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Summary: This paper concerns likelihood inference for the skew ¢-distribution, which
includes both the skew normal and the normal distributions as important special cases
that occur when the degrees of freedom is infinite. Inference based on the skew ¢-model
becomes problematic in these special cases for two reasons: the expected information
matrix is singular; and the parameter corresponding to the degrees of freedom takes a
value occurring at the boundary of its parameter space. For each of the special cases,
a reparameterization is introduced that copes with these difficulties, thereby producing
consistent estimators with known asymptotic properties. Inference for multiple linear
regression models based on the skew ¢-distribution is also considered.
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1. Introduction

The univariate skew ¢-distribution, with location parameter &, scale parameter w,
skewness parameter o, and degrees of freedom v, has density function

f(y;{,w,a,l/) = 2w 't (z; )T (ezT;v +1), —00 <y < 00, (1.1)
where z = (y — &) /wand 7 ={(v + 1) /(2% + v) }1/2. In formula (1.1)

~ T{v+1)/2}

. ~ W raes 2 —(v+1)/2 B
t(z;v) = (7o) 2T (0 2) (1+2%/v) ) 00 < z < 00,
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and T'(z;v) = [~ __ t(u;v) du are the density and cumulative distribution functions, re-
spectively, of Student’s ¢-distribution with v degrees of freedom. The skew ¢-distribution
is denoted by St(§,w, o, v). The skew ¢-distribution was introduced by Branco and Dey
(2001) and Azzalini and Capitanio (2003). As the skewness parameter « and the degrees
of freedom v vary, this model can accommodate both skewness and heavy tails. Thus, it
provides considerable flexibility for fitting data that exhibit deviations from normality.
Special cases of the skew ¢-distribution are the location-scale Student’s ¢-distribution,
obtained when oo = 0, and the skew normal (SN) distribution, obtained as v — oc. The
SN (&, w, «) distribution (Azzalini, 1985; Azzalini and Capitanio, 1999) has density

fsn(yi&w,0) = w7 0(2)®(az), z=(y—§)/w, —00 <y < o0,

where ¢(z) and ®(z) are the density and cumulative distribution functions, respectively,
of the standard normal distribution. When both & = 0 and v — oo, the St(§, w, a, V)
distribution tends to the normal with mean £ and standard deviation w.

‘When the distribution is either skew normal or normal, inference based on the skew
t-model becomes problematic for two reasons: the expected information matrix is singu-
lar; and the parameter corresponding to the degrees of freedom takes a value occurring
at the boundary of its parameter space. For each of these special cases, the present pa-
per proposes a reparameterization which copes with these difficulties, thereby producing
consistent estimators with known asymptotic properties.

In the next section, the score function is derived in the general case; furthermore,
the behaviour of the score function and the information matrix is investigated in the
special cases where the distribution is Student’s ¢, skew normal or normal. Problems
arising in likelihood inference are illustrated in Section 3. Sections 4 and 5 provide
the reparameterizations to be adopted when the distribution is skew normal or normal,
respectively. Inference for the multiple linear regression model is considered in Section
6. Technical details are confined to the Appendices.

2. Score function and information matrix

Let S(y) = {Se(y), Sw(¥), Sa(y), Su(y) }/ be the score function of the St model based
on a single observation y; thus, Se(y) = alnf(y; & w,a, 1/) /0€, and so forth. The
components of S(y) are

ZT2 aTV

Se(y) = ——————w, Su(y) =—

w  wv+2?)

1 27 9%
— —_ S =
w+ ” w(y+22)w’ W(y) = zTW,
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where ¢ = azt, w =t(s;v 4+ 1)/T(s;v + 1),

N = /; {(V+ (13(?—23?1 i <1 n Vfl>}t(u;u+ 1 du,

and ¥(z) = 0In {I'(z)}/0z. Since S, (y) is of order O (v2), it vanishes as v — co.

The second derivatives Se¢(y), where See(y) = 02 In f(y; & w,a, V) /0€0E, and so
forth, which are useful for computing the observed information matrix for (§ W, Q, V)
based on a single observation y, are derived in Appendix A.1. Since these second deriva-
tives are bounded and continuous functions for fixed v, their expectations are finite.
Thus, the expected information matrix I, whose components are Iee = —E{See(y)},
and so forth, always exists.

Azzalini and Genton (2008) discussed likelihood inference for the St model. They
showed that the profile likelihood function for the skewness parameter o does not have
an inflection point when v = 0, as it does for the SN model, and that its shape is closer
to quadratic for the St model than it is for other flexible models such as the SN and
the Skew Exponential Power (Azzalini, 1986; DiCiccio and Monti, 2004). They also
investigated the finite-sample performance of maximum likelihood estimators in the St
model.

