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Summary: For anARFIMA
� ��� � � � �

modelit is not possibleto identify theorderof the
short memorypolynomialsby using autocorrelationand partial autocorrelationfunc-
tions asfor the ARMA

� ��� � �
model. Indeedwhenboth long andshortmemorycom-

ponentsare presentin the data, their behavior is hard to distinguishand the model
selectionbecomesvery difficult. In this paper, by meansof a large-scalesimulation
study, we assestheperformanceof someinformationcriteria,suchasAIC, AICC, BIC
andHIC, when the true model is an ARFIMA

� ��� ��� � �
and the alternativesof interest

areARFIMA
� �	� � � � � � � � 


Theprobabilityof successfulidentificationincreaseswith the
samplesizeanddependson the valuesof the shortmemoryparameters.Moreover, it
variesacrossthedifferentselectioncriteria.

Key words: FractionalARIMA processes,Long-rangedependence,Modelselection,In-

formationcriteria,Whittle estimator.

1. Introduction

Severalmethodsto estimatethe long-memoryparameter� of anau-
toregressivefractionallyintegratedmoving-averagemodel,ARFIMA, are
available. Many of them are described,for example,in Beran(1994).
Amongthesemethods,only thelikelihoodor pseudo-likelihoodmethods
allow usto estimateat oncethe long-memoryparameter� andtheother
parameters(Sowell, 1992,Fox andTaqqu,1986). Moreover, underthe
hypothesisof correctmodelspecification,thesemethodsdisplaya better
performancethantheotherparametricor semiparametricprocedure(Bi-
sagliaandGuegan,1998). Nevertheless,to obtainconsistentestimators



weneedto know exactly thedatageneratingprocess.In caseof misspeci-
ficationtheestimatorscouldbeverybiasedandconsequentlytheforecast
will notbeoptimalin thesenseof meansquarepredictionerror(Bisaglia
andBordignon,2002).

This naturally leadsto the problemof identifying the ordersof the
shortmemorycomponentsfor anARFIMA � �� ��� �	� process.This taskis
verycomplicatedbecauseit is impossibleto identify  and � by a simple
analysisof theautocorrelationandpartialautocorrelationfunctionsasit
is usuallydonefor anARIMA process.

SchmidtandTcherning(1995),CratoandRay (1996)andSmith et
al. (1997) considervariousinformation criteria and assess,by Monte
Carlosimulations,theperformanceof thesecriteriawhenthetruemodel
is fractionally integratedandthealternativesof interestarebothARMA
andARFIMA models. Their resultssuggestthat when the datagener-
atingprocessis anARFIMA � �� ��� �	� the identificationof the truemodel
maynot evenbeassuredfor smallor moderatesamplesize,althoughthe
successprobability increasessubstantiallyalong with the lenghtof the
consideredseries.Beranet al. (1998)investigatedmodelchoicecriteria
for aclassof modelsthatincludesclassicalandfractional,stationaryand
nonstationaryautoregressiveprocess.They show, by MonteCarloexper-
iments,thattheconvergencespeedto thetrueorderof themodelseemsto
dependon thevaluesof thelong-memoryandautoregressiveparameters.
All theseauthorsfind thatthebayesiancriteria,BIC, performsbetterthan
theothers.

Most of the previous contributions focuson simple fractionalnoise
modelsand/orlow samplesizes.In this paperwe analysesystematically,
throughlarge Monte Carlo simulations,the performanceof the Akaike
informationcriteria(AIC, AICC), theBayesianinformationcriteria(BIC)
andtheHannan-Quinncriteria(HIC). Weusethesecriteriatogetherwith
the Whittle estimator. This methodis computationallyfasterthanother
exactmaximumlikelihoodmethodsandeasierto implement.Moreover,
it allows usto estimatetheparametersall together. In this way we try to
improvetheunderstandingof thefinite samplepropertiesof theautomatic
criteriaandto offer someguidanceto selectwhichof themis superior.

Althoughnoneof thecriteriaworkswell in all theconsideredcases,



ourstudyshowsthatthefrequency of correctspecificationincreasessub-
stantiallyalongwith thesamplesize.Further, theBayesianandHannan-
Quinn criteria are to be preferredin practicebecausethey have a more
consistentbehavior thantheAkaikecriteria.

Theplanof thepaperis thefollowing. Section2 summarizesbriefly
themainpropertiesof theARFIMA � ��� ��� ��� processesandtheWhittle es-
timator. Section3 presentstheidentificationcriteriathatwe use.Section
4 presentstheMonteCarlostudyandtheresults.Section5 concludes.

2. ARFIMA modelandWhittle estimator

Thefractionallyautoregressiveintegratedmoving-averageprocesswas
independentlyintroducedby Grangerand Joyeux (1980) and Hosking
(1981).ThisprocessgeneralizestheARIMA � ��� ��� �	� processby relaxing
theassumptionthat � is aninteger.

