Quadernidi Statistica
\ol. 3,2001

A simulation study on clustering time series
with metaheuristic methods

RobertoBaragona
Dipartimentodi Sociol@ia, Universita di Roma’La Sapienza”
e-mail: roberto.baagona@uniomal.it

Summary Given a setof time series,let P(7) be the cross-correlatiomatrix func-
tion which may be computedfrom prewhitenedresidualseries. Then, a dissimilarity
index is assumedetweeneachpair (4, j) of time serieswhich accountdor the cross-
correlationsout doesnot necessarilyulfills the EuclideandistancerequirementsMeta-
heuristicmethodsare proposedo partition the setof time seriesinto clustersin such
away that(7) the cross-correlatiomaximumabsolutevaluebetweereachpair of time
seriesthatbelongto the sameclusteris greaterthansomegiventhreshold,and(iz) the
k-min clustercriterion is minimized. The simulationexperimentshaws that suitably
designedmetaheuristianethods,and especiallythe tatu searchalgorithm, are ableto
solve this problemsuccessfullyand produceresultsbetterthanboth the singlelinkage
methodand,on the otherhand,a purerandomsearchalgorithm.

Key words Autoregressve moving average(ARMA) models;Cross-correlatioriunc-
tion; k-meanclustercriterion; Geneticalgorithms;Simulatedannealing:Taku search.

1. Introduction

Clusteringtime seriesmay turn usefulin severalfields, suchasbusi-
nessandeconomicsgdemographyenvironmentalsciencestelecommuni-
cations,and medicine. The probleml will dealwith in the presentpa-
per consistsin finding a partition of a setof time seriesbasedon their



cross-correlationsMotivation may be given suchasidentifying subsets
of time serieswhich may be jointly modeled,or seekingfor subsetof
time seriescorrelatedwvith oneor moreseriesof interest.This clustering
device may possiblysupportfurther investigationaboutthe existenceof
lead-lagrelationships.Moreover, informationon which time seriesturn
stronglysignificantlycorrelatednayfind usefulapplicationsasfar asthe
forecastingaccurag is concerned.Finally, datamining applicationsare
becomingmoreandmoreimportantaswell.

Otherapproaches will not pursuehereare presenin the literature.
See for instance Shumway andUnger(1974),Piccolo(1990),Bollobas,
Das, Gunopulosand Mannila (1997), Corduas(2000), Maharaj(2000),
and,in the multivariateframavork, Kakizava, Shumway and Taniguchi
(1998),to mentionbut a few.

| will considera clusteras a valid onein the presentcontext, and
let call it a group,if its time seriesfulfill a basicrequirementsfollows
(Zani, 1983). Givena setof k stationarytime series,a subsetC' which
includesk’ series(k' < k) is saidto form a groupif all k'(k" — 1)/2
cross-correlationg; ;(7) satisfythe condition

|9ig(T)] > c(e) (1)

for atleastalag r between—m andm, andi,j € C,i # j.

The cross-correlationg; ;(7) areto be computedirom the residuals
of the modelsof the original time series(see,e.g. Brockwell andDavis,
1996,p. 232). If all time serieshave n asa commonnumberof obsena-
tions,thenchoosingthe significancdevel « = 0.05, say givesthefigure
c(a) = 1.96/+/n in (1). Thepreviously stateddefinitiondoesnotexclude
thatatime seriesmaybelongto morethanasinglegroup. Thenthereare
possiblyseveral allowable partitionsto considey andtheir numbermay
happeno turnvery large.

Generalpurposeheuristicmethodsvhich may dealwith a vastclass
of problemsare often called metaheuristianethods. This commonde-
nominationhasbeenincluding simulatedannealingtabu searchandthe
geneticalgorithms. Using metaheuristianethodsis worth the while in
orderto solve a particularproblemeitherif the potentialsolutionsare
a largestnumber or the requirement$or employing otherwisepowerful
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methodsdo not apply. Both suchcircumstancesre presenthere,asa
choicehasto be madeamongso mary admissiblepartitionswhich, in
turn, form a large discretesetof elementswherean objectve function
with the usualdesirableproperties differentiability for instance cannot
be defined. Metaheuristicdor clusteringwere proposedbasedon sim-
ulatedannealingby Selim and Al-Sultan (1991), on talu searchby Al-
Sultan(1995), and Sungand Jin (2000), and on geneticalgorithmsby
Maulik and Bandyopadhyay2000), and Tsengand Yang (2001). The
availability of someEuclideandistancevasgenerallyassumed.
Theproblemconsideredn thepresenpaperefersto thecross-correla-
tion matrix function P(r), with elementsp; ;(7). Several dissimilarity
indexeswereproposedpasedon P(7), thatdo not necessarilymeetthe
requirementdor the Euclideandistanceassumptionde satisfied. | will
usethedissimilarityindex (Bohte,CeparandKoSmelj, 1980)

4y = 4{1 — 2,00}/ 3 () @

whichis likely to be ableto provide areliablerecovery of the clustering
structure.The similarity counterparof (2) will bedefined

d:j = exp(—di,j). (3)

Theindex (2) is suitablefor the £-min clustercriterion (Sahniand Gon-
zalez,1976)which, accordingto the formulationof Adorf andMurtagh
(1988),consistan minimizing the objective function

f(CLCyy. .., Cy =" > diy 4)

w=114,j€Cy,i#j

In this case,the numberof clustersg mustbe suppliedfor, otherwise,
ary algorithmwhich usegq4) asobjective functionis likely to assigneach
time seriesa separateluster by letting ¢ = £ atthe end. On the other
hand,if g werespecifiedasthe maximumallowablenumberof clusters,
thenthe solutionwill displayexactly g clusters.