It is illuminating to consider the score function and the expected information matrix
for the two special cases of the location-scale Student’s ¢-distribution (o« = 0) and the
SN distribution (v — 00). Calculations summarized in Appendix A.2 show that, when
a = 0, the components of the score function become

2 2,2
1
St(y) = % Shy) = ZTT Si(y) = 227t(0;v + 1),

St(y) = ;{\IJ(Z + ;) - \1/<;> ~In (1 + Z;) + i:‘; } (2.2)

Observe that the components for &, w, and v are the same as those for the location-scale
Student’s ¢-model. The non-zero components of the information matrix are shown in
Appendix A.2 to be

v+l oy :<z)”2w gt
€ W2 (v +3) Lo T wl(v/2+2)’ we s w2(v 4 3)’
2 I'(v/2+1)2
I, =- o=t D2 @)
wv+1)(v+3)’ v+ 1DI'(v/2+1/2)2

tea{n (@) G )l s

where Uy (z) = 0W¥(x)/0x. Since If, = If, = I}, = I, = 0, it follows that the

maximum likelihood estimators (5 , ) and ((2), f/) are asymptotically independent. The
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maximum likelihood estimators of the parameters w and v have the same asymptotic
variances in the St model as they have in the location-scale Student’s ¢t-model; estima-
tion of the additional parameter « in the St model only affects the asymptotic properties
of the maximum likelihood estimator of &. Furthermore, Azzalini and Genton (2008)
remarked that, for finite v, the expected information matrix for (5 , W, Q, 1/) in the St
model is invertible when o« = 0, which is in contrast to the case of the SN model, where
the information matrix for (f , W, a) is singular when o = 0.

As v — oo, the St distribution tends to the SN, and the components of the score
function become

z [0
SSN _z_ = SSN _ _ = el
e (y) o Wer S (y) TR

Sa(y) = 2wy, SN (y) =0,

where wy, = ¢(az)/®(az). Since S5 (y) = 0, the information matrix for (¢, w, a, v)
in the St model becomes singular as ¥ — oo. This singularity is understandable, for,
if the parameters &, w, and « are all known in the St model and only v is estimated,
then, under the SV distribution, the parameter v is infinite, and thus the variance of the
estimator is infinite.

The score components S (y), S5V (y), and S5 (y) are the same as the compo-
nents for £, w, and « under the SN model, so the portion of the expected information
matrix relating to these parameters in the St model coincides with the information ma-
trix for (§ , W, a) under the SN model given by Azzalini (1985); thus,

15N = w2 (1 + ?dy), IEN = w™2{b5(1 + 6?) + ady },
SN =0 b/ (1+ 02 —ady},  ISN =w2(2+ ady),

SN —1 SN
Iwa = —Ww Ozdg, Iaa :dz,

where b = (2/m)/2,6 = /(1 + a2)1/2, and d, = E(Z"W}) (r = 0,1,...). More-
over, [N = I5) = I5Y = I3 = 0. The singularity of the expected information
matrix for (f , W, Q, V) in the St model as v — o0, i.e., under the SN distribution, can
be alleviated by a reparameterization discussed in Section 4.

Finally, for the normal distribution, obtained when @ = 0 and ¥ — o0, the compo-
nents of the score function become

z 22 -1 2\ /2
sSw=I sfw="t sfw=s(2) . sw-o

w ™

In addition to the score component for v being 0, as occurs in the case of the SN
distribution, the component for £ is a multiple of the one for o. Thus, the expected
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information matrix is singular with rank 2 and takes the form

1 1/2\Y?
. il 0
w w \ T
o~ 0 = 0 0
1/2
1/2 2
RN
w \ 7T ™
0 0 0 0

Singular information matrices also arise in three related situations: in the location-
scale Student’s t-model, the expected information matrix for (£, w, ) becomes singular
as v — oo; in the SN model, the observed and expected information matrices for
(5 , W, a) become singular as v — 4o0; and in the St model, both the observed and
expected information matrices for (f , W, QU u) become singular as o« — +o00. The sin-
gularity of the information matrices for the SN and St models as &« — %00 is shown in
Appendix A.3.

3. Problems arising in likelihood inference

Let (é W, &, f/) be the maximum likelihood estimator of (§ , W, QL V) based on a sam-
ple of size n from the St(&, w, o, v) distribution.

The singularity of the expected information matrix for (§ W, Q, 1/) as v — oo has
an undesirable consequence on the efficiency of the estimators when the distribution is
normal or close to normal, i.e., when « is in a neighborhood of 0. Table 1 shows the
root mean square errors of the estimators of &, w, a, and K = 1/v, the inverse degrees
of freedom, for several samples sizes in the case of the standard normal distribution.
The table entries were obtained by a simulation of size 10,000, and they demonstrate
that the root mean square errors of é and & fail to decrease at the usual n~'/2 rate. The
mean square errors of the estimators behave similarly when the distribution is SN with
a close to 0. Furthermore, this slow rate of decrease of the mean square errors for the
estimators of ¢ and « can also be observed in the SN model when « is in the vicinity
of 0. In contrast to the behavior of f and &, the root mean square errors in Table 1 for
w and k& do seem to decrease at the regular rate. Thus, it is reasonable to conjecture that
the inefficiency of é and ¢ is attributable mainly to the linear dependence between Se (y)
and S, (y) under the normal distribution.

