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Summary: Given a set of time series,let
��� ���

be the cross-correlationmatrix func-

tion which may be computedfrom prewhitenedresidualseries. Then,a dissimilarity

index is assumedbetweeneachpair
� � � � �

of time serieswhich accountsfor the cross-

correlationsbut doesnotnecessarilyfulfills theEuclideandistancerequirements.Meta-

heuristicmethodsareproposedto partition the setof time seriesinto clustersin such

a way that(
�
) thecross-correlationmaximumabsolutevaluebetweeneachpair of time

seriesthatbelongto thesameclusteris greaterthansomegiventhreshold,and(
� �

) the	
-min clustercriterion is minimized. The simulationexperimentshows that suitably

designedmetaheuristicmethods,andespeciallythe tabu searchalgorithm,areableto

solve this problemsuccessfully, andproduceresultsbetterthanboth thesinglelinkage

method,and,on theotherhand,a purerandomsearchalgorithm.

Key words: Autoregressive moving average(ARMA) models;Cross-correlationfunc-

tion;
	
-meanclustercriterion;Geneticalgorithms;Simulatedannealing;Tabu search.

1. Introduction

Clusteringtime seriesmayturn usefulin severalfields,suchasbusi-
nessandeconomics,demography, environmentalsciences,telecommuni-
cations,andmedicine. The problemI will dealwith in the presentpa-
per consistsin finding a partition of a setof time seriesbasedon their
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cross-correlations.Motivationmaybegivensuchasidentifying subsets
of time serieswhich may be jointly modeled,or seekingfor subsetsof
time seriescorrelatedwith oneor moreseriesof interest.This clustering
device maypossiblysupportfurther investigationabouttheexistenceof
lead-lagrelationships.Moreover, informationon which time seriesturn
stronglysignificantlycorrelatedmayfind usefulapplicationsasfarasthe
forecastingaccuracy is concerned.Finally, datamining applicationsare
becomingmoreandmoreimportantaswell.

OtherapproachesI will not pursueherearepresentin the literature.
See,for instance,ShumwayandUnger(1974),Piccolo(1990),Bollobás,
Das,GunopulosandMannila (1997),Corduas(2000),Maharaj(2000),
and,in themultivariateframework, Kakizawa, Shumway andTaniguchi
(1998),to mentionbut a few.

I will considera clusteras a valid one in the presentcontext, and
let call it a group,if its time seriesfulfill a basicrequirementasfollows
(Zani, 1983). Given a setof 
 stationarytime series,a subset� which
includes 
� series � 
����
�� is said to form a group if all 
� � 
������� ���
cross-correlations��� � � � ��� satisfythecondition � � � � � ���  "!$# � %&� (1)

for at leasta lag � between�(' and ' , and ) * +�,-�.* )(/0 + .
The cross-correlations� � � � � �1� areto be computedfrom the residuals

of themodelsof theoriginal time series(see,e.g. Brockwell andDavis,
1996,p. 232). If all time serieshave 2 asa commonnumberof observa-
tions,thenchoosingthesignificancelevel % 043�5 3"6 , say, givesthefigure# � %&� 0 � 5 7�8 ��9 2 in (1). Thepreviouslystateddefinitiondoesnotexclude
thata timeseriesmaybelongto morethanasinglegroup.Thenthereare
possiblyseveral allowablepartitionsto consider, andtheir numbermay
happento turnvery large.

Generalpurposeheuristicmethodswhich maydealwith a vastclass
of problemsareoften calledmetaheuristicmethods.This commonde-
nominationhasbeenincludingsimulatedannealing,tabu searchandthe
geneticalgorithms. Using metaheuristicmethodsis worth the while in
order to solve a particularproblemeither if the potentialsolutionsare
a largestnumber, or the requirementsfor employing otherwisepowerful
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methodsdo not apply. Both suchcircumstancesarepresenthere,asa
choicehasto be madeamongso many admissiblepartitionswhich, in
turn, form a large discreteset of elementswherean objective function
with the usualdesirableproperties,differentiability for instance,cannot
be defined. Metaheuristicsfor clusteringwereproposedbasedon sim-
ulatedannealingby Selim andAl-Sultan (1991),on tabu searchby Al-
Sultan(1995),andSungandJin (2000), andon geneticalgorithmsby
Maulik andBandyopadhyay(2000),andTsengandYang (2001). The
availability of someEuclideandistancewasgenerallyassumed.

Theproblemconsideredin thepresentpaperrefersto thecross-correla-
tion matrix function :<; =1> , with elements?�@ A B ; =1> . Several dissimilarity
indexeswereproposed,basedon :<; =1> , thatdo not necessarilymeetthe
requirementsfor the Euclideandistanceassumptionsbe satisfied.I will
usethedissimilarityindex (Bohte,ČeparandKošmelj,1980)

C @ A BED FGGH IJ(K ?L@ A B ; M> N�OQPRS T�U ?L@ A B ; =1> (2)

which is likely to beableto provide a reliablerecovery of theclustering
structure.Thesimilarity counterpartof (2) will bedefinedC"V@ A B D4W X�Y ; K C @ A B > Z (3)

The index (2) is suitablefor the [ -min clustercriterion(SahniandGon-
zalez,1976)which, accordingto the formulationof Adorf andMurtagh
(1988),consistsin minimizing theobjective function

\ ; ] U ^ ] L ^ Z Z Z ^ ]�_ > D _R`�T�U R@ A B a b�c�A @ dT B C @ A B Z (4)

In this case,the numberof clusterse must be suppliedfor, otherwise,
any algorithmwhichuses(4) asobjectivefunctionis likely to assigneach
time seriesa separatecluster, by letting e D [ at the end. On the other
hand,if e werespecifiedasthemaximumallowablenumberof clusters,
thenthesolutionwill displayexactly e clusters.
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In orderto let theprocedureitself determinethenumberof clustersf ,
I will usethefollowing objective functionto bemaximized

g1h&i j(k l jEm l n n n l j�o p f�qsr
otu�v k tw x y z {�|�x w }v y�~ hw x y l (5)

wheref is unknown,andthesimilarity index (3) is included.Whenusing
(5), it is crucial thateachclusterbea group,accordingto (1), for, other-
wise,any algorithm,unlessprematurelyended,will put togetherall time
seriesinto asinglecluster.