In orderto let the proceduratself determineghenumberof clustersg,
| will usethefollowing objectie functionto be maximized

g
f+(Cl7C27"'7Cg;g): Z Z d:—_p (5)

w=11i,j€C i#]

whereg is unknavn, andthesimilarity index (3) is included.Whenusing
(5), it is crucialthateachclusterbe a group,accordingto (1), for, other
wise, ary algorithm,unlessprematurelyendedwill puttogetherall time
seriegnto asinglecluster

It looks convenientto codeary valid time seriespartitionin permuta-
tion form. Eachtime seriesis labeledwith a positive integernumberbe-
tweenl andk. Then,let (iy, io, . .., i) beapermutatiorof (1,2,..., k).
Giventhe significancelevel «, the permutationwill be givenits proper
meaningasfollows.

[1] Thefirsttime series)abeledi,, is takenasthefirst elementbf thefirst
cluster

[2] Let, beconsideredIf themaximumabsolutevaluecross-correlation
betweenthe time seriesi; andi,, computedafter prewhiteningthem,is
greatetthanc(«), theni, joinsi; into thefirst cluster Otherwisethetime
seriesis is to becomehefirst elementof thesecondcluster

[3] Thei;-th time seriesaddsto anexisting clusterif (1) turnstruefor all
pairsbelongingto it. If sucha circumstanceappliesfor morethanone
cluster thentheclusterw is choserfor which 3~ d;fij IS greatest.

[4] Thedecodingorocedureendsassoonaseachtime seriesbelongso a
cluster

The choicecriterionincludedinto step[3] maylook someavhatarbi-
trary, but it proved necessaryfor if, for instance the time serieswere
assignedso asto maximizethe overall criterion, thensomeundesirable
penalizatiorof smallclusterswould beintroduced.



The planof the paperis asfollows. In the next sectionthe simulated
annealingtalu searchandgeneticalgorithmsto be usedfor solvingthe
time seriespartitioningproblem,aspreviously statedwill be presented.
The plan of the simulationexperimentwill be illustratedin section3.
Comparisorof theresultsthatl obtainedrom applyingthe algorithmsto
the simulatedtime seriessetswill be accountedor in section4. | will
drav someconcludingremarksn thelastsection.

2. Metaheuristic methods

Thesimulatedannealingtalu searchandgeneticalgorithmswereim-
plementedas follows, where the definition of group basedon (1), the
similarity index (3), andthe objective function (5) to be maximizedwere
adopted.

Simulated Annealing

Let apermutation(sy, is, . . ., i) begenerateétrandomandassume
it asinitial tentatve solution. Then,let theassociatgartitionbe decoded
by applyingthe stepq1-4], asillustratedin the precedingsection.Com-
putetheobjectivefunction f*. An initial temperaturdy hasto bechosen,
andlet T = T;. Thefollowing two stepsareexecutedfor a pre-specified
numberof timesn;.

[1] A new permutationis generatedrom the currentone,andlet f.-
denoteits objective functionvalue. Thedifference

A:_++f+

new

is computed. The new permutationis taken to replacethe currentone
if eitherA < 0, orU(0,1) < exp(—A/T), wherelU(0, 1) is a uniform
randomnumberin theinterval (0,1). This searchis repeatedor a pre-
specifiednumberof times V.

[2] LetT =T x p, wherep is agivenpre-specifiedealnumberbetween
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0 andl, 0.95for instance This stepis referredto asloweringthetemper
ature.

As far asstep[1] is concerned| adoptedhe device of swappingtwo
labelsselectedat randomin the currentpermutationto obtain the new
one.

Every time avalue A < 0 wasfound throughthe iterations,it was
recordedasthe bestsolutionto date. Thevaluereturnedby thealgorithm
wheniterationswerecompletewasassumeasthefinal solution.

ThecodehasbeendevelopedbasednthealgorithmAS298(Brooks,
1995).

Tabu Search

Thetalu searchprocedureadaptedo the presentlusteringproblem
is takenfrom Al-Sultan(1995). Differencesredueto theuseof adissim-
ilarity index insteadof the Euclideandistanceandthe numberof clusters
doesnot needbe suppliedfrom the user but is determinedy the proce-
dureitself.

Let A, denotea randompermutation(iy, is, . . . , i) Of the integers
from 1 throughk, andlet A.(j) = i;. A, is assumeasthe currentsolu-
tion, from which boththe groupmembershigndthe objectve function
(5) may be computedasbefore. A talu list, emptyat the beginning, is
preparedo temporarilyrecordthe solutions;ntls at most,which will be
accepted Givena pre-specifiechumberof iterations,V say the follow-
ing stepsareexecutedN times.

[1] Startingfrom A., nts permutationsare randomly generatedbeing
nts somepre-specifiegpositive integer. Let A; be ary of thesents per
mutations,and P denotea pre-specified¢hresholdprobability. Then,for
i =1,2,...,k, A.(i) is copiedinto A;(s) if U(0,1) < P, otherwisea
positive integer j, j # 1, is randomlyselectedand A.(i) and A.(j) ex-
change.

[2] Thents trial solutionsareexaminedandpossiblyoneof themis taken



to replaceA,. Firstly they areorderedaccordingto their objectve func-
tion values,the bestsolutiongiventhefirst place. Then,threecasesare
considered(i) Thebesttrial solutionis nottalu: A; replaces4.. (i) The
besttrial solutionis betterthan A.: A; replacesA.. (iii) If neither(i) nor
(ii) occursthenboth (i) and(ii) arerepeatedyupto a pre-specifiedimazx
allowablenumberof times,from the secondhroughthe nts-th besttrial
solution.

[3] The new currentsolutionis insertedat the endof thetaku list. If the
talu list presentsizeexceedshe pre-specifiegositive integermdtls, the
firstitemin thelist is deleted.

Thealgorithmprovidesasfinal solutionthe permutatiorwhich, atthe
endof the N iterations,s thecurrentone.

Genetic Algorithm

Thealgorithmthatl implementederewasdevelopedessentiallyalong
the guidelinesprovided by Jonesand Beltramo (1991), as the coding
adoptedmalkesthe objective functionto dependonly on the orderingin-
formation.

Givenapre-specifiegositive integer size, a setof permutations
(41,142, ...,1) IS generatecht randomto form aninitial populationwith
size elements.Unlike the commonstatisticalpractice,the term popula-
tion is usedhereto denotea setof potentialsolutions. Theinitial popu-
lation is assumedgsthe currentone,and,througha pre-specifiechumber
of iterationsN, thefollowing stepsareexecuted.