It should be noted, however, although ¢ and « cannot be estimated reliably, efficient
estimators can be obtained for other functions of the parameter (£, w, cv, ) that depend
on ¢ and «. For example, Table 2 shows the results of a simulation that investigates
the efficiency of the maximum likelihood estimators of the probabilities under the St
model assigned to the intervals with cutoffs —co, —2, —1, 1, 2, oo when the distribution
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Table 1. Root mean square errors of the maximum likelihood estimators of (&, w, a, k)
and (11, 0%, 71, v2) under the N (0, 1) distribution.

n I3 w « K n o Y1 Y2
50 0.8340 0.3463 86336.21 0.0667 0.1426 0.3231 5.7941 12.4095
(74) (116) (227)

100 0.7155  0.2650 1.5367 0.0459 0.0994 0.1422 0.7424  2.8703
C)]
200 0.6200 0.2053 0.9778 0.0328 0.0714 0.1007 0.1915  0.4495
(6]
500 0.5217 0.1484 0.7553 0.0211 0.0436  0.0635 0.1130 0.1874
1,000 0.4557 0.1165 0.6360  0.0157 0.0311 0.0443 0.0772  0.1253
5,000 0.3453  0.0692 0.4586 0.0073  0.0142 0.0202 0.0334  0.0506
10,000 0.3035 0.0542 0.3977 0.0052 0.0099 0.0139 0.0229  0.0352

The number of cases out of 10,000 simulations omitted for producing © smaller than the value
required for the existence of the corresponding parameter is shown in parentheses.

is standard normal. Despite the inefficiency of the estimators f and &, the estimators of
the interval probabilities have biases and standard deviations that appear to decrease at
satisfactory rates.

Since v approaches the boundary of the parameter space as v — oo, the resulting
singularity of the expected information matrix in the St model when the distribution
is normal cannot be avoided by using the reparametrization technique introduced by

Table 2. Biases and standard deviations (in parentheses) of interval probability estima-
tors when the distribution is normal.

Probability n
(interval) 50 100 200 500 1,000 5,000 10,000
0.0228 0.0236 0.0234 0.0231 0.0230 0.0230 0.0229 0.0229

(—00,—2)  (0.0156) (0.0112) (0.0080)  (0.0050)  (0.0035)  (0.0016)  (0.0011)

0.1359 0.1288  0.1307  0.1318  0.1335  0.1342  0.1352  0.1354
(=2,—1)  (0.0358) (0.0235) (0.0162) (0.0100) (0.0071)  (0.0033)  (0.0023)

0.6827 0.6954  0.6919  0.6896  0.6869  0.6856  0.6840  0.6835
(-=1,1)  (0.0526) (0.0361) (0.0254) (0.0159) (0.0112) (0.0051)  (0.0035)

0.1359 0.1286  0.1305  0.1322  0.1335  0.1342  0.1352  0.1354
(1,2) (0.0356)  (0.0234)  (0.0164)  (0.0100)  (0.0071)  (0.0032)  (0.0023)
0.0228 0.0236  0.0235  0.0233  0.0231  0.0230  0.0229  0.0228

(2,00)  (0.0158) (0.0112) (0.0080) (0.0050) (0.0035) (0.0016) (0.0011)
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Figure 1. Histograms of the maximum likelihood estimates é w and & from the St model
when the distribution is N (0, 1) and the sample size is n = 10,000

Rotnitzky et al. (2000) as it can in other flexible models, such as in either the SN model
(Azzalini, 1985; Chiogna, 2005) or the skew exponential power model (Azzalini, 1986;
DiCiccio and Monti, 2004) when the distribution is normal. The dual problems of the
singular information matrix and the boundary case affect the asymptotic distributions
of the estimators, which fail to be normal as v diverges. Figure 1 shows histograms,
based on 10,000 simulations, of the estimators f , W, and & from the St model when the
distribution is standard normal and the sample size is n = 10,000. The distributions
of é and & are both bimodal. Similar shapes have been observed for the distributions
of estimators of £ and « in the SN model when « is close to 0 (Arellano -Valle and
Azzalini, 2008), i.e., when the distribution is close to normal.

When the St model is assumed and the distribution is a location-scale Student’s
t, the parameters take values within the parameter space and the expected information
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matrix is invertible. Consequently, when o = 0 and v < oo, the maximum likelihood
estimators have their usual asymptotic properties.

Sections 4 and 5 provide alternative parameterizations for the St model that improve
the properties of the maximum likelihood estimators. The reparameterizations provide
consistent estimators having known asymptotic properties when the distribution is SN
or normal.

A further inferential problem arising in both the SN and St models is that the pro-
file likelihood of the skewness parameter o can be monotonic, leading to & = oo or
& = —o0, even though « is finite. Remedies for this problem have been proposed by Sar-
tori (2005), Azzalini and Genton (2008), and Greco (2008). Results given in Appendix
A.3 show that, for the St model, both the observed and expected information matrices
evaluated at the maximum likelihood estimate, become singular when & = +oc. In the
SN model, only the expected information matrix behaves similarly; the observed infor-
mation matrix evaluated at the maximum likelihood estimate is not necessarily singular
when & = £o0.

4. Reparameterization by the inverse degrees of freedom

As v — 00, the component S, (y) of the score function vanishes and the expected
information matrix for (5 , W, 1/) becomes singular. Reparameterization can remedy
this difficulty, however, by using the inverse degrees of freedom, x = 1/v, in place of
v. Thus, the parameter now becomes (£, w, «, ), and the SN distribution corresponds
to the boundary case x = 0.

The component of the score function corresponding to & is S, (y) = —rx 25, (y),
ie.,

Sﬁ(y):i\y( 1>fi\11(i+1 +M+iln(1+m?)

