5.650 128.751 8.478V TXW�Y�Z []\ ^�_�` abn j 0.624 0.017 ^?_�` a]e j 0.004
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6. Further developments

In this paperwe have shown themainresultsconcerninga modelfor
ranksto beusedin orderto studypreferencesdata.

With respectto this issue,it seemsto us that thereis the needof a
greaterdevelopmentof theGLM framework of this model. In particular,
it shouldbeinterestingto developGLM Mixedmodelsfor ranks.

Indeed,in severalsituationsit canhappenthattheratersbelongto sep-
aratedclusters,so that theeffect of belongingto a groupcanmodify the
expressedranking,andthis circumstanceshouldbe taken into account.
This is thecase,for example,of longitudinalmarketingsurvey, whenwe
mustconsiderthecorrelationamongtheranksexpressedby thesamerater
duringthetime,or alsothecaseof surveys on differentgroupsof homo-
geneoustypology of consumers(e.gdiscountstoresbuyers,specialized
storesbuyers,etc.).

In thesesituations,we suggestto developa modelwhoselinearpre-
dictor containsrandomeffectsand/orautocorrelationterms,too. Then,
for example,exploiting therelationsobtainedin section2, if we let o�pq rtsXu�v�w xby z�{�| } ~ v��

, a randomeffectsmodelfor theranksmight bespeci-
fied in thefollowing way:� q �)~ p r�s ��� rrts�q ��� r ~ u xby z�{�|��
whereu is therandomeffect vectorandZ is thedesignmatrix for u.

Moreover, we aim alsoat proposingadequatemeasuresof goodness
of fit for this kind of models,togetherwith suitablediagnostictools.

Anotherextensionof themodelis relatedto a multivariateapproach,
in orderto analyzeat the sametime the whole rankingof the � items,
asproposedin D’Elia (2001a). Indeed,it shouldbe taken into account
thatany choiceprocessis intrinsically multivariate,and,sincea ranking
is a permutationof the first � integers,conditionalrelationsamongits
components(theranks)shouldbeconsidered.
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Appendix

Here,weshow how to computein a fastway thequantity

� � �������� � �]�
� ���� � ��� � �� � � ����

For the ����� � ��� ��� r.v. thefollowing recursive formulasapply:� � � ��������� �  b� � ���� � � � ��� ¡]� ��� �
where

¡]� �����¢� £¥¤E��� ��¦ ���¦ � ¦ �  �� § . Then,¨ � � ����� ��� � � ���©�ª£��¨ �  b� � ����� ����  b� � ���«� ¨ � � ��� ¡]� ���d¬ � � � ��� ¡ � � ��� �
where

¡ � � �����® ��¦ � ¯  � ¦�� ¯ ��¦ � ¦ �  �� § ¯ ° ��±�� ��� .
Of course,letting ² � ����� ��¦ ���¦ � ¦ �  �� § , we have:¡]� ����� ² � ��� � £�¤X��� � ±�� ����� ² � ��� £¥¤X�� ��¤X³¥¤�£�¬X³ �����
Then,if we let:

´ � �¶µ � � � ���¨ � � ��� · �¹¸ � �¶µ ¡]� ���»º±�� ���¶¡b� ��� · � ³)�?£�� ¼�� � � � � ���
weget:´ � �¢� ��� £�� � � ´ �  ]� ��¸ � ´ � � ³)�?£�� ¼�� � � � � ��¤�£ �

Thefollowing procedure(written in Gausslanguage)canbeusedfor
aneffectivecomputationof thequantity

� � ���
:
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PROCfishinf(th,m);
LOCAL p, q, r, c, a, b, infor;

p=zeros(m,1); q=p;
p[1]=th; q[1]=1;
r=1;
do while r<=m-1;

den=m-r-1+r*th;
c=(m-r)/den;
a=c*(1-th);
b=c*(1-m)/den;
p[r+1]=p[r]*a;
q[r+1]=q[r]*a+p[r]*b;
r=r+1;

endo;
infor=(sumc((qˆ2)./p));

RETP(infor);
ENDP;
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