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Summary|n this papeme focuson testsof hypothese$or the parameteof amodelfor
ranks.In particular we considerthe situationof rankingsm itemsandwe areinterested
in testingthe existenceof anindifferencefeeling towardsa givenitem. Both a likeli-
hoodratio testanda Wald testare developed,andtheir performancesn finite samples
arecomparedhrougha simulationstudy Thesetwo asymptotictestsarealsoapplied
on arealdatasetpriginatedfrom a marketingsurvey onthe consumptiorof olive-oil.
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1. Introduction

Severalmethodsxist for thestatisticalanalysisof thepreferencelata
expresseasranksof m items(Marden,1995; Taplin, 1997),but noneof
themis basedn anexplicit probabilisticmodelof theranksthemseles.

In this paperwe review a statisticalmodelwe proposedor the ranks
(D’Elia, 1999,2000),andwe investigatesomeinferentialissuesaboutits
parametemwhich couldbeconsideredsaliking measue for agivenitem
(D’Elia, 2001Db).

In particular we focusthe discussionon two asymptotictests(like-
lihood ratio andWald tests),in orderto develop a tool for assessinghe
presencef anindifferencefeelingtowarda givenitem.
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The paperis organisedasfollows. In section2 we briefly introduce
the probabilisticmodeland we derive someinferential resultsaboutits
parameterthenwe proposea generalizedinear model(GLM) for ranks
data.In section3 we develop boththelikelihoodratio testandthe Wald
testfor the parameterwhile in sectiond we comparethe performancef
the two asymptotictestsin finite samplesrunninga Monte Carlo sim-
ulation study Section5 is devotedto the resultsof a suney aboutthe
Italian consumerpreferencesowardsdifferentkind of olive-oils. A dis-
cussionconcerningfurther developmentsand possibleextensionsof the
basicmodelendsthe paper

2. A statisticalmodelfor ranks

In this sectionwe briefly discuss:i) the probabilisticmodelfor the
ranks,ii) someinferentialresults,andiii ) thecorrespondingsLM frame-
work.

2.1The probabilisticmodel

Let O, ..., 0y, ..., Oy be asetof m items(car or food brands,po-
litical parties,professionscolours,etc.) andletry,...,r;,...,7, bethe
correspondingbseredranks. Besides)et usassuméhatr; = 1 means
thebest,while r; = m meangheworstin theraters’opinion.

If we considera singleitem atatime, say© (droppingouttheindex
J), thenthe correspondingbsened rank » canbe thoughtas of the re-
alizationof a particulat InverseHypeigeometricrandomvariable(r.v.):
R ~ IHG(6,m), 0 € ©, whoseprobabilitymassfunctionis:

6, r=1,
PT(R_T)_{ G0l -0 [[im—s—1+s0)", r=2,...,m,

wheree, = [/ (m—s) = (m—1)!/(m—7)!, r =2,...,m, andwhose

1The peculiarity of “our” InverseHypergeometricr.v. with respectto the standard
one (Wilks, 1963; Guenther1975)is that we allow for a continuousparametespace
O = {#:0 < # < 1}, whilein thecurrentliteraturethe probabilisticmodelis relatedto
aparameteB = 1, 2..., whichis discrete.
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expectationandvariance respectrely, result:

. m-—9 _ (m-1)%0(1—60)(m —9)
BR) = 1Tom—2 VB =0 o oie m=30

Sincef = Pr(R = 1), andmorewerE(R) — 1 whenf — 1, while
E(R) — m whenf — 0, we canconsiderthe paramete® asa liking
measue for theitem O.

Then,makinginferenceon # meango understandhow muchthepop-
ulationdoespreferthe consideredtem.