TheARFIMA � ��� ��� �	� process� ��� �! !"$#�� %'&	� ( ( ( ) is definedby the
differenceequation*

� +���,-� +.��� � ��/10 �2"43�� +.��5 � �
where

*
� 6 � and 3�� 6 � arepolynomialsin the backward shift operator+

of degrees� and � respectively and 5 � is a white noiseprocesshaving798 5 :� ; "=<�: ( Furthermore,we set ,>� +��?"@� & / +.� AB"DC-EF G�H�I F + F , withI F "4JK� L / ��� M 8 J2� L2NO&�� J2� / ��� ; , whereJK� 6 � denotesthegammafunction.
Whenthe rootsof

*
� +.��"P# and 3�� +���"Q# lie outsidethe unit circle

and R��SR TD#�( U , the processis stationary, causalandinvertible. We will
assumetheseconditionsto besatisfied.

When�-"V�'"V# , theprocess� ��� �2 2"4#�� %�&�� ( ( ( ) is calledFraction-
ally IntegratedNoise.When �-WV� #�� &�M�X	� theautocorrelationfunctionof
theprocessdecaysto zerohyperbolicallyat a rate Y9� Z�: A [�\ � , where Z de-
notesthelag. In thiscase,wesaythattheprocessexhibitsalong-memory
behavior. When �.W1� / & M	X	� #�� theARFIMA � ��� ��� �	� processis saidto be
anti-persistent.In thefollowing wewill concentrateonARFIMA � ��� ��� �	�
processeswith �$W]� #�� &�M�X	� , i.e. on processesthat possesslong-range
dependence.We will alsoassume,for convenienceandwithout lossof
generality, that 0 "4# and <�:!"$& .



To estimatethe parametersof an ARFIMA ^ _�` a�` b�c processwe used
the Whittle estimator, that is the frequency domainapproximatemaxi-
mumlikelihoodmethodproposedby Fox andTaqqu(1986).Thisestima-
tor extendsthe resultsof Hannan(1970)who appliedWhittle’s method
to theestimationof theparametersof ARMA models.Fox andTaqqu’s
result,latergeneralizedby Dahlhaus(1989)to theexactmaximumlikeli-
hoodestimator, is thebasisof oneof themostusedmethodsof estimating
the long (andshort,if they arepresent)memoryparametersin Gaussian
timeseries.GiraitisandSurgailis(1990)generalizedtheresultof Fox and
Taqquandprovedtheasymptoticnormalityof Whittle estimatorwithout
theGaussianityassumption.

Theexactmaximumlikelihoodestimatorderivedin time domainhas
thedrawbackof a largecomputationalburden.Also computationalprob-
lemsmightarisein theevaluationof theautocovariancesnecessaryto the
computationof thelikelihoodfunction(Sowell, 1992).Thesedifficulties
do not occurwhenwe usethe Whittle estimator, which hasthe further
advantageof not requiringtheestimationof themeanof theseries(gen-
erally unknown in practice).Besides,undersomeregularityassumptions
(Fox and Taqqu,1986, Dahlhaus,1989) fulfilled by ARFIMA ^ _�` a�` b	c
processes,it is possibleto prove that theWhittle estimatorhasthesame
asymptoticdistributionastheexactmaximumlikelihoodestimatorandit
convergesto the truevaluesof theparametersat theusualrateof d�e�f g h .
Finally, for Gaussianprocessesthe Whittle estimatoris asymptotically
efficient in thesenseof Fisher.

If the Whittle approximationto the log-likelihood function is used,
theparametervector i-j=^ a�` k f ` l l l ` k�m�` n f ` l l l ` n o c is estimatedby mini-
mizing theestimatedvarianceof theunderlyingwhitenoiseprocesswith
respectto i : pq h ^ i�c2j rs t u vwx y f

z u ^ { x c| ^ { x ` i�c `
whered�} is theintegerpartof ^ d�~ r c � s , z u ^ { x c denotestheperiodogram
of theseries,definedat theFourierfrequencies{ x j s t�� � d�` and

| ^ { x ` i�c
representsthe spectraldensity of the ARFIMA ^ _�` a�` b	c processat the
Fourierfrequency { x .



Table1. Estimationresultsof differentARFIMA(p,d,q)models,whenthe
truemodelis anARFIMA(0,d,0),���4��� �	� Numberof replications:1000.

Model (0,d,0) (1,d,0) (0,d,1) (1,d,1) (2,d,0) (2,d,1) (0,d,2) (1,d,2) (2,d,2)
N=100 � � 0.087 -0.017 0.094 0.010 -0.007 0.022

(0.154) (0.521) (0.170) (0.577) (0.571) (0.746)� � -0.004 0.004 -0.211
(0.122) (0.154) (0.602)�

0.165 0.103 0.121 0.103 0.096 0.088 0.108 0.080 0.098
(0.089) (0.121) (0.122) (0.135) (0.143) (0.142) (0.134) (0.131) (0.129)� � 0.073 0.111 0.099 0.087 0.125 0.075

(0.152) (0.511) (0.568) (0.163) (0.567) (0.774)� � 0.025 0.024 0.239
(0.122) (0.158) (0.647)

N=1000 � � 0.016 -0.032 0.021 0.017 0.017 -0.014
(0.052) (0.509) (0.065) (0.552) (0.542) (0.742)� � 0.004 -0.003 -0.272

(0.041) (0.050) (0.626)�
0.195 0.184 0.187 0.171 0.179 0.167 0.184 0.166 0.167

(0.025) (0.043) (0.041) (0.077) (0.059) (0.089) (0.053) (0.088) (0.087)� � 0.013 0.060 0.016 0.016 0.017 0.046
(0.050) (0.487) (0.527) (0.059) (0.519) (0.738)� � 0.005 0.000 0.282

(0.039) (0.047) (0.618)
In parenthesesthemeanof theestimatedstandarderrors.