[1] Selection.Theobjectve function,thatmustbe positverealvalued,is

computedor eachof the size permutationsThen,for size times,a per

mutationis selectedatrandomwith probability proportionatto its fitness.
The size selectechbermutationdorm the new population,andareready
to be processedurtheraccordingto the next two steps.

[2] Crosswer. The partially matchedcrosseer is adoptedandsomeim-



plementationdetailsfollow. Firstly, |size/2] couplesof permutations
areformedat random. The symbol | .| denoteshe floor function, and,
if size is odd,the permutationwhich is not paireddoesnot undego the
crosseer. Secondly eachpair is examinedin turn. If U(0,1) < p.,
wherep, is a pre-specifiegprobability value,thenthe pair undegoesthe
cross@eraccordingo thefollowing steps.(i) Two differentpositive inte-
gersa andb, say arechoseratrandomin therangefrom 1 throughk, and
leta < b. (ii) Thelabelswhich, in thetwo permutationsstayin places
a,a+ 1,...,bareexchangedrom a permutationnto the otherone. (iii )
Suchexchangeis to definea mapwhich turnsusefulto solve problems
thatmay possiblyariseasfar asthevalidity of theresultingpermutations
is concerned.

[3] Mutation. Eachlabel of eachpermutationis taken into accountin
turn. Let z; be the label of the permutationunder consideration. If
U(0,1) < pm, Wherep,, is a pre-specifiednutationprobability, thenan
integer, £ say differentfrom j is selectecatrandomin theinterval (1, &),
andthelabels:; and:, areexchanged.

Theelitist strategyy is adoptedj.e. the bestpermutationaccordingto
the objectve function value, is always maintainednto the currentpop-
ulation, possiblyby discardingthe poorestone, so asto keepsize un-
changedThis caseapart,attheendof eachiterationthe new population,
generatedy applyingthe threestepsillustratedabove, entirely replaces
the pastone, andis assumedas the currentpopulation. The bestper
mutationfound into the populationat the N-th iterationis taken asfinal
solution.

In additionto the threealgorithmsdescribedabove, a pure random
searchprocedurewasimplementedor comparison.For a pre-specified
numberof iterations apermutations generateétrandomandtheobjec-
tivefunctionvalueis checledif it exceedghebestfoundto date.If so,the
bestvalueis updated andthe new permutationis recorded.Obviously,
sucha procedurds expectedto yield resultsworsethanthatprovided by
the other stochasticsearchalgorithms,astheselatter are believed to be



ableto searchthe solutionspacemuchmoreefficiently.

Moreover, for eachof the threemetaheuristicsa linear codeversion
hasbeendeveloped.Accordingto this type of encodingdevice, time se-
riesarearbitrarily numberedsothateachintegernumberin thesequence
from 1 throughk correspondsiniquelyto atime series.Then,the group
membershiprectoris built up, whereeachentryis the label, preferably
anintegernumberfrom 1 throughg, of the clusterto which the time se-
riesbelongs(see e.g.theaforementionegapersdy Al-SultanandJones
andBeltramo).This codingrequiregshenumberof clustersg be supplied,
andtheobjectivefunction(4) hadbetterbeemployed. In particular asthe
geneticalgorithmassume®nly positive objectie function, the negative
exponentialof (4) is computedn this case.

Thelinearcodeversionsof the algorithmsdevelopin a mannersimi-
lar to thatillustratedin caseof the permutatiorcode,and,for talu search,
theimplementatiorcloselyfollows the original Al-Sultan’s schemeThe
only differencethatdeseresa specialmentionis concernedvith the ge-
netic algorithm. It residesin that the single-pointcrosseer was used
insteadof the partially matchedone,asthis latterappliesonly to the per
mutationcode.

Finally, the groupinggeneticalgorithm(Falkenauer1998)wastried,
becausds formulationoffersa promisingalternatve wayto handleprop-
erly the partitioningtime seriesproblemasstatedoefore. A peculiarim-
plementatiorof the original Falkenauers algorithmwasonly neededor
the cross@er operator The samebin packingcross@er wasemployed,
but there-assignmergroceduravasassumedhestep[3] of thedecoding
algorithmdisplayedn the precedingsection.

3. A simulation experiment

Ten setsof time seriesweregeneratedrom eitherunivariatemodels
of thetype
2 = Tt—y + Yt—v T €4, (6)

or vectorARMA modelsof ordersp = 1 andq = 1. For eachtime se-
ries 300 obsenationswere generated.The first 50 werediscardedas|



assumedhattheinitial values,all setto zero,hadafterwardsnegligible

impactonthedata.Then,discardinghelast50 obsenationsallowedary

shiftu andv, eitherpositive or negative,to apply. Thisway, all time series
resultedo haven = 200 obsenations.ThealgorithmAS183(Wichmann
andHill, 1982)wasusedo provide theuniformrandomnumbersn (0,1).

The normal standardunit randomnumberswere provided by the algo-
rithm AS241 (Wichura,1988). The Cholesly factorizationmethodwas
usedto yield the vector white noisewith assignedvariance-ceariance
matrix X.

For eachset,the experimentwasreplicatedl00times. The setswere
partitionedby several proceduresthat have beenillustratedin the pre-
cedingsection,and, for further comparisonpy usingthe singlelinkage
method(GowerandRoss,1969)andthe neuralnetwork approach{Adorf
andMurtagh,1988).

Eachrun of eachalgorithmwas programmedn sucha way thatits
stopoccurredonly whenall iterationsup to the maximumallowablepre-
specifiedhumberwerecomplete.

Theresultswere evaluatedby meansof someindicators,for eachof
whichtheaverageover 100replicationsvascomputed] assumeessuch
indicatorsthe estimatednumberof clustersg, the numberof iterations
really neededo obtainthe final result, N say the correctedRandindex
(Hubertand Arabie, 1985), R say as an external criterion to evaluate
the adherencef the estimatedpartitionto the true one,andthe Pearson
correlation? betweerthe final objective functionvalueand R, which is
concernedvith thevalidity of the objective functionasinternalcriterion.