262 \2k 2k%2 \2k 2k(1+ k)  2K?
(1+ k)22 az(z? = Dw y (41)
26(1452%)  o(1445) (14 522)"°  2T(CYk+1)7
As k — 0, S, (y) tends to
1
SIN() = {7 = 22" —1-az(22° + 0?2 — Dwy}. (4.2)

which is clearly non-zero, nor is it a linear combination of SZ™(y), S5 (y), and
SN (y). Consequently, the information matrix for the parameterization (£, w, a, k) is
invertible under the SV distribution.

The components involving « of the observed information matrix for (£, w, a, k) in
the St model are given in Appendix B, and their expectations under the SN distribution
are derived. The corresponding components of the expected information matrix when
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x = 0 are shown to be

sy b 08524354 — — O _ _ o dy — (2+a®)d
T 4w (1+a2)2 4w{ 1 ( @ 3}’

2 o? 1
[ ==— - 2+a%di, L= Zoé{dg —(2+ a2)d4}, (4.3)

5N = g + %6042{612 —2(2+a%)d + (4 +40? + a*)do |

Although the reparametrization produces a non-singular information matrix, the SN
distribution corresponds to the value x = 0, which occurs on the boundary of the param-
eter space. The asymptotic properties of the maximum likelihood estimator (é , W, &, /%)
under the SN distribution, summarized in the following proposition, can be deduced
from the results of Self and Liang (1987, Lemma 1 and Case 2).

PROPOSITION 4.1. If k = 0, so that the distribution is SN, then (é,d}, Q, /%) is

—1/2

consistent with rate of convergence of n . The asymptotic distribution of n'/2 (é —

Ew—w,a— «a, /%)/ is the same as the distribution of

2 Zy — (TN /15K Za
Z2 Zy — (I§% /15%) Za

0(Z4>0) + 0(Z4 <0),
Z3 (24> 0) Zy — (IS% /155 ) Za (24 <0)
Z4 0

where (Z1, Zo, Z3, Z4)' ~ N (0, (ISN)_l), the inverse information (ISN)_1 has com-
ponents denoted by g%v and so forth, and ¢(w) is an indicator function which takes the
value 1 when w holds and the value 0 otherwise.

Proposition 4.1 describes the weak convergence properties of the maximum likeli-
hood estimator (f, w, &, /%) The asymptotic distribution of n'/2 (é —&w—w,& — a)
is given by a mixture of correlated normal variables, whereas n'/2% asymptotically
takes value 0 with probability 1/2 and otherwise is distributed as a half normal variable.
Therefore, n'/? (€ — €,& — w, & — a, &) is not asymptotically unbiased, but rather has
asymptotic bias of order O(1) and has variance matrix different than the usual inverse
information matrix.

Another boundary case for the St and SN models occurs when o = oo, in which
case, the results of Appendix A.3 show that the expected information matrix is singular.
By finding a reparameterization that has an invertible information matrix, the results of
Self and Liang (1987) could be applied to obtain the asymptotic distributions of the max-
imum likelihood estimators. The boundary case o« = —oo could be handled similarly.
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5. The centered parameterization

The reparameterization with k = 1/v does not remedy the singularity of the in-
formation matrix that arises from the linear dependence between the score components
for £ and o when the distribution is normal. This problem can be alleviated, however,
by adapting the centered parameterization developed by Azzalini (1985), Azzalini and
Capitanio (1999), Chiogna (2005), and Arellano-Valle and Azzalini (2008) for the SN
model. In the case of the St distribution, the centered parameterization is (ﬂ, 02,71, 'yg)
where 1 is the mean, o2 is the variance, and y; and 7, are the third and fourth standard-
ized cumulants, respectively, which are indices of skewness and kurtosis. The condition
v > 4 is necessary to ensure that cumulants up to the fourth order exist. However,
for both the SN distribution and the normal distribution, which is the case of primary
interest in the present section, this restriction on v is satisfied.

Formulae that express (u,02,71,72) in terms of (&, w, o, k) for the St model can
be obtained from expressions derived by Azzalini and Capitanio (2003), who derived
the first four cumulants of the St model using the parameterization (f , W, @, 1/). Thus,

A A
B 2 _ 2 _ M3k — e
==&+ wbd, 07 =w L, ’Yl*Wa ’Y2*g_3’
2,k o
where
1\'?1{1/(2x) — 1/2} « 1 2 2
bm: i R (5:7, A2m: _bné’
KT F{]_/(Qli)} (1+a2)1/2 ’ 1 -2k
(3—106%) 3
_ B 92 52
A3,r€ bné{ 1— 3:‘<6 1— 92k + blié }7
4b262 3_52 2 <2
)\4.n = 3 — £ ( ) 6bN6 _Sbi64
’ (1 -2kr)(1—4k) 1-3k 1-2k

An expression for the Jacobian O(u,02,71,72)/0(§, w, o, v) given by Azzalini
(2008, personal communication) yields

1 0 0 0
b0 2wAa 0 0
A(p, 02, 71,72) P
D=-27"1 0 / o 22se Oy Oy
(&, w, a, k) wb,.0 2w bz 66 2 0 96 )
1 1 26/\2,,.€ 871 8’72
—whro e ( Iﬁ:) Y ok Ok ok

where & = (14 o) " and q(z) = L{1/z + U(z/2 — 1/2) — U(z/2)}. Ex-
pressions for the derivatives that appear in D are given in Appendix C. If S(y) and
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I are the score function and the expected information matrix of the parameterization
(§,w,a, k), then (1,02, 71,72) has score function D~ S(y), and the information ma-
tix is D~11(D~1)".