The disadvantageof this estimatoris that it assumesthe parametric
form of thespectraldensityto beknown a priori . If thespectraldensity
function is not correctlyspecified(asit is often the case)the estimated
parametersmaybebiasedandconsequentlytheforecastmaynot beop-
timal in thesenseof minimizing themeansquarepredictionerror. This
naturallyleadsto theproblemof identifying theordersof theshortmem-
ory componentsof anARFIMA � ��� ��� ��� process.

2.1.Misspecificationand theWhittle estimator

In finite samplestheWhittle estimationof long-memoryparameter�
canbeverymisleadingif themodelis misspecified,evenfor timeseriesof
remarkablelenght.Sincetheparameter� describescompletelythelong-
rangebehaviour of theseries,it is very importantto identify correctlythe
trueorderof theAR and/orMA componentsof theprocess.Bisagliaand



Table2. Estimationresultsof differentARFIMA(p,d,q)models,whenthe
true modelis an ARFIMA(0.9,0.2,0.1).Numberof replications:1000.

Model (0,d,0) (1,d,0) (0,d,1) (1,d,1) (2,d,0) (2,d,1) (0,d,2) (1,d,2) (2,d,2)
N=100 � � 0.818 0.865 1.066 0.943 0.872 0.937

(0.084) (0.077) (0.175) (0.569) (0.075) (0.616)� � -0.175 -0.067 -0.062
(0.146) (0.504) (0.549)�

0.499 0.293 0.416 0.133 0.078 0.090 0.497 0.084 0.062
(0.000) (0.134) (0.093) (0.129) (0.134) (0.129) (0.019) (0.111) (0.111)� � 0.800 0.152 0.113 0.661 0.192 0.148

(0.250) (0.144) (0.544) (0.120) (0.152) (0.632)� � 0.315 0.049 0.047
(0.108) (0.122) (0.177)

N=1000 � � 0.836 0.897 1.061 1.012 0.905 0.947
(0.049) (0.044) (0.131) (0.415) (0.046) (0.518)� � -0.143 -0.099 -0.040

(0.085) (0.353) (0.461)�
0.499 0.342 0.427 0.183 0.132 0.115 0.499 0.150 0.121

(0.000) (0.070) (0.075) (0.099) (0.125) (0.131) (0.005) (0.118) (0.133)� � 0.565 0.112 0.066 0.686 0.139 0.125
(0.023) (0.065) (0.342) (0.035) (0.083) (0.477)� � 0.339 0.022 0.012

(0.029) (0.045) (0.074)
In parenthesesthemeanof theestimatedstandarderrors.

Guegan (1998) showed that the Whittle estimatorperformsbetterthan
othernon parametricor semiparametricestimatorswhenthe truemodel
is known. But we do not know which is thebehaviour of this estimator
whenthemodelhasnotbeencorrectlyspecified.

In Table1 we seethatwhenthetruemodelis anARFIMA � ��� ��� �	� ���
theproblemis notsoserious,becauseevenwhentheprocessis misspec-
ified the estimationof parameter� convergesto its true value. Instead,
whenthe true model is an ARFIMA � �	� ��� ��� the situationchangesradi-
cally dependingon the valuesof the AR and/orMA components.The
Table 2 and 3 show the estimationresultswhen the true processis an
ARFIMA � ��� ��� ��� �	� ��� ��� andARFIMA � � ��� ��� ��� ��� ��� ¡�� .1 It is possibleto
seethat,asthesamplesizeincreases,theparametersalwaysconvergeto
their truevaluesif thetruemodelis chosen,in particularwe obtaingood
estimatesof thelong-memoryparameter��� But if themodelis misspeci-

1we havechosen¢K£-¤ ¥ ¦ , but theresultsarevalid for eachvalueof theparameter¢�¥



Table3. Estimationresultsof differentARFIMA(p,d,q)models,whenthe
truemodelis anARFIMA(-0.9,0.2,0.5).Numberof replications:1000.