It looksconvenientto codeany valid timeseriespartitionin permuta-
tion form. Eachtime seriesis labeledwith a positive integernumberbe-
tween1 and � . Then,let

i � k l � m l n n n l � � q bea permutationof
i �l �l n n n l ��q .

Given the significancelevel � , the permutationwill be given its proper
meaningasfollows.

[1] Thefirst timeseries,labeled
� k

, is takenasthefirst elementof thefirst
cluster.

[2] Let
� m

beconsidered.If themaximumabsolutevaluecross-correlation
betweenthe time series

� k
and

� m
, computedafter prewhiteningthem,is

greaterthan � i �sq , then
� m

joins
� k

into thefirst cluster. Otherwise,thetime
series

� m
is to becomethefirst elementof thesecondcluster.

[3] The
� y -th timeseriesaddsto anexistingclusterif (1) turnstruefor all

pairsbelongingto it. If sucha circumstanceappliesfor morethanone
cluster, thenthecluster� is chosenfor which � w z {�| ~ hw x w � is greatest.

[4] Thedecodingprocedureendsassoonaseachtimeseriesbelongsto a
cluster.

Thechoicecriterion includedinto step[3] may look somewhatarbi-
trary, but it proved necessary, for if, for instance,the time serieswere
assignedso asto maximizethe overall criterion, thensomeundesirable
penalizationof smallclusterswouldbeintroduced.

4



Theplanof thepaperis asfollows. In thenext sectionthesimulated
annealing,tabu search,andgeneticalgorithmsto beusedfor solvingthe
time seriespartitioningproblem,aspreviously stated,will bepresented.
The plan of the simulationexperimentwill be illustratedin section3.
Comparisonof theresultsthatI obtainedfrom applyingthealgorithmsto
the simulatedtime seriessetswill be accountedfor in section4. I will
draw someconcludingremarksin thelastsection.

2. Metaheuristic methods

Thesimulatedannealing,tabu searchandgeneticalgorithmswereim-
plementedas follows, where the definition of group basedon (1), the
similarity index (3), andtheobjective function(5) to bemaximizedwere
adopted.�&�
���1� �� � �.�(����� ��

�
�1�

Let apermutation�
�
� �
�
� � � � � �

�
� � begeneratedat random,andassume

it asinitial tentativesolution.Then,let theassociatepartitionbedecoded
by applyingthesteps[1-4], asillustratedin theprecedingsection.Com-
putetheobjectivefunction ��� . An initial temperature��  hasto bechosen,
andlet �¢¡4�   . Thefollowing two stepsareexecutedfor a pre-specified
numberof times �1£ .
[1] A new permutationis generatedfrom the currentone,and let ���¤ ¥ ¦
denoteits objective functionvalue.Thedifference§ ¡©¨ª� �¤ ¥ ¦<« � �
is computed. The new permutationis taken to replacethe currentone
if either

§¬¯®
, or °�� ® � ± � ¬³² ´�µ � ¨ §·¶ � � , where °�� ® � ± � is a uniform

randomnumberin the interval � ® � ± � . This searchis repeatedfor a pre-
specifiednumberof times ¸ .

[2] Let �4¡$�4¹»º , whereº is agivenpre-specifiedrealnumberbetween
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0 and1, 0.95for instance.Thisstepis referredto asloweringthetemper-
ature.

As far asstep[1] is concerned,I adoptedthedeviceof swappingtwo
labelsselectedat randomin the currentpermutationto obtain the new
one.

Every time a value ¼¾½À¿ wasfound throughthe iterations,it was
recordedasthebestsolutionto date.Thevaluereturnedby thealgorithm
wheniterationswerecompletewasassumedasthefinal solution.

ThecodehasbeendevelopedbasedonthealgorithmAS298(Brooks,
1995).Á
Â"Ã Ä<Å&Æ Â"Ç È É

Thetabu searchprocedureadaptedto thepresentclusteringproblem
is takenfrom Al-Sultan(1995).Dif ferencesaredueto theuseof adissim-
ilarity index insteadof theEuclideandistance,andthenumberof clusters
doesnot needbesuppliedfrom theuser, but is determinedby theproce-
dureitself.

Let ÊªË denotea randompermutation Ì Í Î Ï Í Ð Ï Ñ Ñ Ñ Ï Í Ò Ó of the integers
from 1 through Ô , andlet Ê Ë Ì Õ"ÓEÖ©Í × . Ê Ë is assumedasthecurrentsolu-
tion, from which both thegroupmembershipandtheobjective function
(5) may be computedasbefore. A tabu list, emptyat the beginning, is
preparedto temporarilyrecordthesolutions,Ø·Ù Ú Û at most,which will be
accepted.Givena pre-specifiednumberof iterations,Ü say, the follow-
ing stepsareexecutedÜ times.

[1] Startingfrom Ê Ë , Ý1Ù Û permutationsare randomlygenerated,beingÝ1Ù Û somepre-specifiedpositive integer. Let ÊEÞ beany of theseÝ1Ù Û per-
mutations,and ß denotea pre-specifiedthresholdprobability. Then,forÍàÖ�á�Ï â"Ï Ñ Ñ Ñ Ï Ô , Ê(Ë Ì Í Ó is copiedinto ÊEÞ Ì Í Ó if ã�Ì ¿�Ï á Ó<½Àß , otherwisea
positive integer Õ�Ï Õ$äÖåÍ , is randomlyselected,and Ê Ë Ì Í Ó and Ê Ë Ì Õ"Ó ex-
change.

[2] The Ý1Ù Û trial solutionsareexaminedandpossiblyoneof themis taken
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to replaceæ(ç . Firstly they areorderedaccordingto their objective func-
tion values,thebestsolutiongiven thefirst place. Then,threecasesare
considered.(i) Thebesttrial solutionis not tabu: æ(è replacesæ ç . (ii ) The
besttrial solutionis betterthan æ ç : æ(è replacesæ ç . (iii ) If neither(i) nor
(ii ) occurs,thenboth(i) and(ii ) arerepeated,up to apre-specifiedé ê ë�ì�í
allowablenumberof times,from thesecondthroughthe î1ê ï -th besttrial
solution.

[3] Thenew currentsolutionis insertedat theendof thetabu list. If the
tabu list presentsizeexceedsthepre-specifiedpositive integer ë<ê ð ï , the
first item in thelist is deleted.