The case x = 0, for which the St distribution reduces to the SN, corresponds to the

value )
252
Y2 = 2(m — 3)<7r—2(52> )

which is at the boundary of the parameter space for 2. Hence, results similar to those
presented in Proposition 4.1 can be derived that provide the asymptotic distribution of
n'/?(f— p,6% — 0,41 — 71,92 — 72) under the SN distribution.

Calculations summarized in Appendix C show that, when o« = k = 0, i.e., when the
distribution is normal, the components of the score function for (u, a2, v, 72) become

2 3
z¢ =1 N z° — 3%

1
2052 Y1 (y) = 6 ) S«%(y) = ﬂ(z4_6z2+3)a

Spw)==, Spuy)=
while the information matrix for (,u, o2, v, ’)/2) is
1 1 1 1
IN =di (77 5 99 o 7) )
el w2 6 2
which is non-singular. Since the normal distribution corresponds to y; = v = 0, which

is on the boundary of the parameter space, the results of Self and Liang (1987) yield the
following proposition.

PROPOSITION 5.1. When the distribution is normal, the estimator ({1, 62,41, 42) is
consistent and converges with rate n~ /2. Asymptotically, n'/2 (ji—p, 62— 02,41 —7 )/
has the N (0, diag(w?, 2w?, 6)) distribution, and 45 is distributed as Z§(Z > 0), where

Z ~ N(0,24), independently of /i, 2, and 4.

Proposition 5.1 shows that, under the normal distribution, the asymptotic distribution
of n'/2(fi — p1,62 — 0,41 — 71) is the same as that of n*/?(fi — p, 5% — 02,91 — 1),
where i is the sample mean, 52 is the sample variance, and 7; is the sample index of
skewness. The asymptotic distribution of n'/2(4, — 72) is a mixture of a degenerate
distribution at 0 and a half-normal distribution, where the mixing probabilities are both

equal to 1/2. Note that i, 52, 41, and 4, are asymptotically independent.

6. The regression framework

The St model can be applied in the regression framework by assuming a St distri-
bution for the response variable.

Consider the situation where the regression model is expressed in terms of the loca-
tion parameter &; thus, Y7, ...,Y,, is assumed to be a sample generated by a regression
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model having St errors:
Yi = Bo+ frzir + - + Bpxip + €, € ~ St(0,w, a,v), (6.1)

where x;1, ..., x;, are covariate values and [y, ..., 3, are the regression coefficients.
Equivalently, Y;~St(§;,w, a,v) fori = 1,...,n, where §; = 2}, z; = (x4, . ., xip)l,
li
and 8 = (Bo,...,5p) .
The score function S(y;) = {Sp, (4i) - - -, S8, ¥i), Sw(Yi), Sa (i), Sy (ys)}' for the
single observation y; has components

2 ) 2

ZiT; rvoT;w ZiTs VAXT;W;
S ) =24 — S (y) = i — ' i, (G=1,....p),
ﬂo(yl) w w(l/—FZ?) ﬂ;(yz) w i w(l/—|—zi2) ij (j p)
2272 aTiZiV
Sw(yz) = + o — w(u n Z—Q)wi’ Sa(yi) = 2, T;W;,
1

1 v v 2v+1 22 2277
S”@”—z{“’(z“)“l’<2>‘u<u+n‘1“(”u)+u
azi (22 -1 i
ot )

w; +
(V+Zi2)27—1, U T(azimiv+ 1

where
1/2
1 v+1 t(azii;v+1)
Z; = w(yz BO ﬁlle ﬁpxzp)» Ty = (I/ + 212) , Wi = T(OZZZ‘TZ‘;I/ + 1)7
and

e (v +2)u? u?
a —In(1 4 D
v /;oo {(V+1)(V+1+u2) n + V+1 t(u,y-|— )du

The score components S, (y;), Sa (¥i), Su(y;) have the same expressions as those given
in Section 2 with z replaced by z;. The components of the observed information matrix
are given in Appendix A.4.

Appendix A. Information matrix
Appendix A.1. Observed information matrix of the St model

Letw = t(s;v + 1)/T(s; v + 1); then,

_Ow v(v + 2)a’zw vaTw?

Wz

T oz (v+22+a222)(v+22) v+22)
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w _ow _ (v + 2)az?w Cr?
T 0a (v+ 22+ a22?) ’

ow w v+ 2)a?2? a?z?
T T 5{<u+zg ++a2)z?>(v+z2) o (1+ v+z2> T 1>}
az(l - 2'2)11)2
27‘(1/ + z2)2 .
Furthermore, with f(y) = f(y; &, w, o, v) and

_ 9’ Inf(y) _ 9’Inf(y)
020z 0z0a

_ 9’Inf(y)

daa

S.2(y) S.a(y) Saa(y)

)

and so forth, we have

Z/T(w + awa)
v+ 22

27222 2 3aTvzw aTrw,

Szz(y):m—T ROETE T Szaly) =

)

2 2
S ly) = 21— 2?) a{y(Bz —1)+2z }w arvw,
w\Y) = (v +22)2 27(v + 22)3 v+ 22’
2(22 —Nw