Model (0,d,0) (1,d,0) (0,d,1) (1,d,1) (2,d,0) (2,d,1) (0,d,2) (1,d,2) (2,d,2)
N=100 § ¨ -0.610 -0.828 -0.289 -0.607 -0.775 -0.767

(0.146) (0.122) (0.129) (0.328) (0.204) (0.561)§ © 0.310 0.161 -0.013
(0.125) (0.209) (0.482)ª

0.004 0.324 0.197 0.158 0.047 0.069 0.031 0.098 0.080
(0.017) (0.123) (0.148) (0.106) (0.091) (0.109) (0.079) (0.122) (0.128)« ¨ -0.427 0.457 0.339 -0.265 0.482 0.499

(0.224) (0.174) (0.285) (0.148) (0.234) (0.571)« © 0.322 0.108 0.138
(0.109) (0.156) (0.381)

N=1000 § ¨ -0.715 -0.895 -0.375 -0.862 -0.899 -0.809
(0.037) (0.019) (0.053) (0.122) (0.023) (0.514)§ © 0.334 0.027 0.076

(0.046) (0.098) (0.463)ª
0.000 0.396 0.224 0.195 0.122 0.179 0.023 0.185 0.166

(0.001) (0.034) (0.038) (0.031) (0.050) (0.050) (0.035) (0.045) (0.091)« ¨ -0.452 0.499 0.483 -0.274 0.507 0.442
(0.033) (0.044) (0.086) (0.050) (0.055) (0.492)« © 0.356 0.013 -0.025

(0.032) (0.051) (0.257)
In parenthesesthemeanof theestimatedstandarderrors.

fied, theestimationof thelong-memoryparametercanbeheavily biased.
In fact, aswe canseefrom Tables2 and3, the meansof the estimates
of ¬ vary between0.115and0.499for the  ® ¯'°�±4�² ³�´ µ�¶ ³�´ ·�¶ ³�´ ¸ ¹ and
between0.000and0.396for the ?®B¯B°�±4'² º ³�´ µ�¶ ³�´ ·�¶ ³�´ »�¹ ´ 2 Thus,the
correctidentificationof the datageneratingprocessis essentialto pre-
serve thesuperiorityof theWhittle estimator.

3. Inf ormation criteria

All heuristicmethodsproposedin theliteratureto determinetheorder
of an ARMA process,suchasthosebasedon autocorrelationsandpar-
tial autocorrelations,on the R- andS-arrays,on the cornermethod(see
de Gooijer et al., 1985, for a review), cannotbe usedto determinethe

2We haveconstrainedthelong-memoryparameter¼ to lie in theinterval (0,0.5).



orderof anARFIMA process.In fact when ½¿¾=À�Á theautocorrelations
andthepartialautocorrelationsdecayto zeroat a slower rateof conver-
gencethantheARMA modelsandthismakesimpossibleto recognizethe
short-memorycomponents.But theknowledgeof thegeneratingprocess
is importantin order to estimatethe model with likelihoodor pseudo-
likelihoodmethodsandmakepredictions.

In this sectionwe comparethe performancesof differentautomatic
selectioncriteria in the presenceof long-memory. We consideronly
ARFIMA modelssincewe canperformthe identificationin two steps.
Firstly, weestimatethelong-memoryparameter½ throughoneof thenon
parametricor semiparametricmethods.Then,if theseriespresentslong-
memory, we focusour attentiononly on the orderof the short-memory
parametersof thefractionalprocess.

Weconsidertheinformationcriteriathatareusuallyusedin theiden-
tification of an ARMA process:the Akaike, the modified Akaike, the
Bayesianinformation and the Hannan-QuinnCriterion. Thesecriteria
are expressedin termsof the approximatemaximumvalueof the log-
likelihood function of a GaussianARMA Â Ã�Á Ä�Å processplus a penalty
for the numberof parametersused. This penaltycounteractsthe over-
fitting tendency of thesecriteria: this is whatmakesthecriteriadifferent
eachother. In fact it is well known in the literature(seefor examplede
Gooijer et al., 1985) that the Akaike andAkaike modified Information
Criteria tendto overestimatethe trueorder Ã and Ä with positive proba-
bility, while theSchwartzandHannan-QuinnCriteriaprovide consistent
estimatesof Ã and Ä . The bestmodel is that with the smallestvalueof
a specificinformationcriterion. Sinceto estimatetheparametersof the
ARFIMA Â Ã�Á ½�Á Ä	Å modelweusetheWhittle estimator, weexpressthese-
lection criteria in termsof the implied white noisevariance ÆÇ�ÈÉ?Ê These
criteriaare:

1. Akaike InformationCriteria: AICË Ì	Í=ÎVÏ$Ð Ñ Â ÆÇ ÈÉ Å�ÒSÓ�Â Ã�Ò1Ä!ÒVÔ�Å
2. modifiedAkaike InformationCriteria: AICCË?Ì�ÍBÍ=ÎVÏ$Ð Ñ Â ÆÇ ÈÉ Å�Ò Ó Ï Â Ã'Ò1Ä?ÒVÔ ÅÂ Ï@Õ Ã Õ Ä Õ Ó�Å



3. BayesianInformationCriteria: BIC

Ö�×	Ø$Ù4Ú$Û Ü�Ý Þß�àá!â�ã Ý ä ã1å?ãVæ â Û ç�è2Ú
4. Hannan-Quinn:HIC

é>×�Ø$ÙVÚ$Û Ü�Ý Þß àá â�ãSê Ý ä ã1å!ãVæ�â ë Û ç	èìÛ ç	è�Ý Ú â
whereë Ù æ	í î	î�î�æ�í

The useof theseautomaticselectioncriteria hasnot yet beensupported
by anextensiveanalysisof their applicabilityto time seriesgeneratedby
ARFIMA process. We want to investigateherehow succesfullythese
informationcriteria will identify the true ï ð ñ ×�ò ï Ý ä�ó ô�ó å�â generating
process.