2.2 The estimationof 8

ForagiventheitemO, letr=(r{, ro, ..., 7,) betheobsenedranksthat
a sampleof n ratershave assignedo it. Fromthe previous probabilistic
modelfor R, thelog-likelihoodfunctionresults:

n ri—1

[(0,r) xnlog(d) + (Sn—n)log(l—ﬁ)—z 5(77)2 log(m— s— 1+ sb),
i=1 s=1

whereS,, = >, r; and

1, 7y > 1,
olri) = { 0, elsavhere

It is worth noticingthattheamountof informationprovidedby r (the
obseredrank)is thesamethattheonegivenby theobseredfrequencies
of r=1, ..., r=m, thatis ny, ..., n,, respectiely, whered " n, = n.
Thus,for inferentialpurposesye canusealike thefollowing expression
for thelog-likelihoodfunction:

m—1

1(0; 1, .., ) X log(8) + (S, — n)log(1l — 8)—n Z h.(0)(1 — F(r)),

r=1

whereh,(0) = loglm —r — 1+ 1), andF(r) = > _ (ng/n), r =
1,2,...,m, is the empirical distribution function of the obsened ranks.
OfcourseS, =Y ;=D v TN,
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If weletl(0;ny,...,nm) = > vy nlog(p,(0)), where
p-(0) = Pr(R=r), r=1,..,m,

thenthe maximumlik elihoodestimatorT,, for 4 is the solutionof:

MO m) N 6) _
e DL

whereg'zg ; Hogler @} s theratio of two polynomialsin 6. It is easyto
shawv thatthe solutionsof V' (#) = 0 aretherootsof an(m — 1)-degree
polynomialin 6.

Moreover, it canbe shavn (D’Elia, 2001b)thatV'(6) = 0 hasalways
asinglerealrootin theadmissiblenterval (0, 1].

An importantfeatureof this modelis that, while an explicit expres-
sion for T;, canbe derived only in specificcaseswe are ableto obtain
theasymptoticexpressiorfor thevarianceof themaximumlik elihoodes-
timator7,,. Thus,we canexploit this resultfor constructingasymptotic
confidencentervalsandfor developinga Wald testfor the paramete#.

Indeedtheobsenedfrequencies, ..., n,, arerealizationof aMulti-
nomialr.v. (N, ..., Np) ~ M N(n, p), wherep=(p1(0), p2(0), ..., pm(6))’.
Thus,we have

A — {p,.(0)}” = {p(9)}?
E( Tz ) Z (6)}? E(NT)_H;W’

sinceE(N, ) = np,(0) and)_,-, p!'(8) = 0. Finally, it follows that:

A AN
var(T,) ~ - (; {pT((e))} )

Thequantity ™, {”TT( )} canbe easilyobtainedby meansof anal-

gorithm which exploits a recursve relationfor computingp, (8), aswe
shaw in the Appendix.
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2.3The GLM framework

In orderto studyhow preferencesandthenranks,changewith covari-
atesvaluesrepresentinghe maincharacteristicef theraters,it is useful
to exploit our modelin aGLM framework (D’Elia, 1999).

Let X bethe designmatrix (n x (p + 1)), wherethe first columnis
1=(1,1,...,,1) andz; is theobsenedvalueof the h-th covariatein the
i-thunit(h = 2,...,p+ 1;i =1,2,...,n), andlet 8 = (5o, 1, ..., Bp)' be
the vectorof unknovn covariatescoeficients.

Since Pr(R = 1) = 0, then {%; arethe oddsof (R = 1) versus
(R # 1), andwe let

1 eX8
S l4e X 14 X8

sothatfor X3 € (—o0, 0), 8 € [0, 1] asit is properfor a probability.
After asimplealgebrajt follows that
m—1
14 (m—1)eX#’

E(R) =1+

pointing out thatthe expectedrank changesnverselywith respecto the
predictorvalueXs.

Exploiting the previous relations,the log-likelihoodfunction for the
GLM is:

[(B;r,X) = ZZlog m — 1)e# +m — j] + log(m) + X3,

i=1 j=1

thatcanbenumericallyoptimizedin orderto getthemaximumlik elihood
estimate®of the 3’s.