= m + 27wy,

2 2
Sun(y) = i{\pl (g + 1) _ <%>} + 22”1/22:/2: 1+)21 + 2V(VZ+ 7
22(u2+2y+22) az(z2 — 1) (z2—|—41/+3)w az(l —Tz)wl,
- 21/2(1/+z2)2 - 4T(l/+1)(u+Z2)3 27 (v + 22)
~2 B az(z2 — yw 264+
AT(v+ 12 4T(Gu+ )r(v+22)”  4AT(Gv+1)
N ozz(z2—1)w{( (v +2)a’2? ; n <1+ a?2? )}’

dr(v+22)2 (v + 1) (v + 22 + a?2? v+ 22

8= /_; { o (1’;(4;_23?1 = (1 n Vfl)}Qt(u;V+ 1)du,

S (vu? = 2v = 2)u?
°= /*oo (V + 1)2(1/ + 1+ u2)2t(ua v+ 1)du,

The second derivatives with respect to £ and w are given by

1 z 1 1
S&E(y) = ESZZ(Q): Séw(y) = ESZZ(?J) + ESZ(?J)v Sﬁa(y) = _;SZQ(y)7

Saa (y) = ZTWa, Sau(y)

and

where

and

1 I 2z
Sfl/(y) = 7;Szu(y)v Sww(y) = F + ESZZ(y) + Esz(y)a (A]')

Sua(¥) =~ Salt).  Sun(y) =~ Saulv).
where S, (y) = d1n f(y)/9z = —7%2z + atvw/(v + 2°).
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Appendix A.2. Score function and information matrix under the location-scale Student’s
t-model

The score components for £, w, and « under the location-scale Student’s ¢-distribution, are
obtained by setting = 0 in (2.1). The score component for the degrees of freedom, (2.2), is
obtained as

1 v v 2v+41 2* 2272 0
s =3 {¥(5+1) -0(5) - i (14 5) + 5+

i /_Ooo oTie e (e - 1) o+ D

1 v 1 v 1
U=+ -V(=+1
{1 (5+3) () o)

and by simplification we obtain formula (2.2).

Under the location-scale Student’s ¢-distribution, the components of the information matrix
corresponding to &, w, and v are the same as those for the location-scale Student’s t-model. Thus,
to derive (2.3), we only need to derive the information components involving «. In particular,

l/th Z(Z2 — 1)wt

S(icot(y) = _(Zth)Qv Sél,(y) = 27(v + 22)2 - Zth’Y(L

where w' = 2t(0; v + 1). It follows from (A.1) that the required components of the information
matrix are I, = I}, = 0,

w(v 4+ 1)V2t0;v + 1) 1 Z?
Ity = - E 73 (- ILo = A(v+1)t(0; v+1)°E )
(V+ 4 )

where Z has Student’s ¢-distribution with v degrees of freedom.

Appendix A.3. Singularity of information matrices as o — +oc in the St and SN models

Standard calculations show that

. v+1
lim aw = —
a— 00 zZT

for z < 0 and that the limit is O for z > 0. Consequently, w is of order O(a™") or smaller as
a — £oo for z # 0. Moreover,

. Y
1 ———w =0.
aﬁ{r:iloo T(g;u—i—l)w 0

These results imply

lim we = lim w, = lim (w+ aws)=0.
a—+oo a—+oco a—+oo
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Thus, S:a(y), Saa(y), and Sa. () all tend to 0 as o« — F00, fory # &, and by (A.1), Seq (y) and
Swa(y) also converge to 0. It follows that, with probability one, the observed information matrix
is singular in the St model as o« — 400, so the expected information matrix is also singular in the
limit. Note that the observed information matrix evaluated at the maximum likelihood estimate is
singular whenever & = co.

In the case of the SN model,

2 2

1 « « 1 «
Sex (y) = oWt UZQUM + Ezwia S5 (y) = g Fwe t ;ZB w}

«
we + ;z W
SN 3 2 2
Saa (y) = —QZ Wy — 2 Wy,
and it can be shown that, for z > 0,

lim we = 1

: 2 : 2
im awy = lim a”wy = lim owy = 0.
a—y 00 — 00 « a— 00

i

— 00
Consequently, SEN (y), S5 (y), and S5Y () vanish when z > 0 as @ — oco. Since z > 0
with probability tending to 1 as @ — oo, the expected information matrix is singular. A similar
argument shows that the expected information matrix is also singular as « — —oo. Note that
the observed information matrix evaluated at the maximum likelihood estimate is not necessarily
singular for finite c, even when & = oo.

Appendix A.4. Observed information matrix in the regression framework

In the regression model (6.1), the second derivatives with respect to z, «, and v are

g ( ) 27'1-2z1-2 5 daTivziw; QT; VW44
zz\Yi) — — T, — 3
Y v+ 22 ¢ (v + 22)2 v+ 22
VT (wi + awai) zi(l — zf) a{y(3zz~2 -1+ 2zz~2}wi QAT VWi
Sza(yi) T SZV(y'L) = 2 . 2)3 2
v+ z (V+Z1'2) 27 (v + 27) v+ 2z

2
zi(zi — Dw;
Saa (yz) = ZiTWai, Sw(yi) = 27'((VT2)2 + ZiTwyi,
i i

1 v v w4+ 2w+1 22
Suw(ys) = 7{\1[1 7+1> - (5) + 202 (v 4 1)2 * 2w (v + 22)
22 (1/2 +2v + zf) azi(z? - 1) (zz2 +4v + 3)wi ozzi(l - 7'1-2)’(111,2'