4. Monte Carlo experiments

We have generated1000independenttime seriesdrivenby Gaussian
ARFIMA

Ý æ ó ô�ó æ�â model:

Ý æ?õ1ö Ö â Ý æ!õ Ö â ÷ ø�ù Ù=Ý æKã1ú Ö â û ù í
Sincewe areinterestedonly in long-memorymodels,we take

ô>Ù@Ý î�í æ óî�í ê ó î�í ü ó î�í ý	â ó andwesettheAR andMA parametersto thevalues: õ?î�í þ óõ?î�í ÿ ó õ?î�í � ó õ î�í ü ó õ î�í æ ó î�í î ó î�í æ ó î�í ü ó î�í � ó î�í ÿ ó î�í þ ó so that lower order
modelsareconsideredasspecialcases.ThesamplesizesconsideredareÚ Ù æ î	î ó ê�� î ó � î	î ó æ î�î	î�í The processesaregeneratedby usingthe re-
cursive Durbin-Levinsonalgorithm(Brockwell andDavis, 1991).To es-
timatetheparametersweconstrainedtheAR andMA parametersto lie in
thestationaryandinvertibility region, andwe restrict

ô��=Ý î ó æ���ê	â í The
four criteriaareusedto selectoneof theninemodelsï?ðBñ ×�ò ï Ý ä�ó ô�ó å	â
up to

ä�ó å Ù ê�í We studiedthe numberof correctchoicesobtainedby
varying theparameters

ô�ó ö and ú andassuming
Ú Ù æ î	î�í For the val-

uesof AR andMA parametersö ÙDÝ õ?î�í þ ó õ?î�í � ó õ?î�í æ ó î�í î ó î�í æ ó î�í � ó î�í þ�â



and ���	� 
��� ��� 
��� ����
��� ��� �� ������ ��� �� ��� �� ��� we have studiedhow the
selectionperformanceof thecriteriavarieswith thesamplesize.3

Firstof all, theperformanceof thefour automaticinformationcriteria
is almostthesamewhen � variesbetween0.1and0.4. Theperformance
of AIC andAICC criteriais almosteverywhereworsethanBIC andHIC,
evenif thesamplesizeincreases.Moreover, AIC andAICC criteriacon-
vergemoreslowly thantheBIC andHIC criteria.Usuallytheuseof BIC
criteria consistentlyleadsto the highestsuccesspercentagein detecting
the true fractionalmodel. Anyway, aswe canseein Tables4, 5, 6 and
7, thegreaterdifferencein thefrequenciesof successdependson theval-
uesof AR and/orMA coefficientsof the datageneratingprocess.The
ARFIMA � ��� ��� ��� , ARFIMA � ��� ��� ��� andARFIMA � ��� ��� � � processesare
themosteasilyrecognized,evenif thesamplesizeof thegeneratingpro-
cessis very small (N=100). Only theAIC andAICC criteriawork badly
evenif �	��� ������� this confirmsthefact thatAIC andAICC criteriaare
not consistent.Usually theBIC criterionworksbetter. Theonly excep-
tionsarewhentheAR or MA coefficient of thedatageneratingprocess
is very small ( ���� � ). In thesecasesthecriterion thatworksbetteris the
HIC criterion,but evenwhen ����� ����� thesemodelsarevery difficult
to be detected.We supposethat we needvery long time seriesto iden-
tify theorderof thetruegeneratingprocessin thesecases.Moreover, in
theTablesit is possibleto seethat thereis a sortof asymmetrybetween
ARFIMA � �� ��� ��� ��� or ARFIMA � ��� ��� �� � � and ARFIMA � 
��� ��� ��� ��� or
ARFIMA � ��� ��� 
��� � � models.In fact,whentheAR or MA parameteris
egual �� � weobtainagreaternumberof correctchoicesthanwhentheAR
or MA parameteris egual 
��� ��� speciallyfor theMA parameter. When
thetruedatageneratingprocessis anARFIMA � ��� ��� ��� , thetaskbecomes
morecomplicated.Also in this case,thecriteriathatwork betterareBIC
andHIC, soin thefollowing thebehaviour of AIC andAICC will not be
commentedupon.4 Even if, thepercentageof successesincreasesalong
with N, thereare modelsthat are very difficult to be detected.Gener-

3We reportonly theresultsfor ���! " # " Theresultsobtainedfor theothercasesare
analogousandareavailablefrom theauthoruponrequest.