The setsof artificial time serieswereconstructedoasto offer awide
rangeof sourcef cross-correlatiommongsthe seriesbelongingto the
sameset.

Thefirst set,set1, included60 time seriesforming 6 clustersof 10
serieseach. Time seriesweregeneratedccordingto (6), whereboth z;
andy; werelow order ARMA univariatemodels. The white noisewas
assumedero-mearstandardunit normal, whilst the seriese; waszero-
meanmormalwhite noisewith variance2. For eachcluster aspecification
of (6) wasemployed,asdisplayedin Tablel. Eachof the 10 time series
belongingto the sameclusterwereshiftedby assignings andv random
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valuesfrom the integer triangulardistribution centeredon pre-specified
valuesi and@ respectiely, andrange(a + 2) and(7 + 2).

Table 1. Univariatetime seriesmodelsfor clustergeneation

Tt coef.s Yt coef.s 2 coef.s
AR(D) [ ¢=—-5 | ARQD) | ¢=.7 | ARMARR,2) | ¢ =.2
¢2 =.35
6, =.1
0, = .143
AR(Q) | é=.5 | ARQ) | ¢=—7| ARMAQ2,2) | ¢, = —.2
¢y = .35
0, =-.1
0y = .143
MA(2) | 6,=.7 | MAQ1) | §=—-.5| ARMA(0,2) | 6, =.1
Oy = —.7 6, =—.14
MA(2) |6, =—-7 | MA1) | §=.5 | ARMA(0,2) | 6, =—.1
02:—.7 02: —14
AR(1) | ¢ =—-.7 | MAQQ) | 0 =—-.7 | ARMA(1,2) | ¢ = —.
0, =—.6
0y = —.09
AR | ¢=.7 |[MAQ) | 6=.7 [ARMA(L,2)| ¢=.
6, = .6
6, = —.09

The AR parameterare denotedby ¢ , andby 8 the MA ones. The standardnormal
white noisewasusedto generatéoth z; andy,, whilst the summodelz; includesthe
white noisee; with meanequalto zeroandvarianceequalto 2.

The10pairs(u, ) weregiventhevalues(0, 0), (10, 0), (0, 10), (5, 5),
(5,0), (0,5), (=5,5), (—=5,—5), (—10,0), and(0, —10). Thecomponent
time serieswerechosenn (6) soasthe onehadlarge spectraldensityat
low frequenciesandthe otherat the high ones. So, the spectraldensity
of the sumtime seriesz; hadtwo local maxima,at 0 andx. As acon-
sequencethe differenttime shifts, « for x;, andv for y;, determinedhe
time seriesz; beshiftedin differentfrequeng bands.For modelsin rows
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1, 3, and5, thetime serieswith large spectraldensityat high frequencies
is listedfirst, andnext thatwith large spectraldensityatlow frequencies.
Theopposites trueasfarasmodelsin rows 2, 4, and6 areconcerned.

The two following setsof time seriesallow for comparisorbetween
the caseof clustersall of equalsize, and that where a single cluster
containsabout60% time serieswhile the remainingonesdivide equally
amongsthe others(seeMilligan, 1985). Thefirst of thesetwo sets,that
wasdenotedla/e,contain60time seriesand6 clusterseachwith 10time
series.Clustersweregeneratedrom the 6 modelsdisplayedin Table1.
Then,in eachcluster half of the seriesbelongingto it wereshiftedwith
shiftscenteredatuz = 0 andv = 0, whilst theremainingoneswereshifted
with &« = —5 andv = 5. Theotherset,thatwasdenotedlLa/u,differsonly
in thatthefirst cluster generatedy the first modelin Table1, includes
40time serieswhilst theother5 clustersincludeonly 4 serieseach.

Thefourthandfifth setsof time seriesverestructuredaswell to allow
comparisorbetweenclustersof equaland unequalsize. The first one,
thatwasdenoted?a/e,contains9 clusters generatecgsfollows. Models
z; andy; in lines 1, 2 and3 of Table1 wereconsideredand,from each
pair, 21 sumseriesweregeneratedOf these,7 wereshiftedwith @ = 0
andv = 0, 7withz = —5 andv = 5, and7 with ¢ = 5 andv = —5.
A vectorwhite noisee; with meanzeroandvariance-cgariancematrix
3 wasaddedto the 7 time seriesin eachcluster The matrix 3 hadall
variancesequalto 2 on its diagonal,whilst the covariancebetweenary
pair of componennoiseserieswastakenequalto 1.

This choiceensureghatX is positive definiteandits determinantar
away from zero,sothatbadestimatesrevery unlikely to occur In fact,
¥ is a specialcaseof a circulantmatrix (see,e.g.,Ltkepohl, 1996, p.
113).1ts eigervaluesi, Aq, . . . Ay areeasilycomputedas

M=a+ (K —1b  N=a—bi=2,...k, @)

wherel let a denotethe commonvalueof the diagonalentries b the off-
diagonalones,andk’ the matrix dimension.

The set 2b/u had the samestructurethan 2a/e, but its first cluster
basednthefirst modelin Tablel, included31 time seriesandthe other
8 clustersincluded4 serieseach. The vectorwhite noiseswere dimen-
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sionedaccordingly In this casetoo, thevariance-cwariancematriceshad
commondiagonalentryequalto 2, andall off-diagonalelementsqualto
1.