Thealgorithmprovidesasfinal solutionthepermutationwhich,at the
endof the ñ iterations,is thecurrentone.ò.ó î ó ê é ô�æªð õ�ö ÷�é ê ø�ë

ThealgorithmthatI implementedherewasdevelopedessentiallyalong
the guidelinesprovided by Jonesand Beltramo(1991), as the coding
adoptedmakestheobjective function to dependonly on theorderingin-
formation.

Givenapre-specifiedpositive integer ï é ù ó , asetof permutationsú é û ü é ý ü þ þ þ ü é ÿ � is generatedat randomto form an initial populationwithï é ù ó elements.Unlike thecommonstatisticalpractice,the termpopula-
tion is usedhereto denotea setof potentialsolutions.The initial popu-
lation is assumedasthecurrentone,and,throughapre-specifiednumber
of iterationsñ , thefollowing stepsareexecuted.

[1] Selection.Theobjectivefunction,thatmustbepositiverealvalued,is
computedfor eachof the ï é ù ó permutations.Then,for ï é ù ó times,a per-
mutationis selectedat randomwith probabilityproportionalto its fitness.
The ï é ù ó selectedpermutationsform the new population,andareready
to beprocessedfurtheraccordingto thenext two steps.

[2] Crossover. Thepartially matchedcrossover is adopted,andsomeim-
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plementationdetailsfollow. Firstly, � � � ������� 	 couplesof permutations
areformedat random. The symbol � 
 	 denotesthe floor function, and,
if � � ��� is odd, thepermutationwhich is not paireddoesnot undergo the
crossover. Secondly, eachpair is examinedin turn. If �� ��� ��������� ,
where��� is a pre-specifiedprobabilityvalue,thenthepair undergoesthe
crossoveraccordingto thefollowing steps.(i) Two differentpositiveinte-
gers� and � , say, arechosenatrandomin therangefrom 1 through� , and
let ����� . (ii ) The labelswhich, in the two permutations,stayin places��� �! "��� 
 
 
 � � areexchangedfrom apermutationinto theotherone.(iii )
Suchexchangeis to definea mapwhich turnsusefulto solve problems
thatmaypossiblyariseasfarasthevalidity of theresultingpermutations
is concerned.

[3] Mutation. Eachlabel of eachpermutationis taken into accountin
turn. Let � # be the label of the permutationunder consideration. If�� ��� ���$�%��& , where��& is a pre-specifiedmutationprobability, thenan
integer, ' say, differentfrom ( is selectedat randomin theinterval  ��� ��� ,
andthelabels� # and � ) areexchanged.

Theelitist strategy is adopted,i.e. thebestpermutation,accordingto
the objective function value,is alwaysmaintainedinto the currentpop-
ulation, possiblyby discardingthe poorestone,so as to keep � � ��� un-
changed.Thiscaseapart,at theendof eachiterationthenew population,
generatedby applyingthe threestepsillustratedabove, entirely replaces
the pastone, and is assumedas the currentpopulation. The bestper-
mutationfound into thepopulationat the * -th iterationis takenasfinal
solution.

In addition to the threealgorithmsdescribedabove, a pure random
searchprocedurewasimplementedfor comparison.For a pre-specified
numberof iterations,apermutationis generatedatrandom,andtheobjec-
tivefunctionvalueis checkedif it exceedsthebestfoundto date.If so,the
bestvalueis updated,andthe new permutationis recorded.Obviously,
sucha procedureis expectedto yield resultsworsethanthatprovidedby
the otherstochasticsearchalgorithms,astheselatter arebelieved to be
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ableto searchthesolutionspacemuchmoreefficiently.
Moreover, for eachof the threemetaheuristics,a linearcodeversion

hasbeendeveloped.Accordingto this typeof encodingdevice, time se-
riesarearbitrarilynumbered,sothateachintegernumberin thesequence
from 1 through + correspondsuniquelyto a time series.Then,thegroup
membershipvectoris built up, whereeachentry is the label,preferably
an integernumberfrom 1 through , , of theclusterto which thetime se-
riesbelongs(see,e.g. theaforementionedpapersby Al-SultanandJones
andBeltramo).Thiscodingrequiresthenumberof clusters, besupplied,
andtheobjectivefunction(4) hadbetterbeemployed.In particular, asthe
geneticalgorithmassumesonly positive objective function, thenegative
exponentialof (4) is computedin this case.

Thelinearcodeversionsof thealgorithmsdevelopin a mannersimi-
lar to thatillustratedin caseof thepermutationcode,and,for tabu search,
theimplementationcloselyfollows theoriginal Al-Sultan’s scheme.The
only differencethatdeservesa specialmentionis concernedwith thege-
netic algorithm. It residesin that the single-pointcrossover was used
insteadof thepartially matchedone,asthis latterappliesonly to theper-
mutationcode.

Finally, thegroupinggeneticalgorithm(Falkenauer, 1998)wastried,
becauseits formulationoffersapromisingalternativewayto handleprop-
erly thepartitioningtime seriesproblemasstatedbefore.A peculiarim-
plementationof theoriginal Falkenauer’s algorithmwasonly neededfor
the crossover operator. The samebin packingcrossover wasemployed,
but there-assignmentprocedurewasassumedthestep[3] of thedecoding
algorithmdisplayedin theprecedingsection.

3. A simulation experiment

Tensetsof time seriesweregeneratedfrom eitherunivariatemodels
of thetype - .0/"1�. 2�35476 . 2�8947: . ;

(6)

or vectorARMA modelsof orders< />= and ? /@= . For eachtime se-
ries 300 observationsweregenerated.The first 50 werediscarded,asI
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assumedthat the initial values,all setto zero,hadafterwardsnegligible
impacton thedata.Then,discardingthelast50observationsallowedany
shift A andB , eitherpositiveor negative,to apply. Thisway, all timeseries
resultedto have CEDGF H�H observations.ThealgorithmAS183(Wichmann
andHill, 1982)wasusedto providetheuniformrandomnumbersin (0,1).
The normalstandardunit randomnumberswereprovided by the algo-
rithm AS241(Wichura,1988). The Cholesky factorizationmethodwas
usedto yield the vectorwhite noisewith assignedvariance-covariance
matrix I .

For eachset,theexperimentwasreplicated100times.Thesetswere
partitionedby several procedures,that have beenillustratedin the pre-
cedingsection,and,for further comparison,by usingthe singlelinkage
method(GowerandRoss,1969)andtheneuralnetwork approach(Adorf
andMurtagh,1988).