4In the Tableswe do not considerthe case $�%&$ �(')$ *+$ because,obviously, this
casecorrespondsto theARFIMA ,  - ��-  . model.



ally, if both the valuesof AR and/orMA parametersaredifferent from/�0�1 2�3
it is not difficult to identify the real orderof the datagenerating

process,speciallywith theBIC criterion.For example,if weconsiderthe
ARFIMA 4 5 0�1 6�3 7�3 0�1 8�9 model,we have that for :<; 2 0�0�0 the percent-
ageof successwith BIC criteria is

8�=�1 8�>
when

7 ; 0�1 2�3+8�?�1 8�> when7 ; 0�1 @�3A8�?�1 8�> if
7 ; 0�1 B and

8�=�1 ?�>
if
7 ; 0�1 C�1 But if we considerthe

ARFIMA 4 5 0�1 2�3 7�3 5 0�1 2�9 andARFIMA 4 0�1 2�3 7�3 0�1 2 9 models,evenif :D;2 0�0�0�3
thecriteriatendto selectothermodels.In general,all modelswhere

theAR and/ortheMA parameteris equalto
/�0�1 2

aredifficult to identify.
Thesearetheonly caseswhereAIC andAICC criteriawork betterthan
BIC andHIC. Thus,it couldbeinterestingto find outwhicharemostcho-
senmodelswhenthe true model is an E�FHGHI�JKEL4 5 0�1 2�3 7�3 5 0�1 2�9 or an
E�FHGHI�JKEL4 0�1 2�3 7�3 0�1 2�9 1 In fact,aswecanseein Tables

C 5 =�3 differently
from theothercasestheselectionfrequenciesof thetruemodeldecreases
as : increases.Whenthe true model is the E�FHGHI�JKEL4 5 0�1 2�3 7�3 5 0�1 2�9
andthesamplesizeis verysmall( :M; 2 0�0 ) BIC andHIC criteriachoose
moreoftenthe E�FHGHI�JKEL4 0�3 7�3 0�9 specification.On theotherhand,with
a larger samplesizethemostchosenmodelsarethe E�FHGHI�JKEL4 2�3 7�3 0�9
and E�F�GLI�JKEN4 0�3 7�3 2 9 whatever criterion being used. The samehap-
penswhenthetruemodelis the E�FHGHI�JKEL4 0�1 2�3 7�3 0�1 2�9 1 Thismeansthat,
in thesesituations,theprobabilityof choosingthecorrectmodelis mis-
taken.Notethatall criteriaunderestimatetheorderof thetruemodel.

5. Conclusions

In conclusion,we think that, if we wish to identify correctlythetrue
ARFIMA generatingprocess,the BIC andHIC criteria are the onesto
be used. Thesecriteria have in fact a more consistentbehaviour than
AIC andAICC criteria,speciallyif the trueprocesshasonly oneAR or
MA parameter. However, when the true datageneratingprocessis an
ARFIMA 4 2�3 7�3 2�9 noneof theusedcriteriaperformwell in all thecases,
exceptwhenthe short-memorycomponentsarestrong. Finally, the dif-
ferentvaluesof the long-memoryparameter

7�3
do not have effect on the

choiceof themodelespeciallywhensamplesizeis large.



Table4. Selectionfrequenciesof thecorrectspecificationwhentheDGP
is a FARIMA(1,0.3,1),for N=100. Numberof replications:1000.