The next time seriesset, that | called set2b/e, was given a cluster
structurevery similar to set2a/e,but a greatemumberof smallerclusters
wasassumedThenumberof clustersvas12, eachwith 5 time seriesso
thatthe whole setcontained60 time series. The first 4 modelsin Table
1 wereused,andthe same3 pairsof shiftsasbefore. Eachcombination
betweena modelanda coupleof shifts yieldedthe basicstructureof a
univariatetime seriesthatwasreplicated times. A vectorwhite noisee;
with variance-cgariancamatrix ¥ wasaddedo thetime seriesdbelonging
to thesamecluster

The serenthsetof time seriesthatwasdenotedset3, wasformedby
allowing the clustersto includeseriesgeneratedby differentmodels.For
eachcluster 6 time seriesweregeneratedpnefor eachof the 6 models
in Table 1, andthe vectorwhite noisee; with variance-ceariancema-
trix 3 wasaddedasbefore. Then,eachclusterwasreplicated9 times,
soyielding a setof 54 time series. Shifts were not appliedhere,asthe
sourceof variability within eachclusterwastakeninsteadthe difference
amongsthemodels.For comparisorpurposeasimilar setwasgenerated
by addinguncorrelatedvhite noise.Thislatterset3awasconsideredsa
randomset. Thealgorithmswereexpectedo producea partitionanyway,
but in the presencef objectve function valuesworsethanthatobtained
for setscharacterizetby a genuineclusterstructure.

Thelasttwo setsof time seriesweregeneratedy somevector
ARMA(1,1) models,onefor eachcluster Let &’ be the dimensionof the
model

(I-®B)z, = (I - OB)ey, (8)

wheree; is avectorwhite noisewith variance-cgariancematrix .
Thefirst set,that| calledset4a/e,had12 clusterswith 6 time series
each. So, the set4a/econtained72 time series. The diagonalelements
of the matrix 3 weresetequalto 2, andto 1 the off-diagonalones.The
matrices® and® weregiventhesamespecialcirculantstructure sothat
thestationarityandinvertibility conditionscouldbeeasilychecledby us-
ing (7). For model(8) to be stationaryit suficesthatall eigervaluesof
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® beinsidetheunit circle,andsothoseof © for invertibility. The matrix

parametersn model(8) aredisplayedin the left handsideof Table2 as
far asset4al/eis concerned.The cross-correlatiorbetweenary pair of

time seriesthatbelongto the sameclusterwasyieldedby the covariance
structureof the white noisee; for 5 out of 12 clusters,wherethe off-

diagonalkelementof both® and® werezero. Thetime serieswithin the
remainingclusterswerecorrelateddueto boththewhite noisecovariance
structureandthe off-diagonalmodelparameters.

Table 2. Vector ARMAtime seriesmodelsior clustergeneation

set | 4ale 4ble
AR MA AR MA
model ¢d ¢o ed 00 ¢d ¢o ed 00

1 0.00 0.00 0.00 0.00}| -0.20 0.02 0.10 -0.02
2 0.70 0.00 -0.50 0.00}| 0.10 -0.02 -0.10 0.02
3 0.50 0.00 -0.70 0.00}|| 0.70 -0.01 -0.50 0.01
4 -0.70 0.00 0.50 -0.00|| 0.50 -0.01 -0.70 o0.01
5 -0.50 0.00 0.70 -0.00|| -0.70 0.01 0.50 -0.01
6 0.70 -0.10 -0.70 0.10|| -0.50 0.01 0.70 -0.01
7 -0.70 0.10 0.70 -0.10{] 0.70 -0.10 -0.70 0.10
8 -0.50 0.10 0.50 -0.10}|| -0.70 0.10 0.70 -0.10
9 0.50 -0.10 -0.70 0.10| 0.50 -0.10 -0.70 0.10
10 0.70 -0.10 -0.50 0.10|| 0.70 -0.10 -0.50 0.10
11 |-0.50 0.10 0.70 -0.10{ -0.50 0.10 0.70 -0.10
12 |-0.70 0.10 0.50 -0.10{ -0.70 0.10 0.50 -0.10

The AR parameterin thematrix ® aredenoteds, if onthediagonalande, otherwise.
TheMA parameteri thematrix ® aredenoted;, if onthediagonalandd, otherwise.

Thelastset,thatl called4b/e,had72time seriesand12 clusterswith
6 serieseach.Thetime seriesn eachclusterweregeneratedby assigning
model(8) thematrix parameterasdisplayedn theright handsideof Ta-
ble 2. Unliketheset4a/e thevariance-coariancematrix ¥ wasassumed
diagonal,with entriesequalto 2. So,the cross-correlatiotetweenary
pair of time seriesthat belongto the sameclusteris entirely dueto the
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relationshipsdefinedby the model (8), that the univariatemodelsused
for prawhiteningcannotaccountfor. The off-diagonalelementsn Table
2,in this case arealwaysdifferentfrom zero.

4. Experimental results

All 10time seriessetswereprocessetby thealgorithmsillustratedin
section2, and computatiorwasreplicated100 times. Many parameters
were neededto be specified,concernedwith the prewhitening and the
assessmerdf the dissimilarity matrix. On the other hand, quite a few
parametersvereneededaswell for eachof thealgorithmscould provide
solutionsto the partitioningproblem.

For prewhitening,anAR modelof high orderh wasestimatedor each
time series Accordingto thetheoreticalAR parametevalues s = 5 was
selectedn all cases.Thedissimilarity (or similarity) matrix for eachset
of time serieswas computedfrom the cross-correlatiomatrix function
of the estimatedAR(h) modelsresidualseries.The maximumlag m for
cross-correlatiomomputatiorwas choseraccordingto the valuesof the
shiftsthatwereappliedto thetime seriesin eachset. Figureswerem =
12 for setl, m = 7 for the setsla/e,1a/u,andfor all setsof thetype 2,
andm = 4 for theremainingones.Thesignificancdevel waschosernx =
0.05, and,asaconsequencéehethresholdvaluefor thecross-correlations
turnedequalto 0.1386.