Eachrun of eachalgorithmwasprogrammedin sucha way that its
stopoccurredonly whenall iterationsup to themaximumallowablepre-
specifiednumberwerecomplete.

The resultswereevaluatedby meansof someindicators,for eachof
whichtheaverageover100replicationswascomputed.I assumedassuch
indicatorsthe estimatednumberof clusters JK , the numberof iterations
really neededto obtainthefinal result, JL say, thecorrectedRandindex
(Hubert and Arabie, 1985), JM say, as an external criterion to evaluate
theadherenceof theestimatedpartition to the trueone,andthePearson
correlation JN betweenthe final objective functionvalueand JM , which is
concernedwith thevalidity of theobjective functionasinternalcriterion.

Thesetsof artificial timeserieswereconstructedsoasto offer awide
rangeof sourcesof cross-correlationamongsttheseriesbelongingto the
sameset.

The first set,set1, included60 time seriesforming 6 clustersof 10
serieseach.Time seriesweregeneratedaccordingto (6), whereboth O�P
and Q P werelow orderARMA univariatemodels. The white noisewas
assumedzero-meanstandardunit normal,whilst the seriesR P waszero-
meannormalwhitenoisewith variance2. For eachcluster, aspecification
of (6) wasemployed,asdisplayedin Table1. Eachof the10 time series
belongingto thesameclusterwereshiftedby assigningA and B random
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valuesfrom the integer triangulardistribution centeredon pre-specified
values ST and SU respectively, andrangeV ST�W"X�Y and V SU!WZX�Y .

Table1. Univariatetimeseriesmodelsfor clustergeneration

[�\ coeff.s ] \ coeff.s ^ \ coeff.s
AR(1) _a`cb!d e AR(1) _a`cd f ARMA(2,2) _hg9`Gd X_�i9`cd j�ek g9`Gd lk i `cd l m�j
AR(1) _n`cd e AR(1) _a`cb!d f ARMA(2,2) _hgo`cbpd X_ i `cd j�ek g `cbpd lk iq`cd l m�j
MA(2)

k g `cd f MA(1)
k `cbpd e ARMA(0,2)

k g `Gd lk iq`Gbpd f k iq`cb!d l m
MA(2)

k g `Gbpd f MA(1)
k `cd e ARMA(0,2)

k g `cbpd lk iq`Gbpd f k iq`cb!d l m
AR(1) _a`cb!d f MA(1)

k `cbpd f ARMA(1,2) _n`cbpd fk g9`cbpd rk iq`cb!d s�t
AR(1) _n`cd f MA(1)

k `cd f ARMA(1,2) _a`cd fk g9`Gd rk i `cb!d s�t
The AR parametersaredenotedby u , andby v the MA ones. The standardnormal

white noisewasusedto generateboth w�x and y x , whilst thesummodel z x includesthe

whitenoise{ x with meanequalto zeroandvarianceequalto 2.

The10pairs V STh| SU�Y weregiventhevaluesV s | s Y , V l s | s Y , V s | l s Y , V e | e Y ,V e | s Y , V s | e Y , V b!e | e Y , V b!e | b!e Y , V b!l s | s Y , and V s | bpl s Y . Thecomponent
time serieswerechosenin (6) soastheonehadlargespectraldensityat
low frequencies,andtheotherat thehigh ones.So, thespectraldensity
of the sumtime serieŝ \ hadtwo local maxima,at 0 and } . As a con-
sequence,thedifferenttime shifts, T for [ \ , and U for ] \ , determinedthe
timeserieŝ \ beshiftedin differentfrequency bands.For modelsin rows
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1, 3, and5, thetime serieswith largespectraldensityat high frequencies
is listedfirst, andnext thatwith largespectraldensityat low frequencies.
Theoppositeis trueasfar asmodelsin rows2, 4, and6 areconcerned.

The two following setsof time seriesallow for comparisonbetween
the caseof clustersall of equal size, and that where a single cluster
containsabout60%time serieswhile theremainingonesdivide equally
amongsttheothers(seeMilligan, 1985). Thefirst of thesetwo sets,that
wasdenoted1a/e,contains60timeseriesand6 clusterseachwith 10time
series.Clustersweregeneratedfrom the6 modelsdisplayedin Table1.
Then,in eachcluster, half of theseriesbelongingto it wereshiftedwith
shiftscenteredat ~�a�%� and ~���%� , whilst theremainingoneswereshifted
with ~�a�c�$� and ~���%� . Theotherset,thatwasdenoted1a/u,differsonly
in that thefirst cluster, generatedby thefirst modelin Table1, includes
40 timeseries,whilst theother5 clustersincludeonly 4 serieseach.

Thefourthandfifth setsof timeserieswerestructuredaswell to allow
comparisonbetweenclustersof equalandunequalsize. The first one,
thatwasdenoted2a/e,contains9 clusters,generatedasfollows. Models��� and � � in lines1, 2 and3 of Table1 wereconsidered,and,from each
pair, 21 sumseriesweregenerated.Of these,7 wereshiftedwith ~�����
and ~����� , 7 with ~�7���$� and ~���>� , and7 with ~�7�>� and ~���>�$� .
A vectorwhite noise � � with meanzeroandvariance-covariancematrix�

wasaddedto the 7 time seriesin eachcluster. The matrix
�

hadall
variancesequalto 2 on its diagonal,whilst the covariancebetweenany
pair of componentnoiseserieswastakenequalto 1.

This choiceensuresthat
�

is positivedefiniteandits determinantfar
away from zero,sothatbadestimatesarevery unlikely to occur. In fact,�

is a specialcaseof a circulantmatrix (see,e.g.,Lütkepohl,1996,p.
113). Its eigenvalues��� � ��� � � � � ��� � areeasilycomputedas

��� �"�!�%� �����"� � � ����� �%�p�7� � � �G  � � � � ��� � (7)

whereI let � denotethecommonvalueof thediagonalentries,� theoff-
diagonalones,and � � thematrixdimension.

The set 2b/u had the samestructurethan 2a/e,but its first cluster,
basedon thefirst modelin Table1, included31 timeseries,andtheother
8 clustersincluded4 serieseach. The vectorwhite noisesweredimen-
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sionedaccordingly. In thiscasetoo,thevariance-covariancematriceshad
commondiagonalentryequalto 2, andall off-diagonalelementsequalto
1.