Criteria O PQ O -0.9 -0.7 -0.5 -0.3 -0.1 0.0 0.1 0.3 0.5 0.7 0.9
AIC -0.9 68.3 70.9 62.9 34.7 7.6 60.9 12.4 32.6 43.2 35.1 -
AICC 71.7 73.3 65.2 35.5 7.8 64.0 12.2 33.2 44.4 36.1 -
BIC 91.0 91.8 74.6 23.8 2.2 92.3 5.2 25.3 31.2 8.6 -
HIC 82.9 82.5 71.8 32.7 5.3 79.1 9.5 32.4 44.3 27.3 -
AIC -0.7 56.2 52.2 39.2 15.1 3.1 42.6 8.8 20.7 16.9 - 19.5
AICC 58.9 54.4 39.8 14.6 2.7 46.0 9.2 21.0 16.7 - 18.7
BIC 68.8 64.2 40.0 7.4 0.5 77.7 5.0 7.1 2.6 - 5.4
HIC 66.5 61.5 41.9 12.6 2.0 61.6 8.5 16.1 9.7 - 13.7
AIC -0.5 31.1 26.9 15.0 3.1 2.6 21.7 8.7 7.5 - 6.2 21.3
AICC 31.2 27.4 14.6 2.5 2.9 23.1 9.0 7.3 - 5.7 21.5
BIC 24.3 18.8 5.7 0.4 1.4 30.8 1.9 1.4 - 1.1 13.5
HIC 30.5 24.5 10.8 0.9 2.8 28.8 6.3 3.8 - 2.2 18.9
AIC -0.3 10.1 6.5 3.8 2.2 5.5 6.0 5.7 - 5.5 7.6 5.3
AICC 9.6 6.5 3.1 1.9 5.5 6.2 5.7 - 5.0 7.1 5.3
BIC 4.1 1.4 0.5 0.5 1.0 4.2 0.9 - 1.4 1.8 2.1
HIC 7.6 4.6 1.3 0.8 3.1 7.3 3.0 - 2.9 5.1 3.1
AIC -0.1 4.6 4.8 3.3 3.5 4.2 3.2 - 6.0 4.3 4.7 2.0
AICC 4.1 4.4 3.4 3.6 4.3 3.4 - 6.0 4.0 4.5 2.0
BIC 0.8 0.9 0.9 0.5 0.7 1.3 - 2.5 0.9 1.0 0.6
HIC 2.4 2.5 2.0 2.3 2.2 2.6 - 4.3 2.3 2.6 1.5
AIC 0.0 61.1 56.7 44.7 18.4 5.9 39.4 17.7 33.5 41.9 42.7 59.2
AICC 63.5 59.1 47.3 19.7 6.2 43.6 18.7 35.2 44.1 45.2 62.4
BIC 91.0 87.4 71.8 20.7 2.0 88.8 9.2 38.6 67.5 80.5 92.2
HIC 76.7 73.7 60.1 22.2 3.8 68.0 15.4 39.6 57.1 62.7 78.4
AIC 0.1 7.7 8.4 4.7 4.7 - 10.1 7.7 6.0 10.4 14.4 8.1
AICC 7.4 8.3 4.8 4.3 - 10.6 7.8 5.3 9.7 13.8 8.0
BIC 3.9 4.3 1.6 1.1 - 10.2 3.5 2.5 2.5 8.2 4.4
HIC 5.8 6.8 3.5 2.4 - 11.5 6.4 4.3 7.4 12.3 6.4
AIC 0.3 21.3 13.9 6.3 - 13.3 28.1 8.5 16.5 28.5 30.3 20.8
AICC 21.5 13.6 5.6 - 12.9 29.5 8.0 15.9 29.6 31.4 21.4
BIC 17.0 7.2 1.2 - 6.6 38.1 4.2 4.6 18.8 29.4 16.2
HIC 20.4 11.2 3.2 - 10.4 35.6 5.8 11.5 28.1 33.7 19.1
AIC 0.5 32.6 10.2 - 20.6 12.0 46.0 14.4 28.9 43.2 44.4 32.7
AICC 33.2 9.9 - 20.4 12.0 48.6 14.9 29.0 44.8 46.6 34.0
BIC 35.0 2.5 - 11.8 8.1 74.8 4.8 17.1 45.8 57.4 35.6
HIC 37.1 6.7 - 17.7 10.9 61.6 9.8 27.2 50.2 53.7 36.0
AIC 0.7 24.0 - 34.2 24.9 12.9 50.2 19.0 34.7 47.8 49.1 38.8
AICC 24.4 - 35.4 25.4 12.5 52.9 19.1 34.7 49.9 52.2 40.5
BIC 22.3 - 22.2 23.5 9.4 88.5 8.1 27.9 60.5 72.5 46.0
HIC 25.7 - 33.4 25.2 12.0 71.2 14.6 34.8 58.2 64.1 45.5
AIC 0.9 - 60.1 52.9 34.5 14.7 61.4 21.6 39.6 55.6 51.7 42.6
AICC - 61.6 54.7 36.2 14.3 64.5 20.6 40.3 58.2 54.5 43.5
BIC - 53.3 61.6 35.4 6.2 90.4 8.1 32.5 67.0 77.5 53.0
HIC - 65.3 61.9 38.9 11.6 80.5 15.1 40.0 66.0 67.4 50.2



Table5. Selectionfrequenciesof thecorrectspecificationwhentheDGP
is a FARIMA(1,0.3,1),for N=250. Numberof replications:1000.

Criteria R�ST R -0.9 -0.5 -0.1 0.0 0.1 0.5 0.9
AIC -0.9 70.7 71.3 66.3 65.4 12.2 55.1 -
AICC 72.6 72.1 67.2 66.5 11.9 56.0 -
BIC 97.2 94.3 95.5 97.1 1.6 45.4 -
HIC 88.8 87.2 84.7 87.6 5.1 62.2 -
AIC -0.5 57.1 42.3 3.2 44.5 3.6 - 45.0
AICC 57.5 43.0 3.1 45.2 3.5 - 45.2
BIC 59.1 32.5 0.0 63.2 0.3 - 55.9
HIC 62.2 41.2 0.8 58.7 1.3 - 53.7
AIC -0.1 8.7 7.5 3.6 4.4 - 5.4 2.7
AICC 8.6 7.2 3.7 4.5 - 5.3 2.8
BIC 3.0 0.8 0.3 1.2 - 1.4 0.0
HIC 5.7 3.5 1.5 3.1 - 3.7 1.1
AIC 0.0 60.9 54.4 8.0 39.5 15.7 56.5 66.5
AICC 62.6 55.6 8.1 41.4 15.8 56.9 67.5
BIC 95.1 90.8 3.1 94.4 11.1 84.7 97.7
HIC 84.1 75.5 6.7 78.6 16.4 74.1 86.4
AIC 0.1 10.3 9.9 - 11.8 6.9 17.7 13.1
AICC 10.2 9.9 - 12.1 6.2 17.5 13.1
BIC 3.7 2.7 - 7.2 1.7 5.3 4.8
HIC 7.3 5.9 - 12.2 3.6 11.1 10.0
AIC 0.5 61.1 - 9.8 58.2 15.8 62.0 57.5
AICC 62.2 - 9.8 59.1 16.1 62.6 58.1
BIC 77.4 - 2.1 92.0 6.4 73.0 69.8
HIC 73.6 - 5.2 79.1 13.1 71.5 67.3
AIC 0.9 - 60.4 10.7 57.8 19.8 66.9 61.1
AICC - 61.6 10.7 59.2 20.1 68.0 62.2
BIC - 84.5 5.8 94.8 9.6 86.9 83.2
HIC - 77.4 7.9 82.6 15.8 80.6 78.1



Table6. Selectionfrequenciesof thecorrectspecificationwhentheDGP
is a FARIMA(1,0.3,1),for N=500. Numberof replications:1000.