3. Two asymptotidests
In the statisticalanalysisof preferenceslatait is ofteninterestingto

checkif the populationfeelsindifferencetowarda givenitem. For exam-
ple,in a marketing settingsuchfinding would meanthat a greatereffort
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mustbe donein orderto increasdhe evaluationin the consumersnd/or
customer®f thefixeditem O.

Formally, usingthemodelshovnin theprevioussectionthisis equi-
alent,for agivenitem O, to testthatf = 1/m. It mustbe noticedthatif
6 = 1/m thenthe probability massfunctionresults:

Pr(R=r)=—, r=12,..,m,

thatis thediscreteRectanguladistribution,whereall theranks(1,2,...m)
have equalprobability, andE(R) = (m + 1)/2.

In thefollowing, we developtwo asymptotidestsfor thenull hypoth-
esisHy : 8 = 1/m versusH; : 0 # 1/m.

3.1 Thelikelihoodratio test

Let !y, andlysz, bethemaximumof thelog-likelihoodfunctionunder
H, andthe maximumof the log-likelihoodin ©, respectiely. The test
statisticresults(D’Elia, 2001b):

—2A(r) = =2(lg, — L) =
—2 {2:; 6(n)§lf’9 (Z:j__f:sﬁ,) i
s () o ()

or consideringthe obsened frequencieqny, ..., n,,)" andthe empirical
distributionfunction F,(r), r = 1,...,m,

_2n{ (1= Fu(r) (o (T) — he(1/m)}+

+ Ry log (11__14’;” ) +tog <%>}

whereT,, is theML estimatornof § andR,, = S, /n is therankaverage.

132



It is well known, on the basisof the Wilks theorem thatthe critical
region of sizec for rejectingH, results:Co(e) = {n: —2A(n) > x7 ,}.

As far asconcernghe power function, consideringalternatvesthat
arelocal, thatis sequences{f.} = 6 + = + o (ﬁ) suchthat,,
convergesto §, = 1/m, asn — oo, it canbe shavn (Cox andHinkley,
1974,p. 318)that—2A(n) asymptoticallycorvergesto a non-centraly?
distribution, with non-centralityparametet,, = ni(6,)(6,, — 6y)?, where

0y _ o [ =9%(0)
ni(6y) = E ( 5 )|0=00.
Moreover, —2A(n) canbe approximateddy {Z + (£,)'/2}2, where

Z ~ N(0,1) is a standardNormal r.v. Consequentlythe asymptotic
power functioncanbeobtained:

'Y(en) ~2— @(za/Q - 5711/2) - q)(za/2 + 5711/2)7

wherez, ; is suchthat®(z,/2) = 1 — /2, and®(z) is the distribution
functionof Z ~ N(0,1).
Sincein our caset,, = n(f, — 1/m)? > {200 the power func-

. r=1 " p.(0o)
tion results:
= {p..(6o)}* v
0,) 22—®< 249— (0, —1/m nE Lix ANAEE B +
’Y( ) /2 ( / )[ o pr(eo) ]

S 712
—® ¢ 2a2 + (O — 1/m) [nz (P (00)}” ]

Obviously, all the above resultsarestill valid for any simplehypoth-
esisHy = § = 6, butletting 8, = 1/m seemdo usthe mostinteresting
casefor realapplications.

3.2The Wald test

TheWaldtesthasaneasiestructurethanthepreviouslik elihoodratio
test. Indeed,this is dueto the fact that we were ableto obtainan exact
expressionfor the Fishers information of the parametef, asshown in
section2.
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Then,in orderto testHy : § = 6, = 1/m versusH; : § # 1/m, the
Wald statisticW = (T;, — 6,)?ni(T,,) becomes

0=t -1 (Y.