21/2(1/+zi2)2 47—2-(1/+1)(1/+zi2)3 2%‘(1/-1-212)
2 B oz (zf — 1)vyiw; 20; + Bi
AT(ozimi, v+ 1) AT (azimi,v + Dri(v+ zf)2 AT (ozimi,v + 1)

. azi(z} - 1)w2‘{( (v +2)a’] ) —ln(l + o+t )}

Ari(v+22)2 L+ D)+ 27 +a?2f v+ 27

where

ow; v(v+ 2)a2ziwi var;w?
Wzi = - - -

0z (v+z22+a222)(v+22) v+27




16 T.J. Di Ciccio et al.

_ow, (vt 2)aziw; sl
T 0a (vH22dazz?) TV
. . 2,2 2.2
wm:@wz _wi (v +2)a’z; w1+ ozzz2 B Yi
ov 2 | (v + 22+ a222) (1/ + zf) v+ 2 T(aziTi,v+1)
azi(l — zf)wf

27'(1/ + zf)2

o Qz; Ty (l/+2)u2 u2 2 .
&—/700 {(V+1)(V+1+u2) —ln<1—|—y+1)} t(u; v+ 1)du,

Wi

and ( ) ) 5
aziTi vu® —2v — 2)u
0; = / t(u; v + 1)du.
e D21+ u?)?
The second derivatives with respect to the o, . . . , Sp, and w are given by

1
Sposo (yi) = FSzz(yi), Spos; (Yi) = Ssoso (Yi)Tis, Sp;8, (Vi) = Spos; (i) Tir,

Sﬂow(yi) = ESZZ(ZW) + Esz(yi)a Sﬁoa(yi) = _asza(yi)v

1
Spov(yi) = =~ S (i), Spw(Yi) = Spow(yi)riss  Spja(yi) = Spoa(yi)zis,

1 22 2z;
Spu(yi) = Spov(Yi)zij, Sww(yi) = st Eszz(yi) + Fsz(yi),

Zi Zi
Swal(yi) = —;Sm(yi), Sww(yi) = —;Sz,,(yi),

where S (y;) = —zTE + arivw; /(v + z?)

Appendix B. Reparameterization by reciprocal degrees of freedom

The score component for « is S« (y) = Sv(y)(0v/0k) and its expression is given in (4.1).
Taylor expansion of (4.1) about x = 0 yields

t(s;1/k+ 1) ¥

1,4 2 1 2
(y) = > (2" =222 —2) - = 1 - ,
Sely) = 5 (27 =257 = 2) — jaz(z Tijmr ) 2T yns1) T OW
and formula (4.2) follows, since
. 2.2 _
’113%) el 2{az(1—|—a 27 )p(az) @(az)}. (B.1)

In terms of the notation introduced in Appendix A,

2(22 1) a(322 -1+ 2z2n)w (14 k) ?w,
Sn(y) = 2.2 5z T 3/2
(1+ 22k) 2(1 4 1) 1/2(1 4 22k) / (1+ 22x) /
B z(l — 22)w 2(1+ H)1/2w,{
Saﬁ(y) - 1/2 2 3/2 5 1/2
2(1+ r)V2(1 + 22k) (1+ 22k)
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and
Ser(y) = Suw (y)(Ov/0K)* + S, (y) (9°v/0K?)
1|1 1 1 1 (2+ 2k + &%) K7 22k
Tkt [4%(25 * 1) - Z%(%) TR0 T2t e
Z2(1+2I€+22I€2)I€2 az(z2 — 1) (4+z2n+3n)f£3w

2(1+z2l-§)2 4(1+/€)3/2(1+22ﬁ)5/2
2

azr? (22 — l)wn ~y
2(1 + r)V/2(1+ 22ﬂ)3/2 CAT(, 1)k +1)2
azk? (22 - 1)711} 20 +
4T(§71/—|—1)(1+f<¢)1/2(1+z2f<;)3/2 AT(s,1/r+1)
azk? (22 — Dw a?2%(1 + 2r)k
A1 4 R)V2(1+ z2f<¢)3/2 { (1+ &) (1+ 22K + a?22k)

o’k
“n (1+HZ%)}]
1 1 1 k(24 k) 2 k(1 + k)22

(1+ k2?)
az(2 = 1)Kr*w N 5 }
(1+r)2(1+r22)"2  T(G 1w+ 1) )7

where
2 2 2 2
wn:@fw:7£ o’z (14 2kr)k 7ln(1+ozz/~c)7 vy
Ok 2k | (14 ZQH)(l + 22Kk + OCQZQIi) 1+ 22k T(s,v+1)
az(22 — 1)w2

2(k + 1)1/2 (1 + Z2K)3/2.