The next time seriesset, that I called set 2b/e, wasgiven a cluster
structureverysimilar to set2a/e,but agreaternumberof smallerclusters
wasassumed.Thenumberof clusterswas12,eachwith 5 timeseries,so
that the wholesetcontained60 time series.The first 4 modelsin Table
1 wereused,andthesame3 pairsof shiftsasbefore.Eachcombination
betweena modelanda coupleof shifts yieldedthe basicstructureof a
univariatetimeseries,thatwasreplicated5 times.A vectorwhitenoise¡�¢
with variance-covariancematrix £ wasaddedto thetimeseriesbelonging
to thesamecluster.

Theseventhsetof time series,thatwasdenotedset3, wasformedby
allowing theclustersto includeseriesgeneratedby differentmodels.For
eachcluster, 6 time seriesweregenerated,onefor eachof the6 models
in Table1, andthe vectorwhite noise ¡ ¢ with variance-covariancema-
trix £ wasaddedasbefore. Then,eachclusterwasreplicated9 times,
so yielding a setof 54 time series.Shifts werenot appliedhere,asthe
sourceof variability within eachclusterwastakeninsteadthedifference
amongstthemodels.For comparisonpurpose,asimilarsetwasgenerated
by addinguncorrelatedwhitenoise.This latterset3awasconsideredasa
randomset.Thealgorithmswereexpectedto produceapartitionanyway,
but in thepresenceof objective functionvaluesworsethanthatobtained
for setscharacterizedby agenuineclusterstructure.

Thelasttwo setsof timeseriesweregeneratedby somevector
ARMA(1,1) models,onefor eachcluster. Let ¤�¥ bethedimensionof the
model ¦ §9¨Z©pª�« ¬ ¢® ¦ §9¨Z¯nª�« ¡ ¢ ° (8)

where¡�¢ is avectorwhitenoisewith variance-covariancematrix £ .
Thefirst set,that I calledset4a/e,had12 clusterswith 6 time series

each. So, the set4a/econtained72 time series.The diagonalelements
of thematrix £ weresetequalto 2, andto 1 theoff-diagonalones.The
matrices

©
and
¯

weregiventhesamespecialcirculantstructure,sothat
thestationarityandinvertibility conditionscouldbeeasilycheckedby us-
ing (7). For model(8) to bestationary, it sufficesthatall eigenvaluesof
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±
beinsidetheunit circle,andsothoseof ² for invertibility. Thematrix

parametersin model(8) aredisplayedin the left handsideof Table2 as
far asset4a/eis concerned.The cross-correlationbetweenany pair of
time seriesthatbelongto thesameclusterwasyieldedby thecovariance
structureof the white noise ³�´ for 5 out of 12 clusters,wherethe off-
diagonalelementsof both

±
and ² werezero.Thetimeserieswithin the

remainingclusterswerecorrelateddueto boththewhitenoisecovariance
structureandtheoff-diagonalmodelparameters.

Table2. VectorARMAtimeseriesmodelsfor clustergeneration

set 4a/e
AR MA

model µ�¶·µ�¸º¹ ¶»¹ ¸
1 0.00 0.00 0.00 0.00
2 0.70 0.00 -0.50 0.00
3 0.50 0.00 -0.70 0.00
4 -0.70 0.00 0.50 -0.00
5 -0.50 0.00 0.70 -0.00
6 0.70 -0.10 -0.70 0.10
7 -0.70 0.10 0.70 -0.10
8 -0.50 0.10 0.50 -0.10
9 0.50 -0.10 -0.70 0.10
10 0.70 -0.10 -0.50 0.10
11 -0.50 0.10 0.70 -0.10
12 -0.70 0.10 0.50 -0.10

4b/e
AR MAµ�¶·µ�¸º¹ ¶¼¹ ¸

-0.10 0.02 0.10 -0.02
0.10 -0.02 -0.10 0.02
0.70 -0.01 -0.50 0.01
0.50 -0.01 -0.70 0.01
-0.70 0.01 0.50 -0.01
-0.50 0.01 0.70 -0.01
0.70 -0.10 -0.70 0.10
-0.70 0.10 0.70 -0.10
0.50 -0.10 -0.70 0.10
0.70 -0.10 -0.50 0.10
-0.50 0.10 0.70 -0.10
-0.70 0.10 0.50 -0.10

TheAR parametersin thematrix ½ aredenoted¾�¿ if on thediagonal,and ¾�À otherwise.

TheMA parametersin thematrix Á aredenotedÂ ¿ if onthediagonal,andÂ À otherwise.

Thelastset,thatI called4b/e,had72 timeseriesand12clusterswith
6 serieseach.Thetimeseriesin eachclusterweregeneratedby assigning
model(8) thematrixparametersasdisplayedin theright handsideof Ta-
ble2. Unliketheset4a/e,thevariance-covariancematrix Ã wasassumed
diagonal,with entriesequalto 2. So, the cross-correlationbetweenany
pair of time seriesthat belongto the sameclusteris entirely dueto the
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relationships,definedby the model(8), that the univariatemodelsused
for prewhiteningcannotaccountfor. Theoff-diagonalelementsin Table
2, in this case,arealwaysdifferentfrom zero.

4. Experimental results

All 10 timeseriessetswereprocessedby thealgorithmsillustratedin
section2, andcomputationwasreplicated100 times. Many parameters
were neededto be specified,concernedwith the prewhitening and the
assessmentof the dissimilarity matrix. On the otherhand,quite a few
parameterswereneededaswell for eachof thealgorithmscouldprovide
solutionsto thepartitioningproblem.

Forprewhitening,anAR modelof highorder Ä wasestimatedfor each
timeseries.Accordingto thetheoreticalAR parametervalues,ÄnÅGÆ was
selectedin all cases.Thedissimilarity (or similarity) matrix for eachset
of time serieswascomputedfrom the cross-correlationmatrix function
of theestimatedAR( Ä ) modelsresidualseries.Themaximumlag Ç for
cross-correlationcomputationwaschosenaccordingto thevaluesof the
shifts thatwereappliedto thetime seriesin eachset.Figureswere ÇÈÅÉ Ê

for set1, ÇËÅ�Ì for thesets1a/e,1a/u,andfor all setsof thetype2,
andÇ@Å%Í for theremainingones.ThesignificancelevelwaschosenÎÏÅÐ�Ñ Ð Æ , and,asaconsequence,thethresholdvaluefor thecross-correlations
turnedequalto 0.1386.