Assumingthe usualregularity conditions,underH,, W (r) KN X2,
thatthe critical region of size« for rejecting Hy results: Cy(a) =
W(r) > X3}

As far asconcernghe asymptoticpower of the Wald test,againcon-
sideringalternatvesthat are local, thatis sequencegé,} suchthaté,
convemgesto #, = 1/m, andthefactthati(7,,) — i(6y), asn — oo, it
canbeshovn (Lehmann1999,p.160)that

’Y(en) ~2-® (Za/Q - %) - & (za/2 + %) ]

Then, substitutingdy = 1/m andi(6y) = > -, {’ZT((%))} we getthe
sameasymptoticexpressiorobtainedor the power functionof thelik eli-
hoodratio test.

Of course,the asymptoticequialencebetweenthe likelihood ratio
testandthe Wald testis a well known result(seefor example:Lehmann,
1999,pp. 530-531) but their performances finite samplemaybe quite
different,and shouldbe investigatecby meansof simulationstudies,as
we doin the next section.

4. A comparisonof the testsin finite samples

In this sectionwe presentheresultswe obtainedrom aMonte Carlo
simulationstudy thatwas performedin orderto comparethe powersof
thelikelihoodratio andof the Wald testsfor the hypothesisH, : § = 6,
versusH; : 6 # 6y, in finite samples.
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Figure 1. Powerfunctionsof the likelihoodratio test
andWald testfor differentsamplesizes.

135



Thesimulationstudywassoplanned:

¢ we generateti5000samplesof sizen = 15, from an THG(6,m)
r.v. with m = 3;

e for agivena = 0.05, we let §, = 0.3 and, varying the value of
g € [0.1,0.6], we computedhe empiricalpowersof thelik elihood
ratio andof the Wald testswith respecto eachalternatve value;

e the previous stepswererepeatedor the casef n = 30 andn =
50, respectiely.

Theplotsof the power functionsfor boththetestsfor n = 15, 30, 50,
areshavnin Figurel, with afixedbaselineat o = 0.05.

Sincethe alternatve hypothesiss bidirectional, thereis not a uni-
formly mostpowerful (UMP) test:indeed asit canbe noticed,whatever
the samplesize,the Wald testis morepowerful for § < 0.3 (= 6,), while
thelikelihoodratio testis morepowerful for § > 0.3 (= 6,). Of course
theseresultswereconfirmedalsofor differentvaluesof 4, in othersim-
ulationtrials.

Anyway, for increasingvaluesof n, the two empirical power func-
tions becomecloserandcloser asit wasexpectedsincethey shouldbe
asymptoticallyequvalent.

Moreover, being both the testsconsistentwhenn = 50 their the
power functionsincreasesteeplyto 1 in correspondencef moderatede-
parturedrom thevaluef,=0.3.

5. Preferencedn the ltalian olive-oil market

Oneof themain goalfor thefirms operatingin the food market is to
understandvhich aspect®f a productthe consumergonsidemoreim-
portant,andthenwhatkind of productthey do prefer In particular such
aknowledgecanhelpthefirmsin decidingtheir marketingstratgies,and
in thedevelopmentof moreefficient productvalorizationpolicies.

2A descriptionof the algorithm for generatingpseudo-randormumbersfrom an
ITHG r.v. isgivenby D’Elia (2001b).
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In the Italian food market a productthat more thanothersseemso
representhe “madein Italy style” is the extra-vergin olive-oil. For this
reasonduring theselast yearsa greatattentionhasbeendevotedto the
knowledge of the preference®f consumerdowardsdifferentkinds of
olive-oils.

In this sectionwe illustratesomeresultsfrom asurwey ontheolive-oil
consumersA pilote studywasconductedduring autumn2000 (D’Elia,
2001b),while a greatersurwey was performedduring spring2001. The
resultswe discussherereferonly to thelatter.

The surey wasconductedn 300 consumersthatwereintervieved
in Milan, Romeand Naples(100 from eachcity). Eachconsumemwas
asledto make arankingof 5 differentkinds of olive-oil andwe assumed
thatrank= 1 meanghebest,andrank=5 meangheworst. No tieswere
allowedin orderto notencouragéazy behaioursof theraters.