The choiceof the algorithm parametersvas madeby following the
suggestionfoundin theaforementionegapersFor simulatecannealing,
theinitial temperaturdy was 10, the reductionfactorwassetp = 0.9,
the numbern, of temperaturegeductionswas 10, and the iterationsfor
eachgiventemperaturaveresetto N = 500. As far asthetalu search
algorithmis concernedthe choicewasmtls = 20 for the maximumsize
of thetalu list, P = 0.95 for thethresholdprobability, nts = 20 for the
numberof trial solutions,andthe numberof iterationswas setto 250.
The parametetiitmaz, i.e. the maximumnumberof allowabletrials for
choosinghecurrentpartitionin ary giveniteration,wassetto 20, though
in the simulationexperimentthe besttrial solutionseldomhappenedo
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berejected.For the geneticalgorithm,the numberof candidatesolutions
consideredn eachiterationwas size = 50, the cross@er probability
p. = 0.6, the mutationprobability p,, = 0.001, andthe numberof it-
erationswas 100. The choiceof the numberof iterationsfor the three
algorithmswassuchthat, for eachreplication,approximatelys,000calls
to the objective functionevaluationroutinewereperformedn all cases.

Theresultsfor setsl, 1a/e,andla/uarereportedn Table3. Thenum-
berof clustergurnsoutslightly overestimatedor setl, andthecorrected
Randindex is smallerfor this setthanfor the othertwo. As a matterof
fact,the setl is expectedio exhibit moredifficultiesbecauseachseries
in the sameclusterwasgiven markedly differentpairsof shifts. On the
contrary only two kindsof shiftswereappliedto thetime seriesn thesets
la/eandla/u,andtherecoveringof theclusterstructureis almostperfect,
with respecbothto the numberof clustersandthe correctedRandindex.

Accordingto thestochastimatureof thealgorithms agreatvariability
is displayedasfarasthenumberof iterationdgs concernedin spiteof this,
the standarddeviation of the other estimatedndicatorsare very small,
andtheresultsturn very similar over the replications.Thefinal objectve
functionvaluesdependnthenumberof cross-correlatioabsolutevalues
greaterthan the thresholdc(«), and on the presenceof a clusterwith
large size. The cross-correlatiomatrix function may differ considerably
from areplicationto anotheysothatthe correlationbetweerthe external
criterionandtheinternalonemayturnrathersmall. However, whatreally
mattersis the sign of the relationship which turnsout correctlypositive
asexpected.

As far asthe comparisorbetweerthe performanceof the algorithms
in caseof clustersof equalandunequalkizeis concernedtheresultsdis-
playedin Table3 shav thatthe presencef alarge clusterdoesnot affect
the proceduresubstantiallybeingonly thefiguresof the correctedrand
index slightly worsein the latter case.The objectve functionvaluesare
much greaterthan that from the equalsize case,but only becauseif a
clusteris large,muchmoresimilarity termsaresummed.
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Table 3. Partitioning resultsfor thetime seriessetsof thetypel

=~

=

1 ﬁ R f+ T N Ncall

sa | 6.7(53)| .62(.10) | 41.12(2.46) | 0.47| 3,050 | 3,050
(1379)

ts. | 6.1(.31)| .87(.13) | 46.13(1.74) | 0.29| 144 | 2,880
(69)

ga | 6.5(56)| .71(.12) | 43.30(2.52) | 0.45| 81 | 4,050
(20)

la/e g R f+ 7 N Nean

sa | 6.1(31)] .99(.02) | 44.95(1.53) | 0.44| 2,812 | 2,812
(1371)

ts. | 6.1(.27)| .997(.01)| 45.30(1.45) | 0.35| 52 | 1,040
(50)

ga |6.1(.27)| .99(.03) | 44.90(1.66) | 0.19| 41 | 2,050
(26)

la/u g R f+ 7 N Neant

s.a | 59(49)| .98(.03) | 130.2(9.0) | 0.53| 2,089 | 2,089
(1467)

ts. | 5.9(44)| .98(.02) | 130.7(8.96) | 0.39| 98 | 1,960
(68)

g.a | 6.0(.47)| .98(.02) | 131.259.25)| 0.35| 52 | 2,600
(30)

Thealgorithmsareall basedon the permutationcode,s.a. standgor simulatedanneal-

ing, t.s. for taku searchandg.a.for geneticalgorithm. Theaverageestimatechumberof
clustersover 100replicationss g, the correctedRandindex R, thefinal objective func-

tion f+, and N the iterationsactually neededo obtainthe final result. The standard
deviation of the estimatess enclosedn parenthesesThe Pearsorcorrelationbetween

R andf+ is#, andNean theaveragecallsto f+.

Comparisoramongstthe methodsfavors the talu searchalgorithm,

no matterwhatindicatoris takeninto account.
In Table4 thesetsof thetype 2 areconsideredin this casethecross-

correlationgurn outto be smallerthanfor thetime seriesof the previous
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sets. Evidenceof this circumstancas given by the fact that the objec-
tive function values,which are directly relatedto the cross-correlation
absolutevalues,are muchsmallerthanthatreportedin Table3. So,the
recovery of thetrue clusterstructures ratherdifficult, becausenostesti-
matedcross-correlationareonly slightly above the pre-specifiedhresh-
old ¢().

Table4. Partitioning resultsfor thetime seriessetsof thetype2

2ale g R f+ 7 N Nean

s.a | 11.3(.66)| .28(.08)| 8.7(49) | 0.48| 2,337 | 2,337
(1,362)

t.s. | 10.5(.73) | .42(.13)| 9.99(.78) | 0.61| 184 | 3,680
(56)

g.a.|11.2(.74)| .31(.09) | 8.93(.66) | 0.54| 71 3,550
(25)

2alu g R f+ 7 N Nean

s.a | 9.6(84) | 49(.12)| 20.0(5.13)| 0.95| 2,766 | 2,766
(1,336)

ts. | 8.9(.78) | .52(.13)| 21.4(5.8) | 0.95| 165 | 3,300
(58)

g.a.| 9.5(.81) | .50(.11) | 20.0(5.18)| 0.95| 73 3,650
(21)

2ble g R f+ 7 N Nean

sa | 11.2(58)| .15(.06)| 7.2(31) |0.13] 2,953 | 2,953
(1,415)

ts. | 10.3(.72) | .22(.07)| 8.0(41) | 0.19| 176 | 3,520
(60)

ga | 11.3(63)| .17(.05)| 7.3(40) |0.25| 72 | 3,600
(24)