The choiceof the algorithmparameterswasmadeby following the
suggestionsfoundin theaforementionedpapers.Forsimulatedannealing,
the initial temperatureÒ®Ó was10, the reductionfactorwasset ÔÏÅ Ð�Ñ Õ ,
the number Ö�× of temperaturereductionswas10, and the iterationsfor
eachgiven temperatureweresetto ØÙÅ@Æ Ð�Ð . As far asthe tabu search
algorithmis concerned,thechoicewas ÇnÚ Û Ü!Å Ê�Ð for themaximumsize
of thetabu list, Ý�Å Ð�Ñ Õ Æ for thethresholdprobability, Ö�Ú Ü�Å Ê Ð for the
numberof trial solutions,and the numberof iterationswasset to 250.
The parameterÞ Ú Çnß�à , i.e. the maximumnumberof allowabletrials for
choosingthecurrentpartitionin any giveniteration,wassetto 20,though
in the simulationexperimentthe besttrial solutionseldomhappenedto
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berejected.For thegeneticalgorithm,thenumberof candidatesolutions
consideredin eachiteration was á â ã�ä"åçæ è , the crossover probabilityé�ê åÈè�ë ì , the mutationprobability é�í åÈè�ë è�è�î , and the numberof it-
erationswas100. The choiceof the numberof iterationsfor the three
algorithmswassuchthat,for eachreplication,approximately5,000calls
to theobjective functionevaluationroutinewereperformedin all cases.

Theresultsfor sets1, 1a/e,and1a/uarereportedin Table3. Thenum-
berof clustersturnsoutslightly overestimatedfor set1, andthecorrected
Randindex is smallerfor this setthanfor theothertwo. As a matterof
fact,theset1 is expectedto exhibit moredifficultiesbecauseeachseries
in the sameclusterwasgivenmarkedly differentpairsof shifts. On the
contrary, only twokindsof shiftswereappliedto thetimeseriesin thesets
1a/eand1a/u,andtherecoveringof theclusterstructureis almostperfect,
with respectbothto thenumberof clustersandthecorrectedRandindex.

Accordingto thestochasticnatureof thealgorithms,agreatvariability
is displayedasfarasthenumberof iterationsis concerned.In spiteof this,
the standarddeviation of the otherestimatedindicatorsare very small,
andtheresultsturn verysimilar over thereplications.Thefinal objective
functionvaluesdependonthenumberof cross-correlationabsolutevalues
greaterthan the threshold ï�ð ñóò , and on the presenceof a clusterwith
largesize.Thecross-correlationmatrix functionmaydiffer considerably
from a replicationto another, sothatthecorrelationbetweentheexternal
criterionandtheinternalonemayturnrathersmall.However, whatreally
mattersis thesignof the relationship,which turnsout correctlypositive
asexpected.

As far asthecomparisonbetweentheperformanceof thealgorithms
in caseof clustersof equalandunequalsizeis concerned,theresultsdis-
playedin Table3 show thatthepresenceof a largeclusterdoesnotaffect
theproceduressubstantially, beingonly thefiguresof thecorrectedRand
index slightly worsein the lattercase.Theobjective functionvaluesare
muchgreaterthan that from the equalsizecase,but only because,if a
clusteris large,muchmoresimilarity termsaresummed.
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Table3. Partitioning resultsfor thetimeseriessetsof thetype1

1 ôõ ôö ô÷hø ôù ôú ú!û ü ý ý
s.a. 6.7(.53) .62(.10) 41.12(2.46) 0.47 3,050 3,050

(1379)
t.s. 6.1(.31) .87(.13) 46.13(1.74) 0.29 144 2,880

(69)
g.a. 6.5(.56) .71(.12) 43.30(2.52) 0.45 81 4,050

(20)

1a/e ôõ ôö ô÷hø ôù ôú ú û ü ý ý
s.a. 6.1(.31) .99(.02) 44.95(1.53) 0.44 2,812 2,812

(1371)
t.s. 6.1(.27) .997(.01) 45.30(1.45) 0.35 52 1,040

(50)
g.a. 6.1(.27) .99(.03) 44.90(1.66) 0.19 41 2,050

(26)

1a/u ôõ ôö ô÷hø ôù ôú ú!û ü ý ý
s.a. 5.9(.49) .98(.03) 130.2(9.0) 0.53 2,089 2,089

(1467)
t.s. 5.9(.44) .98(.02) 130.7(8.96) 0.39 98 1,960

(68)
g.a. 6.0(.47) .98(.02) 131.25(9.25) 0.35 52 2,600

(30)

Thealgorithmsareall basedon thepermutationcode,s.a.standsfor simulatedanneal-

ing, t.s. for tabu search,andg.a.for geneticalgorithm.Theaverageestimatednumberof

clustersover100replicationsis þÿ , thecorrectedRandindex þ� , thefinal objective func-

tion þ��� , and þ� the iterationsactuallyneededto obtainthe final result. The standard

deviation of theestimatesis enclosedin parentheses.ThePearsoncorrelationbetweenþ� and þ��� is þ� , and
��� � 	 	

theaveragecallsto
���

.

Comparisonamongstthe methodsfavors the tabu searchalgorithm,
nomatterwhatindicatoris takeninto account.

In Table4 thesetsof thetype2 areconsidered.In thiscase,thecross-
correlationsturn out to besmallerthanfor thetime seriesof theprevious
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sets. Evidenceof this circumstanceis given by the fact that the objec-
tive function values,which are directly relatedto the cross-correlation
absolutevalues,aremuchsmallerthanthat reportedin Table3. So, the
recoveryof thetrueclusterstructureis ratherdifficult, becausemostesti-
matedcross-correlationsareonly slightly above thepre-specifiedthresh-
old 
�� �� .