The observed information matrix for the parameter (§ W, /i) can then be obtained from expres-
sions (A.1).
Taylor expansion of S..(y), Sax(y), and S« (y) about k = 0 yields

a(322 — 1)w a’2? (4 —222 - a222)w

Sen(y) =2(" —1) —

2 a 4
2 (.2 2
ayw o’z2(2* = 1w
Yol Ukt ) 2 +0(x),
Sun(y) = z(1-2)w  o?2*(4—22° — a?2)w N 2w
V) = 2 B 4 22T (s,1/k+ 1)

az? (z2 — 1)w2

) + O(k),
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. 3,3(,2 _1)(3 — 22 — o222
Sm(y):6(3—226—&-324)—&—%(32:4—222—1)w+aZ(Z )(4 sl L
az(z? = 1)yw o2 (2 — 1)2w2 "
- QHZT(g, v+ 1) N 4 B 4H4T(§, l/l'i + 1)2
5 0+ 2Ky
(0]
+ 44T (6, 1/k+1)  264T (s, 1/K + 1) + Ol
since
a?2?(4— 222 — 22w az(z® — 1)w?
We = — ( ) + i + ( ) + O(k).
4 2k2T(s,1/Kk + 1) 2

By taking the limit as £ — 0 in the expansions for S (y) and S, (y), it follows from (B.1)
that
a(322 - 1)w¢ a?z? (4 —22% — a222)w¢
2 B 4
2,2 2
a“z(z" = 1w
08 L1+ 0w, — 1) + a’z(# — Yuwg

SEN(y) =2(" = 1) -

4 2 ’
and
z(1—2*)w a?2? (4 - 222 — ®2%)w
San (y) = ( g - ( Juwo + %{az(l +’2)wg — 1}
2 4 4
az? (22 — 1)w§,
2
Similarly, the expansion for Sy (y) shows that
SN (y) = %(37;4 — 226) + %6042(1 —42% 4 12z4)w¢
- 4—180;’23{7 — 482 + 122" — a?2° (19 - 1222) + 3a4z4}w¢
_ Tl(SQZZQ{l — 42 + 42 — 2% (1- 22°) + a4z4}wi,
since 8 1
. 77 55 3.3
ilino = 1{57@(0@) — (a'2" + 322" + 19a°2 —l—5’7042;)q§(04z)}7
and 5
. +2ry 2 55,10 353
i% —a = 8P(az) + (3a 2%+ 3 &2 + 8az | p(az).

Expression (4.3) follows by taking expected values of S5~ (y), S5 (y), and S22 (y) and apply-
ing (A.1).

Appendix C. Centered Parametrization

The derivatives appearing in the matrix D = 9(u, 0%, 71,72) /9(€,w, o, k) are

0o 9 1 n bps® (1
ok 7] (1 —2k)2 w2 N\k)(
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I o 26:0°{1/(1 - 3k) — 207} N 371b268
a5 6 A2 Aar
Ov2 _ 4b26 1 [(2(3-26%) 3 5o
P laJ _ _ b
96 = o | /\2,,6{ e el g ik LU G

0 1 . 3(3 — 62 Ap2s2 /1 .
o _ m (1) _bo | 330 6 4bie 371 Ohs,
Ok K2\ K A3/2 (1 —-3k)? 2

(1-2k) K2 2\, Ok
and

R

- 4b26%(3 — 6°
O _ 1 6B —8k) 4 ( ) YT LR ()
Ok A3, | (1=2r)2(1 —4K)? (1 —3k)2 K) K K
60262 1\ 1 1 1 12636 /1
a2 e (o2) ) Q(m)}
24, OA2
A Ok

To determine the score function and information matrix under SN and normal distributions, first
take x = 0, and now let b = (2/7)'/? and A2 = 1—b?2. Then, in obvious notation, the Jacobian
D becomes

1 0 0 0
bd 2wAs 0 0
2 _ ! 3 _ /
DSV _ whs’ —éwz&i' 3b (45/27r)5 326°(1 Si/ﬂ)(s 7

n Ty TAY

3 2 3 2 3&11)5 2a2

—wb 2— = _
i 6w ( 71_5 ) 47T)\g/2 23

where a1 = 47 — 1262 — 627 + 46% and as = 186%7w — 366* — 2647w + 126% — 372,

- -1
The inverse Dsy = (DN) ™" = 9(&,w, o, k) /0(p, 0,71, 72), necessary to calculate the
score function of the centered parameterization under the SN distribution, is

1 0 0 0
bd 1
- 0
2w A2 2w A2 0
Dsn = 7w)\g/2(2547452+7r) wkg/Qbag 7)\3/21)(12 78)\3/2b5(7r—3)
0%c 30c 662d’c 3c
_wwA3b(6® - 2) WA (6 —6+m)  Aa A —4)
4dc 2c 866’c 2c
The score function of the centered parameterization under the SV distribution has components
SN 4 Qw SN 1
Su(y)™" = o o S5z (y)

- m{(z — aw)(z — bd) — 1},
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Ay 20* — 45° b b
SN (y) = 2—{7 (z— aw)Tﬂ +(z2—-1- azw)% - sz;EI
— %{z4 — 22" —1—az(22° + 2% — 1)w}w},
SN M1 =2 1,, 2 1w
S5, (y)z? —Zbﬂ(z—aw) 3 +§(z —1—oazw) (6" —6+m) ~3Vsy

_ %{24 -2z —1—az(222 + 2% — Dw}(m — 4)}

By expanding these components with respect to « and eventually taking the limit as a — 0 yields
the expressions for S, (y)~, S,2 ()™, S, (y)Y, and S, (y)~ given in Section 5. The expected
information matrix ™ is obtained by calculating the covariance matrix of these components under
the normal model.
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