Moreover, confusionmay ariseas someestimateccross-correlations
may turn by chancegreaterthanthe threshold whilst otherscorrespond
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to time seriesthatactuallybelongto the samecluster This circumstance
reflectsthroughthe pooraccordancéetweerthe estimatedgartitionand
the true one. Nonethelessthoughthe numberof clusterslooks overes-
timatedin caseof the set2a/e,and, on the contrary underestimateteh
caseof the set2b/e,the overall resultsmay be consideredathersatisfy-
ing. The clusterstructureappeatto be correctlyrecoreredfor mosttime
series.For set2a/e theestimatedctross-correlationarepossiblytoo low,
sothataggregationcannottake placebecausehe conditionthatdefinesa
group,basedon (1), is notfulfilled. In the set2b/e,the estimateccross-
correlationsappeamot solow, but mostvaluesarecloseto thethreshold
c(a). As aconsequencenoretime seriesthanexpectedareputtogether
in the samecluster

As for thetype 1 time seriesjn this casetoo the standardieviation of
thenumberof iterationsactuallyneededo obtainthefinal resultis large,
but all remainingindicatorsexhibit very smallvariability over the repli-
cations.As far asthe comparisorbetweerclustersof equalandunequal
sizeis concernedtheselatter are even betterrecoveredthanthe former
ones. This may happenbecauséhe indicatorsareinfluencedby quite a
few correctassignment®f time seriesto the first cluster which is the
largestone. As notedfor thetype 1 seriesthe objective functionvalues
for theset2a/uaregreaterthanthosefor the set2a/e,dueto the peculiar
formulationof the objective function.

Accordingto all indicators theoverallperformancef thetalu search
algorithmencompasseat of both the simulatedannealingandgenetic
algorithm. Unlike the type 1 series,however, for the time seriesof the
type 2 moreiterationsareneededor taku searcho obtainthefinal result.

The resultsconcernedwvith the set3 of time seriesare displayedin
Table5. No shiftsareappliedin this case andthe variability within the
sameclusteris dueto thedifferentmodelsfrom which thetime seriesare
generated.
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Table5. Partitioning resultsfor thetime seriesset3

= =

3 g R f+ 7 N Ncall

s.a.| 13.3(.80) | .49(.10) | 3.75(.39) | 0.65| 2,600 | 2,600
(1,329)

t.s. | 12.4(.79) | .62(.13) | 4.27(.52) | 0.73| 172 | 3,440
(56)

g.a.| 12.5(.94) | .54(.12) | 4.00(.53)| 0.82| 76 | 3,800
(20)

This kind of perturbationseemsto produceless severe difficulties
to the clusteringprocedures.lIt looks that cross-correlationabove the
thresholdbetweenpair of time seriesbelongingto differentclustersare
very unlikely to occur Neverthelessthe estimatedtross-correlationbe-
tweenpairs of time seriesbelongingto the sameclustershappenoften
to be very low. As a consequencenary clustersappearsplit in two.
This circumstancenay explain the overestimatiorof thenumberof clus-
ters,betweenl3 and15 onthe average,nsteadof 9. Ontheotherhand,
theclustersrecoveredby the algorithmslook smallandapproximatelyof
equalsize,sothatthe objectve function valuesare smalltoo. However,
thefiguresof thefinal objective function valuesareapproximatelytwice
thosecomputedfor the randomset3a. This ensuredhat the estimated
partitionreflectsthe genuineclusterstructure.

In Table6 resultsconcernedvith thetime seriesof thetype4 aredis-
played. The samelarge variability of the numberof iterationsneededo
obtainthefinal solutionis obseredasbefore,whilst the otherindicators
shov small standarddeviation. The clusteringprocedureyield different
performances$or thetwo sets4a/eand4b/e. Whilst the clusterstructure
of theformersetlookseasilyrecovered thatof thelattersetsuffersof the
samedravbackthanset3. It happengften,in caseof the set4b/e,that
a pair of time seriesthatbelongto the samecluster yet have low cross-
correlationabsolutevalues.As a consequencéhe numberof clustersis
overestimatedNonethelesgnosttime seriesarecorrectlyjoined,though
into clusterssmallerthan expected. For this reason the final objectve
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function valuescomputedfor set4b/e are smallerthanthosecomputed
for theset4a/e.

Table 6. Partitioning resultsfor thetime seriessetsof thetype4

4ale g R f+ 7 N Ncau

s.a | 13.3(81)] .77(.06)| 31.4(2.17)| 0.74| 2,887 | 2,887
(1,370)

ts. | 12.0(.31) | .98(.03)| 38.2(1.22)| 0.35| 136 | 2,720
(59)

ga | 12.7(72) | .87(07)| 34.6(2.21)| 0.80| 80 | 4,000
(17)

4ble ﬁ R f+ 7 N Nean

s.a. | 18.0(.99)| .36(.05)| 5.8(47) | 0.53| 2,778 | 2,778
(1,491)

ts. | 16.6(.88) | .52(.05)| 7.3(52) | 0.37| 193 | 3,860
(46)

g.a. | 17.4(.99) | .44(.06) | 6.6(.65) | 0.66 85 4,250
(14)

It hasto benotedthattheincorrectrecover of thetruenumberof clus-
tersin set4b/edoesnot seemo dependon someinadequay of thealgo-
rithms. In fact, thetalu searchalgorithm,for instancegvenif allowedto
run1,000iterations,andnts = 50, still provides16.3asthe averageesti-
matednumberof clusterswhile the correctedrandindex only increases
from .52t0 .54. The geneticalgorithmtoo exhibits a similar behaior. If
the maximumallowablenumberof iterationsis setto 1,000,thenthe av-
erageestimatechumberof groupsover 100replicationsdecreasesnly to
16.53,while the averagecorrectedRandindex increasego 0.52. More-
over, thesinglelinkagemethod within 1,720iterations,s ableto provide
asolutionwith 12 clusters.Neverthelessthe correctedRandindex turns
equalto 0.20,afigurelessthanthat obtainedfrom the samesinglelink-
agemethodin 1,000iterations. This seemsto indicate that too mary
estimatedtross-correlationdo notfulfill (1), andtheexpectedhumberof

21



clustersmay be obtainedonly by overruling suchinequality The group
membershiphowever, maybe expectedo turn oftenincorrect.