Criteria U�VW U -0.9 -0.5 -0.1 0.0 0.1 0.5 0.9
AIC -0.9 65.3 70.0 10.9 60.3 28.7 60.6 -
AICC 65.8 70.4 10.8 60.9 28.7 61.4 -
BIC 97.8 98.5 2.1 97.2 6.8 81.4 -
HIC 86.6 90.9 7.2 87.0 17.9 80.3 -
AIC -0.5 70.7 63.1 11.4 58.3 6.2 - 57.5
AICC 71.0 63.3 11.2 58.6 6.1 - 57.9
BIC 82.4 70.6 1.8 87.0 0.4 - 77.2
HIC 79.3 71.3 5.4 78.3 1.6 - 70.9
AIC -0.1 12.3 8.2 4.3 9.5 - 10.0 3.0
AICC 12.2 8.0 4.3 9.4 - 10.1 3.0
BIC 3.4 1.4 0.2 3.6 - 1.7 0.0
HIC 6.8 4.5 1.8 7.5 - 5.8 0.4
AIC 0.0 66.2 63.7 11.7 45.4 19.4 65.9 69.4
AICC 66.4 63.9 11.8 46.0 19.7 66.7 69.8
BIC 97.5 96.1 4.7 97.2 11.5 92.2 98.9
HIC 88.1 85.3 10.7 83.2 21.7 84.4 91.0
AIC 0.1 18.3 8.5 - 15.5 5.3 23.7 15.8
AICC 18.5 8.6 - 15.7 5.3 23.7 15.7
BIC 6.9 1.7 - 11.0 0.7 7.3 5.5
HIC 13.0 5.1 - 18.3 3.3 17.1 11.6
AIC 0.5 71.3 - 9.3 64.0 17.2 69.1 68.8
AICC 71.6 - 9.4 65.0 17.2 69.7 68.9
BIC 92.8 - 1.6 97.3 6.1 87.4 89.6
HIC 87.2 - 5.4 86.5 12.4 83.1 82.8
AIC 0.9 - 69.0 14.8 63.7 21.6 75.8 71.7
AICC - 69.7 14.8 64.2 21.7 76.0 72.6
BIC - 96.0 5.6 98.0 9.4 92.2 96.0
HIC - 88.1 11.4 88.1 17.5 87.5 89.6



Table7. Selectionfrequenciesof thecorrectspecificationwhentheDGP
is a FARIMA(1,0.3,1),for N=1000.Numberof replications:1000.

Criteria X�YZ X -0.9 -0.5 -0.1 0.0 0.1 0.5 0.9
AIC -0.9 61.1 70.5 14.3 57.9 33.9 64.9 -
AICC 61.3 71.3 14.4 58.7 34.0 65.2 -
BIC 97.8 99.5 3.6 97.7 9.5 95.5 -
HIC 85.6 90.9 9.7 84.5 26.1 86.9 -
AIC -0.5 72.9 71.0 20.4 62.7 12.1 - 65.6
AICC 73.2 71.1 20.6 63.1 12.0 - 65.7
BIC 94.5 91.8 6.8 94.3 2.0 - 86.1
HIC 89.1 87.8 15.1 86.1 6.3 - 79.8
AIC -0.1 20.1 14.1 4.1 14.9 - 13.1 6.8
AICC 20.2 14.1 1.2 15.0 - 13.0 6.8
BIC 7.4 2.5 0.1 7.5 - 3.2 0.6
HIC 15.5 6.9 1.6 16.5 - 9.7 2.6
AIC 0.0 65.2 68.3 21.3 45.1 25.8 68.9 64.1
AICC 65.5 68.5 21.3 45.4 26.1 69.3 64.4
BIC 98.4 98.3 14.0 98.3 18.5 96.1 98.5
HIC 90.1 90.7 22.6 86.5 28.4 89.0 89.2
AIC 0.1 26.5 13.1 - 23.6 3.3 30.5 19.2
AICC 26.5 13.1 - 23.8 3.3 30.6 19.1
BIC 12.4 1.7 - 17.5 0.1 15.3 7.7
HIC 22.1 6.6 - 27.9 1.2 29.0 15.4
AIC 0.5 69.9 - 14.0 63.8 19.1 77.1 71.5
AICC 69.9 - 14.0 63.9 19.1 77.8 71.8
BIC 97.4 - 1.8 97.8 5.3 97.1 98.2
HIC 88.6 - 7.4 87.6 13.9 92.8 89.7
AIC 0.9 - 76.5 25.7 64.3 29.8 79.0 74.0
AICC - 76.7 25.7 64.5 29.8 79.1 74.3
BIC - 98.9 11.1 98.5 15.0 98.6 98.9
HIC - 92.9 22.2 89.2 26.7 93.9 91.6
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