Table4. Partitioning resultsfor thetimeseriessetsof thetype2

2a/e �� �� ���� �� �� ��� � � �
s.a. 11.3(.66) .28(.08) 8.7(.49) 0.48 2,337 2,337

(1,362)
t.s. 10.5(.73) .42(.13) 9.99(.78) 0.61 184 3,680

(56)
g.a. 11.2(.74) .31(.09) 8.93(.66) 0.54 71 3,550

(25)

2a/u �� �� ���� �� �� � � � � �
s.a. 9.6(.84) .49(.12) 20.0(5.13) 0.95 2,766 2,766

(1,336)
t.s. 8.9(.78) .52(.13) 21.4(5.8) 0.95 165 3,300

(58)
g.a. 9.5(.81) .50(.11) 20.0(5.18) 0.95 73 3,650

(21)

2b/e �� �� ���� �� �� ��� � � �
s.a. 11.2(.58) .15(.06) 7.2(.31) 0.13 2,953 2,953

(1,415)
t.s. 10.3(.72) .22(.07) 8.0(.41) 0.19 176 3,520

(60)
g.a. 11.3(.63) .17(.05) 7.3(.40) 0.25 72 3,600

(24)

Moreover, confusionmayariseassomeestimatedcross-correlations
may turn by chancegreaterthanthe threshold,whilst otherscorrespond
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to time seriesthatactuallybelongto thesamecluster. This circumstance
reflectsthroughthepooraccordancebetweentheestimatedpartitionand
the true one. Nonetheless,thoughthe numberof clusterslooks overes-
timatedin caseof the set2a/e,and,on the contrary, underestimatedin
caseof theset2b/e,theoverall resultsmaybeconsideredrathersatisfy-
ing. Theclusterstructureappearto becorrectlyrecoveredfor mosttime
series.For set2a/e,theestimatedcross-correlationsarepossiblytoo low,
sothataggregationcannottakeplacebecausetheconditionthatdefinesa
group,basedon (1), is not fulfilled. In theset2b/e,theestimatedcross-
correlationsappearnot solow, but mostvaluesarecloseto thethreshold��� ��� . As a consequence,moretime seriesthanexpectedareput together
in thesamecluster.

As for thetype1 timeseries,in thiscasetoo thestandarddeviationof
thenumberof iterationsactuallyneededto obtainthefinal resultis large,
but all remainingindicatorsexhibit very small variability over the repli-
cations.As far asthecomparisonbetweenclustersof equalandunequal
sizeis concerned,theselatter areeven betterrecoveredthanthe former
ones.This mayhappenbecausethe indicatorsareinfluencedby quite a
few correctassignmentsof time seriesto the first cluster, which is the
largestone. As notedfor thetype1 series,theobjective functionvalues
for theset2a/uaregreaterthanthosefor theset2a/e,dueto thepeculiar
formulationof theobjective function.

Accordingto all indicators,theoverallperformanceof thetabu search
algorithmencompassesthatof both thesimulatedannealingandgenetic
algorithm. Unlike the type 1 series,however, for the time seriesof the
type2 moreiterationsareneededfor tabu searchto obtainthefinal result.

The resultsconcernedwith the set3 of time seriesaredisplayedin
Table5. No shiftsareappliedin this case,andthevariability within the
sameclusteris dueto thedifferentmodelsfrom which thetimeseriesare
generated.
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Table5. Partitioning resultsfor thetimeseriesset3

3 � �! �"�# �$ �% %�& ' ( (
s.a. 13.3(.80) .49(.10) 3.75(.39) 0.65 2,600 2,600

(1,329)
t.s. 12.4(.79) .62(.13) 4.27(.52) 0.73 172 3,440

(56)
g.a. 12.5(.94) .54(.12) 4.00(.53) 0.82 76 3,800

(20)

This kind of perturbationseemsto producelesssevere difficulties
to the clusteringprocedures.It looks that cross-correlationsabove the
thresholdbetweenpair of time seriesbelongingto differentclustersare
veryunlikely to occur. Nevertheless,theestimatedcross-correlationsbe-
tweenpairsof time seriesbelongingto the sameclustershappenoften
to be very low. As a consequence,many clustersappearsplit in two.
Thiscircumstancemayexplain theoverestimationof thenumberof clus-
ters,between13 and15 on theaverage,insteadof 9. On theotherhand,
theclustersrecoveredby thealgorithmslook smallandapproximatelyof
equalsize,so that theobjective functionvaluesaresmall too. However,
thefiguresof thefinal objective functionvaluesareapproximatelytwice
thosecomputedfor the randomset3a. This ensuresthat the estimated
partitionreflectsthegenuineclusterstructure.

In Table6 resultsconcernedwith thetimeseriesof thetype4 aredis-
played.Thesamelargevariability of thenumberof iterationsneededto
obtainthefinal solutionis observedasbefore,whilst theotherindicators
show smallstandarddeviation. Theclusteringproceduresyield different
performancesfor thetwo sets4a/eand4b/e. Whilst theclusterstructure
of theformersetlookseasilyrecovered,thatof thelattersetsuffersof the
samedrawbackthanset3. It happensoften, in caseof theset4b/e,that
a pair of time series,thatbelongto thesamecluster, yet have low cross-
correlationabsolutevalues.As a consequence,thenumberof clustersis
overestimated.Nonetheless,mosttimeseriesarecorrectlyjoined,though
into clusterssmallerthanexpected. For this reason,the final objective
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function valuescomputedfor set4b/earesmallerthanthosecomputed
for theset4a/e.

Table6. Partitioning resultsfor thetimeseriessetsof thetype4

4a/e )* )+ ),�- ). )/ /�0 1 2 2
s.a. 13.3(.81) .77(.06) 31.4(2.17) 0.74 2,887 2,887

(1,370)
t.s. 12.0(.31) .98(.03) 38.2(1.22) 0.35 136 2,720

(59)
g.a. 12.7(.72) .87(.07) 34.6(2.21) 0.80 80 4,000

(17)

4b/e )* )+ ),�- ). )/ /�0 1 2 2
s.a. 18.0(.99) .36(.05) 5.8(.47) 0.53 2,778 2,778

(1,491)
t.s. 16.6(.88) .52(.05) 7.3(.52) 0.37 193 3,860

(46)
g.a. 17.4(.99) .44(.06) 6.6(.65) 0.66 85 4,250

(14)

It hasto benotedthattheincorrectrecoverof thetruenumberof clus-
tersin set4b/edoesnot seemto dependonsomeinadequacy of thealgo-
rithms. In fact,thetabu searchalgorithm,for instance,evenif allowedto
run1,000iterations,and 3�4 57698 : , still provides16.3astheaverageesti-
matednumberof clusters,while thecorrectedRandindex only increases
from .52 to .54. Thegeneticalgorithmtoo exhibits a similar behavior. If
themaximumallowablenumberof iterationsis setto 1,000,thentheav-
erageestimatednumberof groupsover100replicationsdecreasesonly to
16.53,while theaveragecorrectedRandindex increasesto 0.52. More-
over, thesinglelinkagemethod,within 1,720iterations,is ableto provide
a solutionwith 12 clusters.Nevertheless,thecorrectedRandindex turns
equalto 0.20,a figure lessthanthatobtainedfrom thesamesinglelink-
agemethodin 1,000 iterations. This seemsto indicatethat too many
estimatedcross-correlationsdonot fulfill (1), andtheexpectednumberof
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clustersmaybeobtainedonly by overrulingsuchinequality. Thegroup
membership,however, maybeexpectedto turnoftenincorrect.