Themainfeaturef olive-oilsconsideredverethefollowing:

e A: goodtaste,

e B: high nourishingvalues,

e C:famousbrand

e D: quality certification,

e E: known geographicabrigin.

In Table 1, the estimateof the paramete#, with the corresponding
standarderrors, are shavn on the whole sampleof consumersand for
eachcity separately

Asit canbenoticedonthewholesgr\npleall theconsumergivegreat
importanceto the “good taste”(d = Pr(R = 1) = 0.577), while they
seemnot at all interestedn the circumstancehat the producthasgot a
quality certification(d = 0.111).

Thesefeelingsare confirmedalsoconsideringhe threesamplesep-
aretely but it emegesthat the Northerncitizens(Milan) have the same
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preferencedvetweenolive-oils C andD, thatis famousbrandand qual-
ity certification,while the SouthernconsumergNaples)give more im-
portanceto the reputationof the brandthanto the presenceof a quality
certificate.

Table 1. Prefeenceparameterestimates

| Olive-oil | A | B | C | D | E |

0 0.577] 0.225| 0.199] 0.111| 0.136

s.e. 0.023] 0.013| 0.012] 0.008| 0.009
Milan

) 0.566| 0.221| 0.143] 0.137| 0.156

s.e. 0.040| 0.023| 0.017] 0.016| 0.179
Rome

) 0.521| 0.248| 0.210| 0.129| 0.108

s.e. 0.039] 0.025| 0.022] 0.016| 0.014
Naples

) 0.659| 0.211| 0.262| 0.074| 0.149

s.e. 0.041] 0.021| 0.026] 0.011| 0.166

We have, then,investigatethe presencef anindifferencefeeling for
thedifferentkindsof olive-oil, by meanof thelik elihoodratiotest(—2A)
andof the Wald test(W) developedin the previous sections.Theresults
areshowvn in Table2.

Sincethe samplesizeis quite big (n = 300 for thewhole sampleand
n = 100 for eachcity), boththetestsleadto sameconclusionsaboutthe
hypothesif indifferencealmostin every case.

In particulay in thewhole samplewe cannotrejectthe hypothesisof
indifferencefor the olive-oil C (famousbrand),while for the olive-oil B
(high nourishing)thetwo testgivesslight differentconclusionsrejecting
indifferenceby likelihoodratio test(p-value=0.045)andnot rejectingby
Wald (p-value=0.060). We obsenre the sameresultsalsofor Rome: in-
deed,consumer®f Romefeel indifferencefor the olive-oil C, while for
the olive-oil B the hypothesisof indifferenceis rejectedusingthe like-
lihood ratio test(p-value=0.040), but it is not on the basisof Wald test
(p-value=0.056).
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Theseresultsconfirm, at leastfor thesedatasetsywhatwe noticedin
the simulationstudy (Section4): thatis, thelikelihoodratio testis more
powerful thanthe Wald testfor valuesof § > 6, (= 0.2 = 1/5, in our
case):indeed,in thewhole sampleandin Romesubsamplave have § =
0.225 andd = 0.248, respectiely (Table1).

Finally, with respecto both the consumer®f Milan andof Naples,
the hypothesisof indifferenceis not rejectedfor the olive-oil B (high
nourishing)andthetwo testsagreen all the cases.

Table 2. Testof indifference

| Olive-oil | A | B | C | D | E |
—2A 320.999| 4.015| 0.014| 79.916| 37.194
p—value | < 10-7 ] 0.045| 0.906| < 107 | < 10~°
w 269.308| 3.530| 0.014| 112.711| 44.239
p—wvalue | < 1079 1 0.060| 0.906| < 100 | < 10~
Milan
—2A 103.689| 0.899| 8.897| 11.790 5.260
p—wvalue | < 10~% | 0.343| 0.003| 0.0006 0.022
w 85.066| 0.808| 11.127| 14.066 5.910
p—value | < 107%° | 0.369| 0.0008| 0.0002 0.015
Rome
—2A 86.372| 4.197| 0.199 15.621| 29.457
p—wvalue | < 107%% | 0.040| 0.655| < 107° | < 107¢
w 69.002| 3.663| 0.187| 19.606| 42.029
p—wvalue | < 10717 | 0.056| 0.665| < 107% | < 10~
Naples
—2A 136.798| 0.277| 6.381| 65.703 7.968
p—wvalue | < 107% | 0.598| 0.012| < 10~1¢ 0.005
w 129.496| 0.220| 5.650| 128.751 8.478
p—wvalue | < 107%% | 0.624| 0.017| < 10=*° 0.004
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6. Further dewelopments