Eachone of the artificial setsof time serieswas processeds well
by the pure stochasticsearchclusteringalgorithm, asillustratedin sec-
tion 2. Resultswerefound not better thoughvery closeindeedin some
casesthanthatobtainedby the onewhich, amongsthe metaheuristial-
gorithms yieldedthepooresperformanceThisseemdo indicatethatthe
permutatiorcode,andthe decodingprocedureturnedusefulto drive the
stochastigproceduretowardsthe correctsolution. Significantimprove-
mentwas further gainedby applying the searchingdevices peculiarto
eachof thethreealgorithmsbasedn metaheuristienethods.

Thelinear codeversionsof the simulatedannealingtalu searchand
geneticalgorithmwerenotableto provide resultscomparablevith those
displayedn thetables3-6. Their objectve functionevaluationroutineis
fasterthanpermutationcode. Nonethelessincreasingthe numberof it-
erations gvenbeyondthe executiontime neededo the permutationcode
methodsto perform5,000calls to the objectve function evaluationrou-
tine, did notseento produceary substantiabdwantage For instancethe
linear codetalu searchalgorithm,if allowed to take 50,000calls to the
objectve function evaluationroutine,produced).72 asbestaveragecor-
rectedRandindex for setla/e,whilst the correspondindigure provided
by the permutationcodetalu searchalgorithmwas 0.997. Moreover,
runningthe 100 replicationsof suchexperimentwith thelinearcodeand
50,000callstook 7 minutesand20 secondswhilst runningthe samel00
replicationswith thepermutatiorcodeand5,000callstook 3 minutesand
59 seconds.Suchelapsedime figuresreferto a CPU speed600 MHz,
andtotal physicalmemory256 MB. Comparisonbetweerinearandper
mutationcodealgorithmsyieldedsimilar resultsfor the othertime series
setsaswell.

Let me now considerthe single linkage methodandthe neuralnet-
work approach.In both casesfor the time seriessets1, la/e,1a/u,and
4ale, where the clustersare well separatedperformancesvere found
comparableand even slightly betterthanthat obtainedfrom the meta-
heuristicmethodsand permutationcode. In othercasesthe neuralnet-
work approaclcouldtake advantageof thefactthatit wassuppliedwith
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thetrue numberof clusters.This circumstancevasparticularlyapparent
in the presencef a large numberof clusters,asfor the set2b/e. Other
wise,the performancesf thesetwo proceduresverenotasgoodasthose
provided by the metaheuristienethods.

Finally, the groupinggeneticalgorithmperformedasgoodasthelin-
earcodeversionsof the simulatedannealingtalu searchandgenetical-
gorithm methods. Moreover, with respectto the latter one, it yielded
betterresults,no matterwhattime seriessetwasconsideredWhencom-
paredto the metaheuristienethodshowever, evenincreasinghenumber
of iterations,upto 10,000for instanceyetthe estimatedndicatorfigures
turnednot so closeto the true ones. The clusteringproblem,indeed,is
possiblystatedin sucha way that, asobsened already the permutation
codeandthe decodingproceduregplay animportantrole asfar asthe cor-
rectclusterrecoveryis concerned.

5. Concluding remarks

| consideredhe problemof finding the bestpartition of a setof time
seriesaccordingo thecross-correlationsstimatedrom the prewhitened
series. The dissimilarity matrix entrieswere computedto include the
cross-correlationsip to a pre-specifiedag. The k-min clustercriterion
was a naturalchoice, as suchindexes were found not to meetthe re-
quirementsof the Euclideandistance. Furthermorethe clusterswere
constrainedo include only time seriessuchthat their pairwise cross-
correlationabsolutevaluesexceededa given threshold. This latter was
takento dependnthe selectionof a significancdevel.

As solutionswereexpectedo form alargediscretespace] introduced
threealgorithmsbasedon metaheuristianethodsand permutationcode
with a specialdecodingprocedure.A simulationexperimenton ten sets
of artificial time seriegprovedthatthe metaheuristialgorithmswereable
to yield thebestresults,comparedo alternatve methodssuchasthepure
randomsearchthe singlelinkagemethod,the neuralnetwork approach,
thelinearcodeversionsof the samemetaheuristicsandthe groupingge-
neticalgorithm. The seriesveregeneratedrom low orderunivariateand
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vectorARMA models.Their parametersverechosersoasto resultwell
insidethestationarityandinvertibility regions,to avoid, asfaraspossible,
theoccurrencef estimatesvhich fell by chanceoutsidesuchlimits.

Amongstthe metaheuristianethods,i.e. simulatedannealing,talu
searchandthe geneticalgorithm, the talbu searchprocedurewasfound
to performbetter accordingto the estimatechumberof clustersthe cor-
rectedRandindex, andthefinal valueof the objective function.

In somecasesa marked differencebetweenthe true and the esti-
matednumberof clusterswasfound. As a matterof fact, this seemed
strictly dependon the constraintthat serieshad to be correlatedmore
thana giventhresholdto be allowedto belongto the samecluster If the
cross-correlatiorstructurewere weak, thenthe algorithmscould not be
expectedto indicatethe correctnumberof clusters. Any of the proce-
dureswould pointinsteadat a numbergreaterthanthatusedfor generat-
ing the time seriessets. This circumstanceloesnot appeara too severe
drawvback,however, asthis kind of errormay be amendedif neededbpy
deeperexaminingtheestimatedtlustersandmeging someof them,pos-
sibly overruling the thresholdcondition. On the otherhand,thereis not
a closeconnectiorbetweenrnthe way by which the time seriesaregener
atedandthecross-correlatioabsoluteralues.Oncethesignificancdevel
hasbeenselectedthenthe partitiontakesplaceat thatlevel, irrespectve
whetherthe simulationprocedureébe actuallyin accordancevith it.
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