Eachone of the artificial setsof time serieswasprocessedas well
by the purestochasticsearchclusteringalgorithm,asillustratedin sec-
tion 2. Resultswerefoundnot better, thoughvery closeindeedin some
cases,thanthatobtainedby theonewhich,amongstthemetaheuristical-
gorithms,yieldedthepoorestperformance.Thisseemsto indicatethatthe
permutationcode,andthedecodingprocedure,turnedusefulto drive the
stochasticproceduretowardsthe correctsolution. Significantimprove-
ment was further gainedby applying the searchingdevices peculiarto
eachof thethreealgorithmsbasedonmetaheuristicmethods.

The linearcodeversionsof thesimulatedannealing,tabu searchand
geneticalgorithmwerenotableto provide resultscomparablewith those
displayedin thetables3-6. Their objective functionevaluationroutineis
fasterthanpermutationcode. Nonetheless,increasingthe numberof it-
erations,evenbeyondtheexecutiontimeneededto thepermutationcode
methodsto perform5,000calls to theobjective functionevaluationrou-
tine,did notseemto produceany substantialadvantage.For instance,the
linear codetabu searchalgorithm,if allowed to take 50,000calls to the
objective functionevaluationroutine,produced0.72asbestaveragecor-
rectedRandindex for set1a/e,whilst thecorrespondingfigureprovided
by the permutationcodetabu searchalgorithm was 0.997. Moreover,
runningthe100replicationsof suchexperimentwith thelinearcodeand
50,000callstook7 minutesand20seconds,whilst runningthesame100
replicationswith thepermutationcodeand5,000callstook3 minutesand
59 seconds.Suchelapsedtime figuresrefer to a CPU speed600 MHz,
andtotalphysicalmemory256MB. Comparisonsbetweenlinearandper-
mutationcodealgorithmsyieldedsimilar resultsfor theothertime series
setsaswell.

Let me now considerthe single linkagemethodandthe neuralnet-
work approach.In both cases,for the time seriessets1, 1a/e,1a/u,and
4a/e, where the clustersare well separated,performanceswere found
comparable,andeven slightly betterthan that obtainedfrom the meta-
heuristicmethodsandpermutationcode. In othercases,the neuralnet-
work approachcouldtake advantageof thefact that it wassuppliedwith
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thetruenumberof clusters.This circumstancewasparticularlyapparent
in thepresenceof a largenumberof clusters,asfor theset2b/e. Other-
wise,theperformancesof thesetwo procedureswerenotasgoodasthose
providedby themetaheuristicmethods.

Finally, thegroupinggeneticalgorithmperformedasgoodasthelin-
earcodeversionsof thesimulatedannealing,tabu searchandgenetical-
gorithm methods. Moreover, with respectto the latter one, it yielded
betterresults,no matterwhattimeseriessetwasconsidered.Whencom-
paredto themetaheuristicmethods,however, evenincreasingthenumber
of iterations,up to 10,000for instance,yet theestimatedindicatorfigures
turnednot so closeto the true ones. The clusteringproblem,indeed,is
possiblystatedin sucha way that,asobservedalready, the permutation
codeandthedecodingprocedureplay animportantrole asfarasthecor-
rectclusterrecovery is concerned.

5. Concluding remarks

I consideredtheproblemof finding thebestpartitionof a setof time
series,accordingto thecross-correlationsestimatedfrom theprewhitened
series. The dissimilarity matrix entrieswere computedto include the
cross-correlationsup to a pre-specifiedlag. The ; -min clustercriterion
was a naturalchoice,as such indexes were found not to meet the re-
quirementsof the Euclideandistance. Furthermore,the clusterswere
constrainedto include only time seriessuch that their pairwisecross-
correlationabsolutevaluesexceededa given threshold. This latter was
takento dependon theselectionof asignificancelevel.

Assolutionswereexpectedto formalargediscretespace,I introduced
threealgorithmsbasedon metaheuristicmethodsandpermutationcode
with a specialdecodingprocedure.A simulationexperimenton tensets
of artificial timeseriesprovedthatthemetaheuristicalgorithmswereable
to yield thebestresults,comparedto alternativemethodssuchasthepure
randomsearch,thesinglelinkagemethod,theneuralnetwork approach,
thelinearcodeversionsof thesamemetaheuristics,andthegroupingge-
neticalgorithm.Theseriesweregeneratedfrom low orderunivariateand
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vectorARMA models.Their parameterswerechosensoasto resultwell
insidethestationarityandinvertibility regions,to avoid,asfaraspossible,
theoccurrenceof estimateswhich fell by chanceoutsidesuchlimits.

Amongstthe metaheuristicmethods,i.e. simulatedannealing,tabu
search,andthe geneticalgorithm,the tabu searchprocedurewasfound
to performbetter, accordingto theestimatednumberof clusters,thecor-
rectedRandindex, andthefinal valueof theobjective function.

In somecasesa marked differencebetweenthe true and the esti-
matednumberof clusterswas found. As a matterof fact, this seemed
strictly dependon the constraintthat serieshad to be correlatedmore
thana giventhresholdto beallowedto belongto thesamecluster. If the
cross-correlationstructurewereweak,thenthe algorithmscould not be
expectedto indicatethe correctnumberof clusters. Any of the proce-
dureswould point insteadat a numbergreaterthanthatusedfor generat-
ing the time seriessets.This circumstancedoesnot appeara too severe
drawback,however, asthis kind of errormaybeamended,if needed,by
deeperexaminingtheestimatedclusters,andmergingsomeof them,pos-
sibly overruling the thresholdcondition. On theotherhand,thereis not
a closeconnectionbetweentheway by which the time seriesaregener-
atedandthecross-correlationabsolutevalues.Oncethesignificancelevel
hasbeenselected,thenthepartitiontakesplaceat that level, irrespective
whetherthesimulationprocedurebeactuallyin accordancewith it.
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