In this paperwe have shavn the mainresultsconcerninga modelfor
ranksto beusedin orderto studypreferenceslata.

With respectto this issue,it seemgo us thatthereis the needof a
greaterdevelopmentof the GLM framework of this model. In particular
it shouldbeinterestingo developGLM Mixedmodelsfor ranks.

Indeedjn severalsituationgt canhapperthattheratersbelongto sep-
aratedclusters sothatthe effect of belongingto a groupcanmodify the
expressedanking, andthis circumstanceshouldbe taken into account.
Thisis the case for example,of longitudinalmarketing surwey, whenwe
mustconsidetthecorrelatioramongtheranksexpressedby thesamerater
duringthetime, or alsothe caseof surweys on differentgroupsof homo-
geneougypology of consumerge.g discountstoresbuyers,specialized
storesbuyers,etc.).

In thesesituations we suggesto developa modelwhoselinear pre-
dictor containsrandomeffects and/orautocorrelatiorterms,too. Then,
for example,exploiting the relationsobtainedn section2, if welet§ =
(1 + e~ (XB+Zu))~1 3 randomeffectsmodelfor theranksmight be speci-
fiedin thefollowing way:

m—1

E(R) =1+ 1~ R

whereu is therandomeffect vectorandZ is thedesignmatrix for u.
Moreover, we aim alsoat proposingadequateneasure®f goodness
of fit for this kind of modelstogethemwith suitablediagnostidools.
Anotherextensionof the modelis relatedto a multivariateapproach,
in orderto analyzeat the sametime the whole ranking of the m items,
asproposedn D’Elia (2001a). Indeed,it shouldbe takeninto account
thatany choiceprocesss intrinsically multivariate,and, sincea ranking
is a permutationof the first m integers,conditionalrelationsamongits
componentgtheranks)shouldbe considered.
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Appendix

Here,we shav how to computein afastway the quantity

. = {p.(0)}?
0=300

For the THG(6, m) r.v. thefollowing recursve formulasapply:
Y41 (0) = 07
pr+1(9) = pr(e)a(e)a

wherea(#) = (1 — §)—2="— . Then,

m—r—1+r8"

a@)= pi(®) = 1,
Gr1(0) = pra(0) = g.(0)a(d) +p.(0)a'(0),

whered/(§) = m=0U=m) 59y,

(m—r—1+4716)2 —
Of courseletting c(0) = .—"——5, we have:
1—-m
= 1— = .

o) =e@1-0), W=l T
Then,if welet:

_ (0 _ |a(8) _
VT‘ - |:QT(0):| ] DT - |:b(0) a(e) ] r= 1727 7m7

we get:

v, = (6,1), V1 = Dpv,, r=12,...,m-1

Thefollowing procedurgwritten in Gausdanguagefanbe usedfor
aneffective computatiorof the quantity:(#):
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PROC fishinf(th,m);
LOCALp, q, r, ¢, a, b, infor

p=zeros(m,1); aq=p;

p[l]=th;  q[1]=1;

r=1;

do while r<=m-1;
den=m-r-1+r*th;
c=(m-r)/den;
a=c*(1-th);
b=c*(1-m)/den;
plr+1]=p[r]*a;
qlr+1]=q[r*a+p[r]*b;
r=r+1;

endo;

infor=(sumc((q"2)./p));

RETP(infor);
ENDP;
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